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APPLICATIONS OF THE GENERALIZED
FUNCTION-TO-SEQUENCE TRANSFORM

Slobodan B. Trickovic® and Miomir S. Stankovié

We deal with applications of the transform 7, we introduced in our paper
On a generalized function-to-sequence transform, Appl. Anal. Disc. Math.
Vol. 14 No 2 (2020) 300-316. Taking different sequences {c, }nen, linked to
a generalized linear difference operator D, gives rise to a family of transforms
Ta that enables the mapping of a differential equation and its solutions to a
difference equation and its solutions. It can map a differential operator to a
difference one as well.

1. INTRODUCTION AND PRELIMINARIES

For for an arbitrary sequence {t,}nen,, we refer to the Newton binomial
formula

" /n
1 tn = APty (At, = tpir —tn),
1) > (})a% (@t =t -1
k=0
whence, on account of the linearity of the difference operator A, there follows

(2) At, = Xn: (Z) ARy,

k=0
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By virtue of (1), for p € Ny, there holds as well

p
= Py ARy — p Py A2 P
(3) togp = D (k)A tn =tn + <1>Atn + <2>A tn + -+ AP,

k=0

Let {an nen, be a sequence of real numbers satisfying ag = 1, a, # 0, used
in the definition of a family of linear operators on linear spaces of sequences in [1],
we multiply by ¢ the terms (Z)A’”lto in the linear difference operator (2), where

cr = —O‘;—;’l, to obtain a more general linear difference operator D, defined as
follows
n
(4) Doty = Z Cr (Z) AR,
k=0

Thus, for ¢ = 1, i.e. ap = (—1)¥, (4) becomes the forward difference operator A.
In [16] we derived the inverse transform of Dyty, i.e.

n

_ "1 n _ ap—1(n _
D 1 _ Ak 1y Ak 1
5) e (L I D () I

Cl_
p=1 k-1 k=1

and the formula

Dty = (-1)™ ) % (Z) AR, moeN.
k=0

The binomial transform takes the sequence {s,} to the sequence {t,} via the

transformation [13]
=Y (Z)

k=0
and presents an infinite-dimensional linear operator.

Since D, reduces to A for ay = (—1)*, motivated by that important case we
introduced in [16] the generalized binomial transform

The transform (6) comprises variations of the binomial transform. They are

(=1

considered in [13] and called the k-binomial transform for a; = o the rising
—1)
k-binomial transform for a; = (kij)’ and the falling k-binomial transform for

(=1

Q; = kn_j .
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The k-binomial transforms relate many sequences listed in the On-Line En-
cyclopedia of Integer Sequences [12]. Several of these relationships are given in
Layman [11] and listed in numerous tables of integer sequences related by repeated
applications of the binomial transform and thus (via [13, Theorem 3.2]) by the
falling k-binomial transform.

Let S, be a set of real functions f having continuous derivatives of all orders
at # = 0 for which there exists a constant M > 0, such that [f*)(0)] < M for
every k € Ny, and S; be a set of one-parametric sequences {t%m)}, with m € Ny as
a parameter, so that there holds |DEty| < M for every k € Np.

On the basis of the generalized binomial transform (6), in [16] the generalized
function-to-sequence transform was introduced.

Definition 1. The transform T, mapping a function f € S, to a sequence {t%m)} €
Sy, determined by the equalities

n _1\k—m n k
(7) Tox™ f(x) = {tglm)}7 tgzm) = Z ( Ozlk)_m <kj> ddxk (xmf(z))wzo
k=m

1s called Ty -transform of the function f.
The binomial transform is a sequence transformation, however, after replacing
the sequence {s,,} with the sequence { f(™(0)} of an infinitely differentiable function

f(z) in (6), we obtain a more general form of a sequence transformation, a specific
linear transform mapping a set of functions into a set of sequences. We denote it

by T-
In the case m = 0, the sequence {tg,o)} is denoted by {t,}, and (7) takes the

form
no 1k n
Tofl@) =t =3 S (1) 0

and its matrix is (6). So T, is regarded as a differential operator.

In order to study properties of 7T, we made use of D,, and proved in [16]
these basic properties of the differential operator 7,, so that for p € N, there holds

®) CT @) = D) 2T [ 0= (D7),
0

where D, !t,, is given by (5) and for m,p € Ny, we have
(9) Tax™ [P (x) = {s{™},  si™) =n ™D, .

For f(z) = C, then 7,C = {t,}, t, = C, n € Ny. Also, if T, f(x) = {tn}, then
ToCf(x) = {Ct,}. Knowing that n(™ = n(n —1)---(n —m + 1), from (9) for
p = 0, there holds
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We provide the 7,-transforms of some basic functions in Appendix.

Definition 2. For any sequence {t,} € Sy and the linear operator D, introduced
by (4), the function f(x) defined by

z* z*

(10) Bo{tn} = f(z), flz)= ZDgtOﬁ = Z ak(_l)kAktOE-
k=0 ’ k=0 '

is called the B, -transform.

In [16] we proved that B, is the inverse linear transform of 75, having an
infinite dimensional matrix (11) the inverse of 7', which is (6). So expressing AFtg,
k € Ny, in terms of tg,t1, 1o, ..., the equality (10) can be obtained in the following
matrix form

(11)

(&%) 0 0 0 to

fo%1 —oq 0 0 t1

(1 2 " > Qg —2a9 (e % 0 to
11 2! o T P

an =(Yan (3)an =) (an | | tn

Definition 3. The convolution of the sequences {t,},{sn} € Sy, is defined by

n k
(12) Tn = tn * Sy = Z (Z) Z (k) 7(1]3:7] A‘thAk_‘jSO.

k=0 =0 M

Here we give some properties of convolutions. For the sequences {r,}, {s,},
{tn} € S, and c € R, the following relations are valid

1° cx*t, = cty,,

2° ty % Sy = Sp x ty,

3% ok (St tn) =10k Sy + T x by

In [16] we proved for the sequences {t,},{s,} € S; and B,-transform, that
the equality

Bo{tn * spn} = Ba{tn}Ba{sn}

holds true if and only if the convolution t,, * s, is defined by (12). Making use of
this result, for Toe® = {s,}, Tof(z) = {t,} and a; = (—a)*, we obtain

e f(z) = Ba{sn}Ba{tn} = Baf{sn xtn}
ok (e ) (k—1) ’x:Of(j)(O)

(') k
j1(k — j)! wkzzﬁz
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which is the Borel transform of e®* f(x) (see [6]), whence we get

(az)”
—.

oS
k=0

2. APPLICATIONS

The transform 7, has numerous applications. In the next subsection we
deal with Genocchi polynomials. Afterwards we consider applications of 7, to
differential equations for solving difference equations.

2.1 TWO-DIMENSIONAL GENOCCHI SEQUENCES

The Genocchi polynomials are defined through the generating function [10]

tm

2te®t =
(13) . = Z Gm(x)ﬁ

m=0

By differentiating both sides of (13) with respect to x, we come to the following
differential equation of the Genocchi polynomials [4]

4
dx

The Fourier series representations of the Genocchi polynomials [8] are

(14) Gn(z) = mGp—1(x).

A(-1)™ 1 (2m — 1)! = sin(2n — D7
Gom-1(7) = q2m—1 Z (2n — 1)2m—1"
n=1
4(=1)™(2m)! = cos(2n — 1)
Gom(x) = 2m Z (2n — 1)2m m € N.
n=1

In the paper [17] we derived the closed form expression for trigonometric
series in terms of the Dirichlet lambda function defined by

- 1
A(s) = Zlm

By substituting mx for x in these series, one obtains

(15)
sin(2n — ez (=1 r(re)? ot RS (CDFPARm -2k 2) oy
nz::l (2n —1)2m=1 — 4(2m — 2)! + pe (2k+1)! ()4,
=, cos(2n — )7z _ (-)ma(mx)?mt " (=1)kRA(2m - 2k) ok
Z (2n —1)2m - 4(2m —1)! + Z (2k)! (71-'7;) 4§

n=1
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Thus, taking account of (15) we can express the Genocchi polynomials in terms of
the Dirichlet lambda function

m—1 m4k
_ 2m—2 (=)™ A2m — 2k - 2) 2k+1
G2m—1(aj) = (2m - 1)33 - 4(2m - 1)! kZ:O (2/€ 4 1)!7T2m72k72 x ’

(16)

_ (1) RN (2m — 2k)
— 2 2m 1 4 2 ! ( 2]{:.
Gaom () mz + 4(2m) 1;) (k) im2m—2F

Making use of the relation [3]

(_1)m7r2mG2m

N
iemy 0 MEw

A(2m) =

where Ga,, denotes Genocchi numbers, then applying 7, to (16), we come to the
generalized two-dimensional Genocchi sequences

P VLRI T o e PPN R LY
2m—1,n — Qom—2 2m — 92 — 2% + 1 2m—2k—2 Q2hin 2% +1)°

o« _ (2m)! n " 2m (2K)! (n
2mn = \2m— 1 +kZ:0 o ) C2m—2 aop \2k )

Let 7oGm(z) = Gy, .- Applying the 7,-transform to the equation (14), then
referring to the property 1° in (8), we obtain the partial difference equation

(17) Dang,n = mngfl,n‘
Knowing that for aj, = (—1)*, the operator D, reduces to A, the equation (17)
becomes

(18) G’m,n-{-l - Gm,n = me—l,na

k

and the generalized two-dimensional Genocchi sequences for ay = (—1)" are solu-

tions of (18).

2.2 DIFFERENTIAL OPERATORS AND SOLVING
LINEAR DIFFERENCE EQUATIONS

The transforms 7, and B, provide a useful method for solving a difference
equation by mapping it first by B, to the corresponding linear differential equation
that is often easier to solve, then its solution is mapped by 7, to a sequence, giving
a solution of the difference equation.
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Lemma 4. In the special case of ar = (—1)F, the operator D, becomes A, and

applying T, to the Bessel operator i yields

d d
Ta%x%f(o:) = {AnAt,_1} = {An(t, — tn_1)} = {AnVi, },

d d
i.e. the To-transform maps Bessel’s operator d—zd— to the operator AnV. Also,
r dz

the eigenvector of the Bessel operator is mapped to the eigenvector of the operator
AnV.
Proof.  Since (4) reduces to (2), in view of 1° in (8), there holds T, f'(z) =
d d
%f(x) = {At,} and relying on (9) we have Ewd—f(ac) = {nAt,_1}, implying

x

(19) E%m%f(m) = {AnAt,_1} = {AnA(t, —tn—1)} = {AnVi,}.

d d
Applying the linear Bessel differential operator d—m . to the Laguerre-type
T

exponential function [16]

e
A
—
&
Il
|M8
—
=8
=
[V

k=0

by the uniform convergence everywhere of the series on right-hand side, we are
allowed to exchange summation and differentiation, and find

(20) Lot e@) =@,

which means that the L-exponential function is its eigenvector. Let Toer(x) = {s,}.
Then, we have

@ w= X (0= (5w =2 w () =X

k=0 0

Now applying the Tg,-transform to (20), because of (19), we have for oy = (—1)*

Ta dd xdiel( ) = {AnAs,_1} = {AnVs,} = Tei(z) = {sn},

that is,
(22) AnVs, = s,.

So, s, is the eigenvector of the discrete Bessel operator AnV. [
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Example 5. We make use of Lemma 4 to give a discrete model of the Laguerre-Malthus
population growth. The continuous model is defined in [2] by the equation

(23) 2 C];(t) + d];;ft) N e %t%N(t) — N,

where a positive constant r presents the growth rate. Assuming the initial conditions

N(0) = Ny, N'(0) =rNo,

we find its solution

_ NSt
N(t) = N()el(’/'t) = No kZ:OT W
Denote ToN(t) = {tn}. Applying the T,-transform to the right-hand side of the equiv-
alence (23), on account of (22) and (21), we obtain a discrete Laguerre-Malthus model
and its solution

n (k)
n
Anvtn = Ttn, tn = NO E Tkw.
k=0 ’

Example 6. The solution of Bessel’s differential equation zy" + zy' + (2> — m?)y =0

(m € N) is the well-known Bessel function (see [5]) of the first kind and order m

(24) Ine) =30 ST
" = KID(m+k+1)
Applying Table in Appendix, we map (24) to the Bessel-a sequence
[¥] k. (m+2k)
(=nHm™ (=1D)"n n—m
o = >m+2k, 2| <n—m,
’ 2m kZ:O 22kl (m + k)lovmtak n > m+ 2%, neom
which is a solution of the Bessel-a difference equation
n(z)Ditn_g +nDatn_1+ n(z)tn_g — mztn =0,
obtained by applying (9) to the Bessel differential equation.
Replacing z by px in (24), we have
5" mk( pym+2k, (m-+2k)
(—1) (%) n n—m
adm =Jmn = ) = 2k7 2|: ] <n—m.
Tadm(Pe) = Jmn(p) = > IS r—— n > mt <n-m

k=0

In [14] we derived a closed form formula for the series in terms of Bessel functions. Setting
there v = m, that formula becomes

i L ) = (—1)" e SN (2m)"T(n— 252 [on kg
prtm P o L e £ Tntm 1 - &) \ k o

p=1
where By, are the Bernoulli numbers. Because of the uniform convergence of the left-hand
side series, we can take the term-by-term derivative. We apply T, looking up in the
appendix, p. 12, and obtain the series in terms of Bessel sequences Jm n(p) in the closed
form

= O I e o Nt

———Jm,n =
Z p2rtm =T () (2n)12mF am4oeV/T £ T(n+m +1-%)

p=1

<2’I’L> (_1)2n—kn(2n—k)Bk

k Qp—2k
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2.3 APPLICATION OF THE CAUCHY METHOD TO SOLVING
LINEAR DIFFERENCE EQUATIONS

By using the theory of residues, in the paper [7] (see also [9]) Cauchy obtained
a general solution of the linear differential equation that does not require to search
for a particular solution. For instance, consider the equation

(25) boy ™ (z) + b1y ™V (@) + - + b1y (2) + by(z) = F().

By virtue of the Cauchy method, its solution is
(26) y(x) = i Res (f(z) e”) + i Res (ﬁ /z e*ZtF(t)dt),
=1 z2=zp g(z) 1 z2=zp g(z) Zo

where f(z) is an arbitrary regular function, the zeros of which do not coincide with
those of the polynomial

(27) g(2) = boz" + 012" (@) + -+ by =bo(z — 21)" - (2 — z5) ™

where s <n, and dy + -+ ds = n.

Notice that B. Tortolini (see [15]) obtained this result but in another way.
If we apply the T,-transform to (26), and take account of linearity of 7, setting
xo = 0, from (26), there follows

=37 e (o) + T R (55 o)

9(2)

Lemma 7. If f(z) is an arbitrary regular function, the zeros of which do not
coincide with the ones of the polynomial (27), then for oy, = (—1)*, there holds

- f(2) o) _ % f(z) n
(28) 3T B () = LB (g0 =)
Proof. According to the definition of the 7 -transform, we have
- o f(Z) zr\ __ - 1 8dp_1 f(Z) zx
;Ei‘i (@e ) _z_:n(dp—l)!azdp_l <gp(z)e )z
ot 1O f(2) L
_Z d —1 'Z( >8Zd -1 <6]}k (gp(Z)e )a: O)Z Zp

_ A f(2) ..
S e e

=3 Re (R
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Further, it follows

s (5 200) - 3 (5 (2) 2 (25)..)

=1 " “k=0 9(2)
-2 (e () - S Ghe )

Thereby we have proved (28). O
Lemma 8. There holds

S ) = 3 Res [ L2 5 OO
(29) ;%E%i(g(z)h(x))_zﬁ < 9(2) Z(HZ)’“)’

T k—1
where h(z) :/ e * F(t)dt with h*) (0 Z ( ) Ye=i=1pG)(0).
0

j=0

Proof. First, let g,(z) mean that we omit the factor (z — z,)% in the polynomial
(27). Then, we have

S e?T 1 Hr—1 e T

Res (S [ e *F(t)dt) = ( / ()

2.7 Res g<z>/o ZT G- \g, )y ¢ T,

Hdp—1 zx

- Gt 'z( )W (gt (o [ eroa) ),

k e*T T
N Z (dp—1) '82’ (g < )Oi’f (1,(2)/0 eiZtF(t)dt)x:O)z:zp
= ;ZRZGZ (7;%/0 —sz ) ZZRGZ (@T eZT/O _ZtF(t)dt).

x
Here we regard / e *'F(t)dt as a function h(x), and treat z as a parameter. By

0
differentiating the function e**h(x) k times at z = 0, one gets

LS > (“)eemo) - 5 (5000,

J =\

so that we find
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Changing the order of summation yields

Tae*"h(z) = Z
=0

7 k=0
-2 ()eox ()
S5 ()o s ) e S ()59,

Finally, we obtain
- 2)" <~ (7 A*(0)
Zszi( Tae™h(z)) = ZB%S,;( IS (D ar

k-1
k-1 . .
where h(®)(0) = Z < . >(z)k11F(j)(()), so we arrive at (29). O
; J
7=0
We apply the Cauchy method (26), Lemma 7 and Lemma 8 to solve linear
difference equations.

Theorem 9. Using g(z) defined by (27) and F(x) on the right-hand side of (25),
the solution of the linear difference equation

(30) tham + G1tpam—1+ -+ amtn =€, a;, €ER i=1,...,m,

where e, = T, F(x), is given by

tn=g;ga<§éz> )

~—

S

p=1 k=0 j=0 J

Proof. We deal first with 7T, for ay = (—1)* and make use of (3), so the left-hand
side of (30) becomes

m m—p
tn +ay ki n Amln = ap " tn-
§ < )A E ( )A to =Y ap ( p) AF
k=0 p=0 k=0 k

We recall that the operator D, reduces to the difference operator A for ay, =
(—1)*, and referring to the statement 1° of (8), for a function y(z) we find its kth
derivative Toy®) (x) = {A¥t,}, but by applying the inverse transform B, we have

BoTay™ (z) = y® (2) = Bo{AFt,}, k=0,1,...,m
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m—k

D a

p=0

In view of that, by applying the B,-transform (30), the difference equation is
mapped to the linear differential equation
m m—p m — p m m — p
S0 5 (" o= S S () = o
p=0 k=0 k=0
which is a differential equation of the form (25), where
m-—p
E )
So, in order to find its general solution, we apply the Cauchy method yielding as a

solution (26), and relying on the results of Lemma 7 and Lemma 8 the solution of
the difference equation (30) is obtained by summing (28) and (29). O

m—k

F(z) = Bo{en}, bm—i = Z ap

p=0

Appendix - Table of T,-Transform pairs

f(z) Tof(x)
D" e o
z" n n\=nn-1)---(n—r+1),nreN r<n
ar
n
(=1)* (n
1+ ) Z o \k a® o™ =ala—1)---(a—k+1),aeR
k=0
n
(=" (n\ &
e Z o k a
k=0
n (_1)k71n(k)
In(1+ z) Z k ay,
. k=1
[*z] k
—1)k+1 n
sin ax 7( ) ( a2k tt
o 0k 41 2k +1
[(5]+1 K
(=)%Y o
cos ax a
Z Q2L 2k
k=0
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