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FAMILIES OF LOG LEGENDRE CHI FUNCTION
INTEGRALS

Anthony Sofo

In this paper we investigate the representation of integrals involving the prod-
uct of the Legendre Chi function, polylogarithm function and log function.
We will show that in many cases these integrals take an explicit form involv-
ing the Riemann zeta function, the Dirichlet Eta function, Dirichlet lambda
function and many other special functions. Some examples illustrating the
theorems will be detailed.

1. INTRODUCTION PRELIMINARIES AND NOTATION

In this paper we investigate the representations of integrals of the type

(1) /:r“xp (2) Lig(62°) In™ (z) dz,
0

in terms of special functions such as zeta functions, Dirichlet eta functions, polylog-
arithmic functions, beta functions and others. We note that x,, () is the Legendre-
Chi function (LCF), Li,(62°) is the polylogarithmic function, a € R, a > -2,
beRt, peN, geN, §e[-1,1\{0} and m € N for the set of complex num-
bers C, natural numbers N, the set of real numbers R and the set of positive real
numbers, RT. The following notation and results will be useful in the subsequent
sections of this paper. A generalized binomial coefficient (2) (A, p € C) is defined,
in terms of the familiar (Euler’s) gamma function, by

A\ I(A+1)
<M> .7]‘—‘(/14'1)11()\—”_!,_1) ()\,/LE(C),
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which, in the special case when p=n (n € Ng := NU{0}), yields

(A) 1 and (A)::A(A—1)---(A—n+1):(—1)”(—»” mem),

0 n! n!

where (A), (A,v € C) is the Pochhammer symbol defined, also in terms of the
Gamma function, by

) 1 (v=0; AeC\ {0})
(A = F()\+ ) =

I AA+D) (A +n—1) (v=neN; xeC),

it being understood conventionally that (0)p := 1 and assumed tacitly that the T'-

quotient exists. The generalized p—order harmonic numbers, HT(Lp ) (a, B) are defined
as the partial sums of the modified Hurwitz zeta function

C(p7a56)zzm

n>0

The classical Hurwitz zeta function

C(pva):Zﬁ

n>0

for Re(p) > 1 and by analytic continuation to other values of p # 1, where any
term of the form (n 4 a) = 0 is excluded. Therefore

; a]+ﬁ

and the ”ordinary” p—order harmonic numbers HP — gP (1,0) . Many functions
can be expanded through the generalized p—order harmonic numbers, such as the
Dirichlet Beta cases

B o (n—1)
T, T L),

n>0 n n>1 n
and \(1 4 H, (2,1)) (n—1)lh
ni (1 + H, (2, n—=1)ny
S Py D DTy

here 8 (2) is Catalan’s constant and h,, = Ha, — %Hn Two special cases of the
Legendre-Chi function are

)=y

n>0 (1 o x2)n+1 (%)n
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and

X2 (z) =Y Ql (1 L B e 2, U) .
2/n

(1 B $2)n+1

The Catalan constant
n+1

g o ~ 0.91597

is a special case of the Dirichlet beta function

(2) Bz = Z

n+1

2 2n7127 for Re(z) > 0

- e () ()

with functional equation

sa-2-(2) @ (F)rese

™

extending the Dirichlet Beta function to the left hand side of the complex plane
Re(z) < 0. The Lerch transcendent,

o0
zta Z

is defined for |z| < 1 and Re (a) > 0 and satisfies the recurrence:

’I’TL

m+a

®(z,t,a) =2 ®(z,t,a+1)+a "

It is known that the Lerch transcendent extends by analytic continuation to a
function @ (z,t,a) which is defined for all complex ¢, z € C — [1,00) and a > 0,
which can be represented, [15], by the integral formula

00 1
1 xtflef(tfl)a: 70— 1111
P (z,t,a) =
(z,%0) F(t)/ er —z D) / 1—1:2
0 0

for Re(t) > 0. The Lerch transcendent generalizes the Hurwitz zeta function at
z =1,

@ (1,t,a) =((t,a) = Z (ml—i—a)t
m =0

and the polylogarithm, or de-Jonquiere’s function, when a = 1,

OOm

Li(2) := Z Zm—t, t € C when |z| <1; Re(t) > 1 when |z| =1.

m =1
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The polylogarithm of negative integer order arises in the sums of the form

1 n—1 n
> " =Lion )=n+12< ' >Zn
i>1 (=2 i\
n+1
J
Legendre-Chi function is a special case of the Lerch transcendent

where the Eulerian number TZL = E;‘;lo (-1) (i—j+1)". The

2n+1

Xp(x)_prq)< D,y ) Z 2n+1

n =0
and is related to the polylogarithm by

1

5 (Lip(z) — Liy(—2)) = Lip(2) — 27 Liy(2?).

Xp (7) = B

There are many special values of the LCF, from Lewin [19]
UL (14t dt
=-[In
X2 (2) 2/ (1—t>t
0

( z>+X2 ((2)+;lnxln(ijz),
1
2

V5-2) = 2¢(2) ~ S’ (9)
(1

++/5) . The Dirichlet lambda function, A (p) is

and

hence,

X2

where the golden ratio ¢ =

(3) 2X (p) = 2x,p (1) = C(p) +n(p)

where
)n—i-l

=(1-2""")C(p)

oo
is the alternating zeta function and 7 (1) = In2. In the case of the summation of

harmonic numbers, we know that the famous Euler identity states, for m € N > 2,

m—2

¢(m C+1),

[\D\)—‘

(4) an_ (m+2)¢ (m+1)
=1 j=1

for odd powers of the denominator, Georghiou and Philippou [14] established the
identity:

o] 2m

S = 2 ), w1

n=1 r=2
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We know that for n > 1, ¢(n+ 1) — (1) = H, with ¢(1) = —~, where v is the
Euler Mascheroni constant and ¢ (n) is the digamma function. For real values of
x, ¥(z) is the digamma (or psi) function defined by

Y(w) = {logT(a)} = ©

1 /1 1 = /1 1
w(“)‘7x+;<ngg+n>‘”2<nw>’

n=1

leading to the telescoping sum:

¢(1+$)—¢(iﬂ):§:(x+i—1 _$—|1-n> :%'

n=1

The polygamma function

d* 1 ) ) e 1
PP (2) = —{Y(2)} = (-1 k!
&)= @ = DR
and has the recurrence
(=1)" k!

p®(z+1) =¥ (2) + TR

The connection of the polygamma function with harmonic numbers is,

(5) HmH = g(m+1)+(%m¢<m> (z+1), z#{-1,-2,-3,...}.

1
) /(1_t V1w s e
m! 1—t
0

and the multiplication formula is

1 p—1 .
(6) ) (pz) = 6p0lnp + s > v+ %)
=0

for p a positive integer and §, 5, is the Kronecker delta. Let a € RT and Hy(bp ) denote
o 0
n=1 n4

harmonic numbers of order p, and put BW (a,p.q) = > . We have, from
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the work of [4] that for odd weight (p + q)

o0

HT(LP)

nd

BW (1,p.q) =

n=1

pzl(p” 2j -1 )<<p+q—2j><<2j>

by (1 ) Cr @

) p+qg—2j—1 Y .
M e (P o2
j:
+C(p+Q) <1+(_1)p+1(p+q_1 >+(_1)p+1(p+q_1 >>’
2 P q
where [z] is the integer part of z. Let us denote

> n+1 (p)
(a,p,q Z Han

then in the case where p and g are both positive integers and p-+ ¢ is an odd integer
Flajolet and Salvy [12] gave the identity

25(p0) = (1= CONCEn@ 20 ¥ (P ) o e
i+2k=q

® o oawro-2 3 (T )0t nen,

where 7 (0) = 1 77(1) =1In2, ((1) =0, and ¢(0)

= —% in accordance with the
analytic continuation of the Riemann zeta function. In particular

© 25(1q) =0+ n(+q) - |

It is interesting to note that recently [1], established that for p € N\ {1}

(10) S(1,p,1) = ﬂﬁp+1 L

P
ZT} p—Jj+1).
j:1
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From [26] we have the identities

[e’e) (P)
1 Hg
BW <2,p.q> = Z o

n=1

—14q—r
- E:ﬂl( bt

) BW(17T7p+q7T)

_5(177’7]74-(]—7")

X | p—1+qg—r1r

(1) e e (P )eenoan
g—1 k
g+1 (D" (p—1+qg—k
et SR (P ) ewcwran,
(12) S(;pO lﬂV(Jw>—TﬂBWOmm
and
) H(P) 1

(13) BW(,pQ S(TPO-

The next lemma relates the sum of the double and unitary argument of harmonic
numbers in closed form and will be useful in the following section.

Lemma 1. Let m € N> 2,p € N then

o Hy)
(2n —1)™

m+1 p+m—2
-1) < b1 )ln2
(BW (1,p,m) + S (1,p,m))

(et
k

;n (p+m:f_k)xwy

HE (p,m) =
=1

o=
L

+
P%

\3
||
N

+

Pﬁ

=
[|
N

For the unitary argument

e ()
Z (27;‘H_:1)7ﬂ = 217—1 (BW (1ap,m)+5(1,p,m))—2p_177(p))\(m)

o (b 5 (b))
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where BW (p,m) is the Borwein identity (7), S (p,m) is evaluated from (8) and
A (j) is defined by (3).

Proof.

HE (p,m)

I
(¢
S
3
|
=
E
[N}

Héfz) 1 o0 H(P 0 Tl+1 H(P)
) nz: (n— 1 z:: (n— 1
+1

_ ((n+1)r T H(p))

o0
A s

1 1

= S (BW(p.m)+Spm +Zm

n:l

Expanding in partial fraction form gives us

1 > ( 1m+1 p+m—2
HE (p,m) = 5 (BW (p,m) + 5 (p,m +22n o )\ po1
n=1

S(SSr () S ()

and the result follows. For the unitary argument the proof follows the same pattern
as above. O

The following partial fraction decomposition holds.
Lemma 2. For y € R,m,p € N\ {0} we have

L _ =y < m+p—1 )
@2n—1)"2n+y)™ (L4y)" m (2n — 1) (2n+y)
m+p—r 1k m + p k
m+1 m+ 17 p ( )
+(-1 ! Z mtp+l—r T -1 pz m4p+1—k k
r=2 (1 + y) (271 + y) k=2 (1 + y) (2n 1)
Proof. Follows simply by expansion. O

The following lemma will also be useful in the evaluation of integrals of the type

(D).

Lemma 3.
Let m € N > 2. then
HM (m) = nz::l (211}?1) mA(m+1) + (2(—1)’”+1 - )\(m)) In?2
(14) + i( D™ N () S —DAE+1)X(m—k)
j=2 k:l
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where A (m) is given by (3).

Proof. We have, from [24], theorem 1, for z a real number, x # —1, -2, -3, -
= 1

—1) — (m—1) _ Zqp(m)

(15) (=1 DY e = W@ - g0 @)

n=1
m—2
> ( " )w<m><x>w<m-k-”<x>.
k=1

Choosing = %, we have ¥(3) + v = —2In2 and from (5), (—1)™ w(m)(%) =
—2MmlIA (m + 1)

ing leads to

, therefore substituting into the above equation (16) and simplify-

= mA(m+1)—2\(m)In2

(16) —(2n+1)"

2_1)mi2(mfk71)>\(k+1)/\(mfk).
k=1

Identity (16) corrects a minor error in the paper [20], now reordering the counter
in (16) we obtain the identity (14). O

Lemma 4. We define

B sm )n+1 9 2 1
W(3) = Z 2% n3 g 2n ((4713)3 + (41172)3 * (4n1)3>
8

n>1

1 (8n—T7)3 + (Sn 6)3 + (8n— 5)3

= g : ) 1

n>1 T (8n=3)*  (8n—-2)* = (8n—1)3
- 256<2(I)( 4’ 4)+2®(_432)+®( 4 74))

where @ (-, -, ) is the Lerch transcendent.

Proof. Consider the polylogarithms

1A3<1ii)::§:‘“pfiﬁf)ZZE:(”SCZ)ilﬁn(iU7

2 22 n3 2% n3
n>1 n n>1 n

adding produces

(141 C(1—1 cos (%)
L13(2>+L13(2) = QZ 22n3

n>1

= 4<() i 32_44()mz
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by a result from [16]. By the circular nature of the trigonometric function, the
BBP type sum for

Z cos (%) (—1)""'1 2 1 1 >

S22 (4n—3)° (4n—1)° (4n)®
1 1.1 1.3 1
=— (20 (-=,3,>)-®(--,3,")—®(—-,3,1
s (20 (101) o (127) o (-131))
B 1 8 L1
S22 \Bn-7°  @Bn-1)°  (8n)°
_ZL 4 4 2
527 \(Bn—5)° (Bn—4) (8n—3)°

and the

Im(Lig (1;—2)) = ZS;I;(T;‘?))
1

n

B (=)t 2 2 1
= 22n <(4n —3)3 * (4n — 2)° - (4n — 1)3>

n>1
8 8 4
1 (8n—7)3 + (8n—6)3 + (8n—>5)3
N 7122:1 24n 2 9 g

(8n—3)3 (8n—2)3 (8n—1)3

1 1 1 1 1 1 3
- le(La ) v (e ) e (-La))
O

Since the Legendre-Chi function can be expressed as the difference of two
polylogarithmic functions then we expect that integrals of the type (1) may be
represented as Euler sums and therefore in terms of special functions such as the
Riemann zeta function. A search of the current literature has not found many
examples for the representation of the integral (1) and certainly not a systematic
study of (1). Many papers, [11], [13], [27], [28] examined some polylogarithmic
integrals in terms of Euler sums. Some other important sources of information on
Legendre-Chi functions are the works of [2], [6], [8], [9], [10] and the excellent
books [19], [29] and [30]. Other useful references related to the representation of
Euler sums in terms of special functions include [1], [3], [21], [22], [23], [24], [25].
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Some examples are highlighted, most of which are not amenable to a computer
mathematical package.

2. MAIN RESULTS

Theorem 1. Let a e R > -2, be RT,§ =1, (m,p,q) € NU{0}, the integral of
the product of the Legendre-Chi, polylogarithm and log functions,

P(a,b,m,p,q) = z® xp (x) Liq( ) In™ (z) dx

—

0
m i m (j+1)
_ Z(—b)q =) m (), Z Hi
(m =1 Sy enra

(
Ci+n
(2n + )q+m—J

(=b)? 7 (=)™ —
(m —j)! Z

N

<
I
-

2n—1

(=0 (=)™ (g +1=7), ¢(r)

1
(2n —1)P (2n 4 o)t

+
M=

i
I|
N

n>1

v

where H g’,ﬁ:l) are harmonic numbers of order (m + 1), ¢ () is the Riemann zeta

b
function, x, (x) is the Legendre-Chi function, Li, (-) is the polylogarithm function
and (g); is the Pochhammer symbol.

Proof. From the Taylor series expansion of the LCF function and the polylogarithm
functions we have

1 1
1 1 )
/x Xp qu (xb) de = m f/x2n+b]+a71 de
0 n 0
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By partial fraction expansion, from Lemma 2

) ¢ (b
r=2 ]T(2n+a)q+1 T
/I Xp qu ( ) dv = Z QTL — 1 Z ( b)qfl
0 ZL\ - -

j(2n+a)?~1(2n+bj+a)
(=0)"" Hano
B Z (2n—1)" (2n+a)?

n=1
- D) ¢ (r)
+ .
;g 2n — 1 2n+a)q+1_r

Differentiating 'm’ times under the integral sign, with respect to the real parameter
a, we obtain

+i_1<—b>‘“‘1 g () ()

7 2n+b+a
Z ,(/}( n) ( +b + ) |
b (2n — 1) (2n + )T

1 q—r m m -T . 1
+ZQ (=0 (=) m! ( ;—*qr ) ¢(r) ; (2n — 1)? (2n + )4t

simplifying by the use of the Polygamma identity (5) and applying the Pochhammer
symbol, we obtain

1
P(a,b,m,p,q) = /x“ Xp (@) Lig (xb) In™ (x) dzx
0
. m+1
S IO P i
= (m —j)! S @n—-1P @n+a)T
. i (_b)qijil (_1) m J Z ( )
i=1 (m =)t w1 (20— 1) (2n + a)™™
q
1
+ =) (=D (g+1—1) r
S BT 410, CO Y
and Theorem 1 follows. O

There are some interesting special cases of Theorem 1 and we present these in the
next corollaries before listing some illustrative examples.



Familes of Legendre Chi Function Integrals 13

Corollary 1. Let the conditions of Theorem 1 hold then, for p =0

1
P(a,b,m,0,q) = /x“ Xo (%) Lig (z) In™ (2) da
0
m H(m+1)
o (=D)"m! bnta
= Tomii C(m+1)((q)—; nz;l ;

_Z
1—x2."

where xo () =

Proof. Applying the same technique as in Theorem 1, we have

P(a,b,m,0,q) = /x“ Xo () Lig (z) In™ (z) da

H3 S=y oy LU

. 1
n>1j>1 ] 2n+b=7 +a’ m j>1 n>1 (2n+ bj + a)m+

Z (b]+a+l>

j>1
(m+1)
m H
_(=1)"m! bita
= T om+1 C(m—I—l)C(q)—Z j‘l )
i>1
replacing the counter ’j’ for 'n’ the proof is completed. O

Corollary 2. Let the conditions of Theorem 1 hold then, for ¢ =0

1
P (a,b,m,p,0) /x Xp (x Llo( ) In™ (x) dzx

0

m H(m+1)
)" m

T pmtl Z anl ¢m+1)A(p) ),

nZl

where Lig (xb) = 11”;

Proof. Following the same steps as in corollary 2, we have

1 ql)(m) (2nl;i-a + 1)
m-+1 _1\P )
b = (2n—1)

ni

P (a,b,m,p,0) =
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replacing the polygamma function with harmonic numbers
1
(=1)™+ ! Hg"}: ) ¢(m+1)

it (2n— 1)

P(a7b7m7p30) =

and proof is complete. O

Some illustrative examples of Theorem 1 and its corollaries follow. To eval-
uate the resultant Euler sums for these examples we need a mixture of identities,
including (4), (5), (6), (7), (8), (9), (10), (11), (12), (13), Lemma 1, Lemma 2,
Lemma 3 and Lemma 4.

Examples. 1. Let a = —1,b =1, then

P(-1,1,m,p,q) = ' Xp (#) Lig (z) In™ (z)da

(_1)q+M—j—1 H(m+1)

m! (q)m—j Z 2n—1

(=) 2 (g 1y

I
M= ">

—m!(q)

| 2 (m —j)! TG+ DN +p+q—7)

+ 3 ()™M (g 1), (A p g+l ).

r=2
The Euler sums ), - glnéz)i)l can be evaluated from Lemma 1. If we let m =p =
q=2,
1
P(-1,1,2,2,2) /x X2 (x) Lis (z) In® (z) dz
0
= SCE@ - T

8
2. ForazO,bz%,m:pzqzl

1
P10,-,1,1,1
<727’7>

i (2) Lip (z) In () dz

Il
o—_ _

_ ¢(2
B Ez: (2n—1) 2 ) 2n—1

n>1

Here we require the Euler sums

H4n H4n T 5 1 2
= 2C(3) - 2nC, =T 202) = 2?2
Z:an C z; 2n—1) ;g t 3¢ g
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Hﬁ) 2 G G ! 2)In2 112
S ey X+ -G+ T - 1)~ (2 - 12,

which may be evaluated by the techniques described in [5], [7], [18], [26], [31], [32]
therefore

1 1
P<0,2,1,1,1> fﬂG—QG—%C()—:&l—FC()—i—%C(Z)an—l— 1n2—|— 1n2

3. Fora=0,b=2m=p=1,¢q=5

P(0,2,1,1,5) = /X1 (z) Lis (2*) In(z)dz
0

5 H, 1 ¢(2) - HY
B _17%:1n6(2n—1)+1n>1 nd(2n —1)
5
. _o\5—T -
;2< 2) ( _T)<< g 1) (2]

The Euler sums may be evaluated from Lemma 1, therefore

PO.21,1,5) = 2C(T) = 120 (6)+ 567 (3) ~ C(2)C(5) = € (5) 02 — 12¢ (3) In2

+500(3)+4C(4)n2 40 (2) € (3) — ¢ ()¢ (3) + 5C(5)

4+ 32¢(2)In2 —9¢ (4) + 8¢ (2) +80In?2 — 121n 2.

/x_% x1 (z) Lis (x%) In (z)dx

—1y - Hp) s Hyn—y
= 2n71 ) (4n — 1) (2n — 1) (4n — 1)?

n>1

Here we require various Euler sums and we just highlight the result

(
H T 11
E ( 4’1“171) = 5—1—64(2)+G—*7TG—f—71n2

7 1 1
+ EC(Q)]HQ—F §Gln2—|—2W(3) - ETK’IHQ
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from which

3

1
/x_%x1($)Li5( %)111( Ydr = %{(2)—8G+WG+%_1§C(2)1H2
0

21 1 3
+ 42+ ZC(3) + §W1n22— 51]f12'2

1
+ §7T1I12—4W(3) — 27

where W (3) is defined in Lemma 4.
5. Fora=2b=2,m=4,p=0,g=5

[ , 3 (2 ),
/x xo () Lis (+) ' (r) d = 5 (€2 (5) = 30—
0 n>1
and evaluating the Euler sum gives
3 3 15 105 89
P(2,2,4,0,5) =S¢ (5) - SC(10) + SC () + ¢ () — -
6. Fora=—-1,0=2m=p=3,¢=0

/ 3 H-, 1
/x_l X3 () Lig (ch) In® (z) de = ~3 Z —_—2 5((3))\(4) ,

and using Lemma 1

¢ (1)

[a7 xa@) Lio () W (0)de = ¢4 3) ~ 3¢ (516 (2) = g
0

7. For the degenerate case a = 2,b=2,m €N, § = % for1<t< -1, p=qg=0,
then by expansion

1

0/1x2 Xo (z) Lig (1:102) / 1) t) In™ (z) dzx

n |

1 0 n
1 n ™ m!
- ¥¥s / P I (o) do = zzwﬂ e

n>1j=1 n>1j=1
(=)™ m! -
S ) A (a2

(=)™ m!

T o211 (_1_2m1+1+g(m+1>_q)(tm+13)>
- m(t—1+<(m+1)—t2Lim+1<1>>.
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Next we investigate the case of the integral in question containing a polylog-
arithmic function with negative argument.

Theorem 2. Let a e R > -2, be Rt 6 = -1, (m,p,q) e NU{0}, then

1

Q (a,b,m,p,q /x Xp (@) Lig ( ) In™ (z) dx

0

il 2HGE) — 2 Y
= 20 (m+1—j>j(q>m_]zzjl 5T n 1 @ a7
£ T =), @1 DY G (2; o

! q—r m _ 1
- ;(_b) (1) <q+1—r>mn(r)nizjl(%_DP(QHWWH,T

where 7 (+) is the alternating zeta function.

Proof. From the Taylor series expansion of the LCF function and the polylogarithm
functions we have

1 1
J .
/x o (@) Lig (—a¥) d = Z 2n_1pz>; = /x2n+b]+ L e
0 = 0
D) DEEEL
Jq(2n+bj+a)

n>1 j>1

By partial fraction expansion, from Lemma 2

1 (=bya—"
1 i 322 T onta)dti—T
2 Xp (2) Lig (=a2®) do =) ey (-1) G
(2n—1) +
b n>1 §>1 j(2n+a)i=1(2n+bj+a)

B (—1)7 (@ (1,1, 2ntatb) 1 2) B . (=0)""n(r)

- ; (2n — 1) (2n + a)7 ;; (2n — 1) 2n+ )"
7 (_1)Q—1 (l’l/) (2n+a+b) _ lw (2n+a+b + l) _ 11’12)
= 2 ) (21;1 — 1) (22n + a)bq )

n>1

d —b) "y (r
B 3 (=" "n(r)

— — (2n — 1)" (2n + )"

Differentiating 'm’ times under the integral sign, with respect to the real parameter
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a, we obtain

Q(a7b7m7p7q) X .
2ng7ii) . 2j+1H(J+1)
2b

2n+a
b

o

<
Il
o

(_b)‘I*l (—]_)m (m +1- ])] (q)m—j Z bigi+1 (27’1 - 1)p (2n + a)q-‘rm—j

g—1, 1\m m _ 5 ' . 1
(=0 (=)™ (m+1 - j), (q)m,]n(J)%:1 G 1 (2 )T
1
(2n — 1)? (2n + o)t

n
NE

=
-

D DTN (gL =), n() )

2 n>1

T

where ® (-, -, ) is the Lerch transcendent and (g),,, is the Pochhammer symbol, the
proof of the theorem is finished. O

There are some interesting special cases of Theorem 2 and we present these

in the next corollaries before listing some illustrative examples.
Corollary 3. Let a = -1, b=1, (m.p.q) € NU{0}, then

1
Q(-1,1,m,p,q) = /x_l Xp (z) Lig (—z) In™ (z)dx
0

2H(j+11) o 2j+1H2(j+11)
_1\g+m—1 s n—3 n-
( 1) (m +1 ])] (Q)m—] ngl 9j+1 (2n _ 1)m+p+q7j

I
.MS

<
Il
o

(D)™ 4+ 1= ), (@) G+ DA (m+p+q— )

Jr
N =
gk

—

(—1)m+q_r(q—|—1—r)m n(r)A(m+p+qg+1—r)

|
N | =
()=

ﬁ
Il
)

H(j+11)
where 7 (+) is the Dirichlet eta function and the Euler sums > -, (%%ﬁm can be
evaluated by (13).

Corollary 4. Let the conditions of Theorem 2 hold and put p = 0, then

1
Q (a,b,m,0,q) = /:z:a Xo (x) Lig (fmb) In™ (z) dx
0
(m+1)
—1)™m! Hiynta
= (2,17“ TZ—C(m+1)77(Q)

n>1
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Proof. The proof follows the same pattern as in Corollary 1. O

Corollary 5. Let the conditions of Theorem 1 hold then, for ¢ = 0

1
Q (a,b,m,p,0) = /gc“ Xp () Lip (—xb) In™ (z) dzx
0

2m+1H(m+1) _ 2H(m+1)

()" m e~ 2y
m+1 Z — P Y )
(2b) o (2n—1)
. zb
where Lig (—.Z‘b) = — 1
Proof. The proof follows the same pattern as in Corollary 2. O

Some illustrative examples of Theorem 2 and its corollaries follow. To eval-
uate the resultant Euler sums for these examples we need a mixture of identities,
including (4), (5), (6), (7), (8), (9), (10), (11), (12), (13), Lemma 1, Lemma 2,
Lemma 3 and Lemma 4.

Examples. 1. Let a=—-1,b=1,m=1,p=3,q = 2 then

1
Q(-1,1,1,3,2) = /x_l X3 () Lis (—z) In(x)dz
0

H 1= Hs, 1 1 H(Q) 2H2(i)71

n>1 n>1

The Euler sums can be evaluated by the results in Lemma 1, so that finally

1
_ . 381 13
[ xa@) Lia(-2) @) de = Te¢ () = 2CEIC(2).
128 8
0
2. Let a=3,b=1,m=p=¢q=1 then
1
Q3,1,1,1,1) = x3 x1 (z) Lij (—2) In(x)dz
0
Honis — Hy, g Ay g — 20", — 4 (2)
_ 22 2n+3 +5 - —|—2Z + +3
o= 2n—1)(2n+3) = 4(2n —1)(2n+ 3)
and evaluating the Euler sums gives
43 13 829 7
1,1,1,1) = —( (2 —n2—-— - = .
QG111 = =2C (@) + pin2— = ()
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3. Let a=0,b=m=p=1,q =3 then

Q(0,1,1,1,3)

1
/ x1 (z) Lig (—z) In(z)dz
0
3

16

5 Hyp— H,+In(3) 1 5 2HSY) — HY — 31(2)
n>1

nt(2n —1) 16 n3 (2n —1)

n>1

and evaluating the Euler sums gives

5 7 1 7 11,
Q(071,1a1,3)*§4(5) - EC@)CQ) - gf(?’) In2+ T6<(3) *Ll4(§) - ﬂln 2

1 s 3. o. 5 45 7
176 @ W24 S’ 2= 20 (2)In2 — 42+ 22¢ (4) + ¢ (2).

4. Leta:—éb:%,m:p:q:l,theH

1
Q(0,1,1,1,3) = /xféxl(x)Lil (—m%) In (x) dzx
0

by Hoo My s 2y — Hy)  —2(2)
2 (@m-1)@n-1)° & (2n-1)@n-1)
From the multiplication identity (6) we can write
2In2 — — Hy, + Hap,
Q.1,1,1,3) = 43 = T
= (- 1 (4 1)
(2) _
= (2n —1) (4n—1)
Evaluating the various Euler sums and highlighting
Hy, 1 1 T 3 s 3
s _ = S CGH S 2C(2) -~ Zm2
2(471*1)2 AR 2G+8+8C() 256 4
n>1
1
we obtain
19 1173
Q(0,1,1,1,3) = 12W(3) —4G — 27+ 7G +8GIn2 + ZC(Q) ~ 33

1 21
+ 4In2+ 5wlnz— Z<(2)1n2— gln22— %wln22+ 24(3).
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5. Let a=2,b=1,m=q=2,p=1, then
1

. H2n+2 Hyp
Q(271,2,1,2):/ 2?x1 (x) Lis (—2) In dx =6
J ; (2n +2)*

(2) (2) (3) (3)
2H5 , —H; 7, —3n(2 1 4H,, » — H,, 4n (3
Z 2n+2 +1 n(2) 72 2n+2 +1 77()

3 + 2 2
=1 (2n=1)(2n+2) =1 (2n=1)(2n+2)

After a shift in index and some simplification, we require the evaluation of a number
of Euler sums including,

HQn 1 8 1 2 5
_ e @)+ 22— sln?2- 2
;n(Qn—?)) 562+ g2 - s2—4,
L 20 - 2c@Mm2- ¢+ 22—
w20y 3 yma YT 20, 5,13
Zn(2n-3) 3 1 36 27 54’
(3)
oS 19 29 1 56 35
nz>:17(2n—3) = ﬂ((‘l)_ﬁC(?’)_gC()an—ﬁC() 811 2_@

To show the process required for the above three identities, we now give a detailed
description of another required Euler identity, namely

(17)

H 2 7 8 49 448 16 8
§m = gC(3)ln2—T6C(4)—§C(3)—2*7C( >+STI n2-— 871+3L(3)
where

(-)"*"H, 11 7 1 1 /1
L(3) = Z = 14(4)_1“3) ln2—|—§C(2)ln22—Eln42—2LZ4 (2> )

n>1
By the integral definition of harmonic numbers

1
H(3) 1/ Inz (1—1;") J
2 n(en—3)""

nZl 0

1
1 12
5/ - 2x+21n272 ln(lfa:)fZa:%tanh_l(\/EDdo:
0

1
2 1

(18) :§aamz+éqa——/(mx

573) oo (:c% tanh™! (ﬁ)) dx.
0

Now we apply a Taylor series expansion to the integrand so that,
1

1 3
3t h—l n— 2hn
/ Mln2xdx—/ hnx%+%ln2zdx: E —3

3
(1-2) ] et (n+2)
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where h,, = Ha, — 1 H,. By a change of index and using (4), (7) and (8) we have

1, .
2 tanh™ " (y/x) . o 35 8 49 448 38
0
and substituting into (18) we obtain (17). Finally
1
Q(2,1,2,1,2):/ 22x1 (z) Lip (—2) In? (z)dz
0
307 23 40 7 89 1. 5
=— ——(2)— =In2— —=C2)In2+—((4 — In" 2
521 1080 D) T T2 gp¢ (24 pc() + gl
5 1 7 5 1
2 2@ ~ Lo m2- 2¢()—ZL(3).
2CE)+ HC(CB) (82— 20 (5) ~ 2L ()
6. Leta=2,b=1,m=¢q=3,p=0, then
1
Q(2,1,3,0,3) = /x2xg (z) Liz (—z) In® () dx
0

Il
0| W
/=
U
—
=~
S~—
3
—
w
S~—
|
3
o

135 483 15
= CCE) - el (1 - 120 ()¢ (2)
bW 1B+ o0 (2) -3

Q(0,4,1,0,1) = / Xo (z) Lij (—2*) In(z)dx
0

n+1 r7(2)
-2 (<<2>n<1> - Z“)nH)
n>1
1
3"
8. Let a = —1,b = 1,q = 0, then for any even weight (m -+ p), we can explicitly
evaluate

1 9
G = 3¢(3) + 53¢ (2) 2.

1
Q(—l,l,m,p,O):/ 7 xp (z) Lip (—2) In™ (z) dz
0

m m+1H(m+1) _ 2H(m+1)
(—=1)" m! 2 2n—1 nel
= —m 1) A
o | 2 1P n(m+1DAP) |,

n>1
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when m =2, p =6 we have

/ 2~ "X6 (z) Lio (—2) In® (z) da
0

28105 3207 675 189
=213 ¢ (9) = 355 ¢ (N C(2) = ¢ (B) C(4) = 155¢ (6)C(3).

9. Let a=0,b=2,m=1,p=1,q =0 then

Q(0,2,1,1,0) = / x1 (z) Lig (712) In (z) dx
0

6¢(2) + 161nzdJr 8H,

1 ( ) +1 (2n+1)? (2n+1) (2n+1)3
= = nH"
4 2
nz1 —ﬁ (C(2) _Hé))
3 1
- G—Z—Gan—zcj( )+T61n 2. +1n2 — 2W (3).

10. Consider the degenerate case a = 2,0 =2, = %,p = q =0, then

o _
&

)
=
o

C
S)
/|\
|
&

o
N————
=)

3
&

ISH
&

Il
O\H
N

8
N
|
8 Hc.n
[\
_|_

[N}
N——
=)

3
—
&

QU
&

1
_ /Z x2n+3 hlm d
0

where

ey Bl
()R ()

are the Jacobsthal numbers, or in Binet form, J,, = 1 (2" — (—=1)") . Therefore

T

/x2 Xo (z) Lig (—;:ﬁ) ™ (z)de = (—1)""'m! Zl p— {; o)
( 1)7n+1 (2” (_1)n)

3.9m+l = on (Tl + 2)m+1
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_ (—1)™ ! 3 1 £y (—=1)"
3. 2mtl (n+2)"*! 2n (n +2)" "

n>1 n>1

(=)™l 1 1 1

_ (_31):;1’”' (g(m+1) — 3 — dLimp (—2)) .

11. Finally consider the instructive degenerate case a = f%,b =2meN, §=
% for 1 <t < -1, p=q =0, then by expansion

1
T = [+3 x0w) Lio (~1a?) w @ e = [ e
’ t (22— 1) (22 + 1)
0
n 1 1 n 1 m+j 19m+1
_ (*]) /I2n7§ " (2)de =33 (=1 m~m+1
n>1j=1 t A n>1 =1 ti (4n+1)
(—=1)™ m! 1 ((—1)” )
= —1
m—+1 n
(1+1) ;1(2n+§) RN

(-=1)™m! 2 1 1 1 5
= T (orman Lo) 2o (= m+1,2)).
o1 (1 1) Clmrhg) 3 gy
i ' 1y _ o
The Hurwitz zeta function ¢ (m+1,7) = 4

Euler and Bernoulli numbers, see [17], we have.
For m = 2u,u € N

C<2u+ 1 1) = _ 1 ¢(2u) (1) — 22! ((2u)122“+1)\(2u+ 1) + 72+ | B |)
1) T Tew” 1) Ty (B .

where A (-) is the dirichlet lamba function defined by (3) and Ej, are the Euler
numbers defined by

Pp(m) (%) , so that in terms of

o ‘E2U| 2n ., ™
sec (z) = Z (2n)!z HEFIRS 5"
n>0
Form=2u—1,u € N

¢(201.7) = o™ (3) = S (7 @3 = ) Bl + 20018 20).

where [ (2u) is the Dirichlet beta function, defined by (2) and Bs,, are the Bernoulli
numbers defined by

2n 2n __
tan (z) = Z 2 (2 ) |BQu|22"_1§ 2] <

T
= (2n)! '

2
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Finally

1
J (2u,t) = /x*% Xo (z) Lig (—1x2> In*" () dz
0

- (2u)!1224HIN (2u + 1)
24u+2 _o2%vT
(211,)' (2u)! 2u+1
= i o Esy )
220t (1 1 1) T Bl

SLIGEIRER)

and )
1
J(2u —1,t) /a: % %o (x) Lig (—tx2> In?~! (z) dzx
0
_ (27-‘*1)' du 24 24u 2 2u (o2u | ,1 ,1 §
=1t D 2 @l (72 (2% — 1) [ Bau| + 2 (2u)!53 (2u)) (=200 ) )
1
_3 . 1 2 5
J(5,2) = x~2 xo(z) Lig —5% In° (x) dz
0
= Do (=162 — 2560 + 12808 (6) + 1260¢ (6)
16 274 ’
and

7(4,5) $ o () Lio (-éﬁ) In? (z) da

55 1 1_5
128 — om® — 5@ (—3,5,4) —62¢ (7).

I
O\H
Z%I

(M

Concluding Remarks: We have carried out a systematic study of the product of the
Legendre Chi function, polylogarithm function and log function in terms of Euler
sums. We believe most of our results are new in the literature and given many
examples which most are not amenable to a mathematical computer package.
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