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DETERMINANT EVALUATION OF BANDED TOEPLITZ
MATRICES VIA BIVARIATE POLYNOMIAL FAMILIES

Abdullah Alazemi* and Emrah Kilig

We define three kinds banded Toeplitz matrices via with the upper and lower
bandwidths “Fz” and “Fy”. The determinant evaluation is explicitly given
for three kinds banded Toeplitz matrices via bivariate Tribonacci and De-
lannoy polynomials by using generating function approach and recurrence
relations. Moreover perturbed versions of each kinds of the banded Toeplitz
matrices by a 2 X 2 general square matrix at the upper right corner will be
explicitly computed.

1. INTRODUCTION AND PRELIMINARY RESULTS

In general, a banded Toeplitz matrix 7,, of order n has the form for k,r < n

to -ty
T, = tr - t_, )
i ty - to |
where the coefficients ¢;, 1 = —r, ..., k, being complex numbers.

Many special cases of the banded matrices such as Toeplitz matrices, sym-
metric Toeplitz matrices, especially tri-diagonal matrices, etc., have been studied
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by many authors. Since their inverses are frequently used, explicitly and effectively
finding inverses of them are important. Tridiagonal matrices and Toeplitz matri-
ces are of great importance in both mathematics (cf. [5, 6, 13, 24]) and physics
(cf. [1, 17]). Especially these kind of matrices have been frequently used in various
application areas ranging from engineering to economics (see [3, 4, 7, 9, 20])
as well as in the computation of special functions, PDEs and number theory
(see [2, 8, 11, 12, 19, 23]). Various features of tridiagonal matrices are used to
solve the systems of linear equations that arise from these applications and many
authors (for example, [9, 10, 15, 24]) have studied various tridiagonal matrices
and their properties such as LU decompositions, determinants and inverses.

There are well-known examples of banded Toeplitz matrices whose entries
consist of indetermines. Determinants of such Toeplitz matrices generate well
known polynomial families. By these kinds of relations, one can derive interest-
ing properties of polynomial families or well known number sequences via linear
algebra and vice versa. We may give an example for such a relation between tridi-
agonal Toeplitz matrices and Chebyshev polynomials as shown

2¢r -1

det | T = U, (2),

where U, (z)’s are the Chebyshev polynomials of the second kind. For more re-
lations between well-known second order polynomial sequences and certain deter-
minants of Toeplitz or perturbed Toeplitz matrices and useful applications of such
relations, we refer to [14, 16, 21, 22] and the references therein.

Recently Kurmanbek, Amanbek and Erlangga (for more details we refer to
[18] and the references therein) considered a recent open problem and evaluated
the determinant of the two pentadiagonal matrices

1,

k=0,£1,2,1 —n;
An = [ai*j]lgi,jgn Cak = {0

otherwise;

1, £k=0,£1,2,2 —n;
B, = |b;_; b= ’ T '
[ J] 1<ij<n " O {07 otherwise;
and then they proved that

1, n =4 0; 0, n=40;
2 =4 1; 2 =4 1;
det A, =<7’ TEAS S and det B,=<¢" =
-1, n=42 3, n=42;
0, n =4 3; 1, n=43.

It would be valuable to note that both A, and B,, are banded Toeplitz matrices.
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Here and for later use, i =, j stands for “i is congruent to j modulo m”. For
a real number «, we shall also make use of |«] for the maximum integer < a.

Motivated by the determinant evaluations of certain Toeplitz and perturbed
Toeplitz matrices, we define new three Toeplitz matrices dependent on indeter-
mines. In the next section, we will present two of them and the explicit formulae
for their determinants combinatorially as sums of the product of two binomial co-
efficients weighted with the indetermines which we call bivariate Tribonacci polyno-
mials. Moreover we shall investigate generalizations of these two Toeplitz matrices
which are perturbed by the 2 x 2 square matrix [ Z} to each matrix at the upper
right corner. By obtaining their LU-decompositions explicitly, we shall formulate
their determinants.

In Section 3, we will present a third kind of Toeplitz matrix and the explicit
formulae for its determinant combinatorially via bivariate Delannoy polynomials
whose coefficients are the Delannoy numbers. Also we shall investigate general-
ization of the third kind of Toeplitz matrices which are perturbed by the 2 x 2
square matrix [% db] to each matrix at the upper right corner. By obtaining their
LU-decompositions explicitly, we shall formulate their determinants. In the last
section, we present an another generalization of the third Toeplitz matrix with an
additional parameter. Comparing results derived from the last two sections, we will
derive new combinatorial formulas as double binomial sums for general second order
linear recurrences. As applications, we derive new combinatorial representations
for Tribonacci numbers and a general second order recurrence relation, especially
for Fibonacci, Pell numbers and Chebyshev polynomials.

2. TWO TOEPLITZ MATRICES AND THEIR DETERMINANTS

As mentioned in the previous section, we present two Toeplitz matrices and
then evaluate their determinants combinatorially via sums of products of binomial
coefficients. We will use the generating function method and the Laplace expansion
of determinant to prove our claims in this section.

Two Toeplitz matrices are defined as

Cn(z,y) = [Ci—j]lgi)jgn =X, =Y, 0= Y, 2=,

Fn(xay) = [fl—]] 1<i,j<n : fO =, f—l =Y, fl =Y, f2 = —.

Clearly the matrix C,,(z,y) has the form

. y _
-y oz Yy
x -y
Cn(cc,y) =
T Yy
-y T Yy
L r -y T |
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Then we shall state our first main claims that the determinants of the matrices
Cn(z,y) and F,(x,y) are evaluated by

Cn($7y> = det Cn($7y) = Qn(‘r7y)a
F7L(5177y) = det F,L(a:,y) = Q,L(x,yﬁ),

where the bivariate polynomial Q,,(x,y) is defined as

PR\ sk o
Qulz,y)= ( ; >fc+ky2”2’“,

i,5,k
i+2j+3k=n '

which could be also rewritten as

Throughout the paper, for the sake of brevity, we will frequently use the short-
ened notations Q,, H,, T, and V;, instead of Q, (z,y), Qn (y,z), Qn (y,x\/j)
and @, (z,yv/—1), respectively.

Define the generating function of the polynomials Q,, as

Q(z) = Z Qnz".

n>0
Then we have the following result.

Lemma 1.




Determinant evaluation of banded Toeplitz matrices via bivariate polynomials 5

Proof. Consider

_9 ,
0(:) = (n ‘ k‘) (k‘) 90 g2k, 2k n
n>0 k=0 j=0 J J
k') 2k n — 2k n—2k
= > )2y (7T @)
0<j<k <7 nso N J
_ (k) 27 (yt)** (w2)’
= i —
052k (1—3:2)J+
B (2xy2z3)]
2 (U= oy T (1= a2yt
_ 1 Z (2xy2z3)j
(1 —a2) (1 —y?2?) o< (1— zz) (1 —y222)
- 1
(1 —z2) (1 — y222) — 229223
_ 1
1z — Y222 — ay223]
which completes the proof. O

Therefore by Lemma 1 and the definitions of H,,, T, and V,,, we present the
collected list of generating functions as shown

0() = Y=y

2,2 2,37
Tz — Yzt — xYcz
n>0 ) )

H(z) = Zan": !

1—yz— 2222 — yx223’

n>0
1
z) = T,z" = ,
7 ) 7;) " 1—yz+ 2222 + yz223
1
V = V2" = )
(2) nz>0 n? 1—zz+y222 + xy?23

By the generating functions of the polynomials @,,, H,, T,, and V,,, we derive
their recurrence relation for further use.

Lemma 2. Forn > 2,
(1)
Qn = 2Qn-1+Y°Qn2 + 2y°Qn_s,
with the initials Qo =1, Q1 =z, Q2 = 2% + y? and Q3 = =3 + 3xy>.
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(it)
Hn = yHn—l + xQHn—2 + nyHn—?n
with the initials Hy = 1, Hy =y, Hy = 2®> +y? and Hs = y° + 3yz>.
(iii)
Tn = yTn—l - xQTn—Q - nyTn—?n
with the initials Ty = 1, Ty =y, Ty = y* — 22 and T = y> — 32°y.
(iv)
Vi=2Vo_1 — yZVn—Q - nyVn—Z%
with the initials Vo =1, Vi =z, Vo = 22 — 42 and Vaz = 23 — 329/

Lemma 3. (n € N)
Cn(z,y) = Qn(x,y).

Proof. To prove the claim, we show that C, (z,y) and Q,(z,y) satisfy the same
recurrence relation with the same initials. For computing C,,(z,y), we will use the
Laplace expansion of the determinant. First expanding C,(x,y) according to the
first row entries x and y, respectively, and then expanding the second consequent
determinant corresponding to the second entry y according to the first column gives
us

Cn(z,y) = 2Cp1(2,y) + Y’ Cpz(z,y) + 2y*Crs(z,y).
On the other hand, by Lemma 2, the recurrence relation of @, (x,y) is
Qn (2,9) = 2Qn—1 (2, Y) + ¥’ Qn—2 (2,y) + 24*Qn s (2,y) .

Since both the recurrece relations and the initials terms of C, (z,y) and @, (z,y)
are equal, we derive that

Cn(x?y) = Qn (Z‘,y) >

as claimed. O

Now we give two auxiliary results for later use. As a consequence of Lemma
3 and by the definitions of {Q,,, T, }, we have the following result without proof.

Corollary 4. The polynomials Q,, and T,, satisfy the recurrences
Qn = xanl + yQQn72 + nyanBa

and
T, = yTn—l - szn—Q - y$2Tn—3~

By the definitions of {Q,, T, } and properties of the binomial coefficients, we
have the following result without proof.
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Lemma 5. Forn > 2

QnTnJrl + xQn+1Tn71 =Y [‘ranlTn + QnTn}

and forn >1
QnTn—i-Q + L]5'Q77,+1T‘n =Yy [xQn—lTn—i-l + anrn—i-l] .

As consequences of this section, we will derive interesting results. The well
known Tribonacci numbers t,, are defined as

tp =th—1+tn2o+tn_2,

where tg =t; =1 and t5 = 2.
The generating function of Tribonacci numbers is given as

1
n o __
Zt"'z Tl 2,3
n>0

Therefore, we can derive the following interesting combinatorial representa-
tion for the Tribonacci numbers.

Corollary 6. Forn > 0,

,_
w3

113
=33 (")0)
k=0 j=0 J J

From Lemma 1, we have that the generating function of the polynomials

Qn (z,y) is
1

1 — a2 —y222 — ay?22d

Q(2)
If we take £ = y = 1 in the generating function of @, (x,y), it is reduced to the

generating function of Tribonacci numbers. Thus we write

(3] 13]

=S5 () (v

k=0 j=0

as claimed.
One can derive similar combinatorial representations for Tribonacci-like se-
quences for the other polynomials H,,,T,, and V.

2.1 The matrix C,(z,y;a,b,c,d)
In this section we shall investigate the perturbed generalizations of the Toeplitz
matrix C,(x,y) which are defined by adding the 2 x 2 square matrix [ z 2 ] to

each matrix at the upper right corner.
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We define the matrix R, (z,y) as shown

Tz oy 0 .- cee 0T
r -y x ) :
0 = -y
Ry (z,y) = | ¢ r .oz Y
-y x 0
r -y y
L 0 . 0 x x|
or, via the matrix C,(z,y),
r oy 0 0
x :
Ry (z,y) =] 0 Cn-1(z,y) 0
Y
0 0 r T

Denote detR,, (x,y) by Ry, (z,y). Then we have the following result to give
the relationship between R, (z,y) and the polynomial T,, without proof. Its proof
follows by expanding R, (z,y) with respect to the first row and then expanding
the consequent determinant with respect to its last row.

Lemma 7. Forn >0
Rn+3 (x7y) = (_1)n+1 [Tn-‘rl + 2yTn + yQTn—l] .
We are going to define a unit lower triangular matrix L = [L;;]i<i j<n,

that has the only nonzero elements on the main diagonal, the first and the second
subdiagonals. Its entries are explicitly given by

Li; =1, 1<i<mn
L :*y(mQFB—’_Qi#), I<i<n—1
’ Qi1
Lij—s = xgi’:)” 1<i<n
i—2

together with the following exceptional element

_ Yy ({17an3 + Qn72) + Cil?2 (yTn75 + Tn74) + axTnfi’)
Qn—l +cx (yTn—4 + Tn—3) + aTn—Q .

Ln,nfl =
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For n = 6, we have

1 0 0 0 0 O
—y 1 0 0 0 0
zQ _y(@Qo+Q1)
I Q1O op 1 0 0 O
- 0 Q1 _ y(2Q:14Q2) 1 0 0 )
@ g (2Q2+Qs)
2 ylxa 3
0 0 o —374 1 0
|0 0 0 chf Les 1
_ _ y(@Q3+Qu)+ca® (yT1+Ts) +aaT:
where L6’5 - 3Q5+4C$(yT2+T;)+112T4 ’
We define also an upper triangular matrix U,, = [U; j]i<i j<n, that has the

only nonzero elements on the diagonal, the first superdiagonal, and the last two
columns, which are given by

Ui =g%, 1<i<n-—2
Uiiv1 =Y, 1<i<n—3;
Uin-1 = g lex (yTieg + Tia) +aT;q], 1<i<n—3;

Uin =g lde(yTics +Tio) +0T51], 1<i<n—2

and the following amended exceptional entries

Un72,n71 =y+ in—3 [Cl‘ (yTn75 + Tn74) + aTnf?)] ;

Unfl,nfl = ﬁ [anl + cx (yTn74 + Tn73) + aTn72] 5
Unfl,n =Y + Q:72 [CLT (yTnfél + Tnf?)) + anfﬂ )
and
1
Un,n =

anl + cx (yTn74 + Tn73) + aTn72
X [Qn + bTn—1 + 2" 2 (ad — be)
+az(a+d) (YThos+ Th2) — (—1)" cz’R_1],
where R, is defined as before. Recall that as usual we assume that the empty sum

is 0.
For instance, if n = 6, we have

0 Q2 0 cx+aTy dx+bTy

Q1 Yy Q1 Q1
0 0 Qs cx(y+Th)+aTs dx(y+T1)+bT>

U = Q2 Y Q2 Q2

= O 0 0 % y + cz(yTlgT2)+aT3 dz(yTlgT2)+bT3 )
0 O 0 03 %_'_ cw(yngT3)+aT4 y+ dw(yT;;STg)*FbT;;
4 4 4
L 0 0 0 0 0 Us,6 ]
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where

Ue o — Qo + bT5 + 2* (ad — be) + z (a + d) (yTs + Ty) —cx®Rs
o Qs + cx (yTo + T3) + aTy

and R5 =y (522 — 4y?) .
Then we have the following result.

Theorem 8. With the above defined triangular matrices L and U, the matriz
Cp(z,y;a,b,c,d) admits the following LU-decomposition

Cn(z,y;a,b,c,d) = LU.

Proof. Let W := LU. We show in details that W = C,,(z, y; a; b; ¢; d).
First, we start to verify the entries along the four diagonals.
i)Casei=jfor1<i<n

e i=j7<n—1

n
Wi = Z LUk = L Ui s + L 3 1Uj—1; + Ly 32U 94

k=1
_ Qi Yy (Qi—3 + Qiﬂ)y
Qi1 Qi—1
— Q-l (Qi — v* (2Qi—5 + Qi—2)]
1—1

which, by using the recurrence relation of {Q, }, that is,

Qn =2Qn-1 + y2Qn—2 + xyan—&
gives us

zQ,;_
Wi = @ -
Qi1
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e i =j=n—1: We shall prove that W,,_; ,_1 = x. Consider

anl,nfl = Lnfl,nffiUnfS,nfl + Lnfl,n72Un72,n71 + Lnfl,nflUnfl,nfl
_ an—él |: 1
Qn—S Qn—4
n—4 1+ &n— 1
Y (2Qn—a+ Qn-3) {y—i—
Qn—Q Qn—B
1

+ On’a [Qn—1+ cx (yTp—a + Tyi—3) + aT}_2)
n—2

T
anB
Y (2Qn—a + Qn_3)

Qn72Qn73

1
Q@n—2

Y (2Qn-a+ Qn-3) L @
Qn—? Qn—2.

By the recursion of @, since

Qn—l N y2 (CEQn—4 + Qn—S) o

(Cx (yTnfﬁ + Tn75) + aan4):|

(cx (yTy—s5 + Trn—4) + aTn3)]

[cx (YTn—6 + Th—5) + aTp_4]

[C]J (yTn—5 + Tn—4) + aTn—3]

+ [cx (YTh—a + Tr—3) + aT}, 2]

=ux,
Qn72 Qn72
we write
xr
Wn—l,n—l =x+ Q ) [CI (yTn—G + Tn—5) + aTn—éd
Tp—g4 + n—
Y ECns ¥ @ros) (4T )+ 0T ]
an2Qn73
1
+ [C{E (yTn74 + Tnfs) + aTn72} .
Qn—Q

In that case, to prove our main claim W, _; ,—1 = = , we have to prove the
equality
T
Qn73
o Yy (an—4 + Qn—S)
Qn72Qn73
1 [cx (YTrn—a+ Th—3) + aTh_2]
Qn—Z
(1) =0

[CI (yTn—G + Tn—5) + aTn—4]

[C:l) (yTn—ES + Tn_4) + aTn_g]

+

After clearing denominators and some rearrangements and by the results of
Lemma 5, the claimed sum above is computed as 0. Thus we have the claim
anl,nfl =
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o i =j=n
Win =Lnn-o2Un—2n+ Lyn-1Upn—1n + LpnUp.n,
which could be similarly proven by using Lemmas 3 and 5.
ii)Case j=i+1forl1 <i<n

o 1< <n—3:
n
Wiit1 = ZLi,kUk,iJrl =L;iUiit1 =vy.
k=1

e 1 =n—2:

n
Wn72,n71 = § Ln72,kUk,n71
k=1

= Ln727n74Un74,n71 + Ln72,n73Un73,n71 + Ln72,n72Un727n71
X

Qn—4
Y (2Qn—5+ Qn—1)
Qn—3Qn—_4

1
0 s [cx (YTn—5+ Tr—a) + aTy—3),

which, by (1), gives us the claimed result.

[cx (yTr—7 + Thn-s) + aT,_5)

[cx (yTh—6 + Trn-5) + aT,_4)

+y+

i=n—1:

anl.,n = Lnfl,nflUnfl,n + Lnfl,n72Un72,n + Lnfl,nfiiUnfB,n

1
=y+ Q [dJL‘ (yTn—4 + Tn—3) + bT”_Z]
n—2
Y (@Qn—a+ Qn-3) [da (YT —5 + Tp_4) + T} _3]
Qn72Qn*3
+ Ql. [dlL’ (yTnfﬁ —+ Tn75) + anfﬁd y
n—3

which, by (1), gives us
Wn—l,n =Y.

iii) Casei=j+1forl <i<n

e l<i<n-—1:

n
Wii—1 = E Li 1 Ukic1 = Liji—1Ui—1,i—1 + L ;U 41

k=1
_ Qi y_y(iUQz‘—:’, +Qi-2) Qi1

Qi72 Qifl Qi72
— —y,
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Won-1=Lpn—2Un—2n—1+ Lnn-1Un—1n-1
_ 2Qn_3 {y n 1
Qn—2 Qn—S
Y (2Qn—3+ Qn_2) +cx® (YT 5 + Tpa) + axT, 3
B Qn-1+cx(yTn—a+Ths3)+al,_2
|:Qn—1 +cx (YTn—a + T_3) + aTn—2]

(cx (YTn—5+ Thn_ua) + G/Tng):|

. an2

_ xQn—S _ Yy (-TQn—3 + Qn—2)
B Qn—? Y Qn—?

= —y.

iv) Casei=j+2for2<i<n

e 2 < i<

n
Wii—2 = E Li1Ugi—o=Li;2U;j_2, 2 =1y.
k=1

n
Wn,n—2 = § Ln7kUk7n—2 = Ln,n—2Un—2,n—2 =Y.
k=1

Then it is much easier to check the four perturbing entries at the upper right
corner:

n
Win-1= E Ly U1 = L1 1Ui n—1 = a,
k=1

Win =3 LisUkn=L11U1n =0,
k=1

Yzo

n
1
Wan_1 = Z L Ukm—1=Lo1Uipno1+ LopUs o1 = —=—a+ — (ay + cx) = ¢,

z z
k=1 1 1

n
Z 1
Wan = LowUnn = LoaUs + LooUsy = —20b + ~ (by + dz) = d.
k=1

Z1 ;
Finally, the proof of Theorem 8 will be completed by observing that
Wi ;= ZLi,kUk,j =L;Usj+ Lij1Ui—1;+L;;2U;_2; =0
k=1

when ¢ > j 4+ 2 and j > i + 1, except for the four entries at the upper right
corner.
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O

Consequently, we can evaluate the determinant det C,(x,y;a,b,c,d) in the
following corollary.

Corollary 9.

det C,,(z,y;a,b,c,d) = det U
n n—2
Qk
= H Uk:,k = Un,nUn—l,n—l H
k=1 iy Qe
=Qn +bTh_1+ 2" % (ad — be)
+z(a+d) (YTp_s+ Ths) —(—1)" ca®Ry,_1.

2.2 The matrix F,(z,y;a,b,c,d)

In this section we shall investigate the perturbed generalizations of the Toeplitz
. . . . b
matrix F,,(z,y) which are defined by adding the 2 x 2 square matrix { [CI d ] to

each matrix at the upper right corner.
Define the matrix Gy, (x,y) of order n as shown

[y 0 0 7
r oy Z )
0 —x y
G (2,y) = —x Tz oy
Y z 0
: -r Yy oy
L0 .- e 0 -z oz |

For the sake of brevity, we shall denote det G, (z,y) by Gy (z,y). Then
we have the following result to give the relationship between G, (x,y) and the
polynomials H,. We will omit proof of the claims of this section that could be
followed similar to Section 2.1.

Lemma 10. Forn > 1,
Gs (2,y) = @ [Hyy1 + 2yHy + y* Hoa]

We are going to define a unit lower triangular matrix L,, = [L; j]i<i j<n,
that has the only nonzero elements on the main diagonal, the first and the second
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subdiagonals. Its entries are explicitly given by

Li; =1;
I Yy (@Vis+Via)
il = "]
v Vic1
Vi3
Lii—2 =-—
2 Viea

together with the following exceptional element

Y (aVi3 + Vaoo) + (=1)" ca® (yHn—5 + Hpg) — (=1) "axH, 3
Vo1 — (=1)"cx (yHp—a + Hp—3) + (=1)" aHp_o :

Ln,n—l =

We define also an upper triangular matrix U,, = [U; j]i<i j<n, that has the
only nonzero elements on the diagonal, the first superdiagonal, and the last two
columns, which are given by

Ui, R 1<i<n—-2
Ui,i+1 =Y, , 1§i§n73;
—1)*
Uin-1 = (V ) [cx (yHi—s + Hi—2) —aH,;,—1], 1<i<n-—3;
i—1
—1)*
Uip = (V ) de (yHi—s + Hi—2) —bH; 1], 1<i<n-—2;
i—1
and
1
Unn =

' anl + (71)?1 [aHn72 —CT (yHn74 + Hn73)]
x {V,, — (=1)" bH,—1 — 2" 2 (ad — bc)
—z(a+d)(yHn—3 + Hy—2) +cGy,_1 (2,9)]},

where as usual the empty sum is 0 and Gy, (z,y) is defined as before.
For example, if n = 6, then we have

Yoy 00 —cra _decb -
0 % y 0 c:vaia%h dw%b%h
0 01 Vs y 7c:v(y+ﬁ1)faH2 7dm(y+flh)fbH2
_ \% 1% V
U= 0 0 02 Vi oo ca(yHi{ Ha)—aHs da(yH,+Hs)—bHs ;
Vs V3 Vs
Vs —(cx(yHo+Hsz)—aH,) dz(yHa+Hs)—bH.
0 0 0 0 3/4 3 4 y— 2 - 3 4
L O 0 0 O 0 Us,s J

where the last diagonal element Usg ¢ is

Vo — bHs + 2* (ad — be) + x (a + d) (yHs + Hy) — ¢G5 (2, 9y)
Vs +aHy — cx (yHy + Hs)

Uss =

Consequently we have the following result.
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Theorem 11. With the above defined triangular matrices L and U, the matriz
F.(z,y;a,b,¢,d) admits the following LU-decomposition

F.(z,y;a,b,¢,d) = LU.

Consequently, we can evaluate the determinant det F,,(z,y;a,b,c,d) in the
following corollary.

Corollary 12.

=V, — (=1)"[pbH,_1 — x”_Q_(ad — be)
—z(a+d)(yHyp-s3+ Hy—2) +cGpq (z,9)].

3. THE THIRD TOEPLITZ MATRIX

In this section we shall investigate a new kind of Toeplitz matrix and evaluate
its determinant. For this purpose, it is interesting that we will need to define a
kind of polynomials, namely bivariate Delannoy polynomials, whose coefficients will
consist of Delannoy numbers. The results will be given could be proven similar to
the previous results but we will omit them here. However we shall give generating
functions of the bivariate Delannoy polynomials as auxiliary results for the reader’s
convenience. We also present interesting applications of our results. We will give
new combinatorial representations for general second order linear recurrences. Es-
pecially we give combinatorial formulas for the Fibonacci and Pell numbers as well
as the Chebyshev polynomials.

A Toeplitz matrix is defined as

En(z,y) = [ei—j]lgingn Leg=x, 61 =Yy, e =1y, €3 = (—1)j x.

Clearly the matrix E, (x,y) has the form

Ty
y oy
T Yy =T
E,(z,y) = -z Yy . Y

8
8
<
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The Delannoy numbers D (n, k) are defined as shown

- $(71)()

=0

.

The Delannoy numbers satisfy the recurrence relation
D(nk)=D(n—-1,k)+D(nk—1)+D(n—-1,k—1)

with D (0,0) = 1.
The generating function of the Delannoy numbers is

1
Z D (n, k) z"y* = [ E—
n,k>0 Ty -y

The square array D(n, k) for n,k > 0 reads as in the following Table.

1 1 1 1 1 1

1 3 5 7 9 11
1 5 13 25 41 61
1 7 25 63 129 231
1 9 41 129 321 681
1 11

61 231 681 1683
’I"able 1.

Througout this section, we will focus on the antidiagonal entries, D (n — k, k),
of Table 1 given by. We define a kind of bivariate Delannoy polynomials whose co-
efficients are the Delannoy numbers D (n — k, k) as shown

Do (z,y) = > D (n—k, k) oy =2k (—1)"+"
k=0

n

or clearly
n n—=k .
n—yj k n— n+k
Fn(q;7y)zzz< L ><‘>J)2ky2 Qk(_l) + )
k=0 j=0 J
We will frequently use the shortened notation T',, instead of T, (z,y). Also we
denote the polynomial T, (y, z) by ®,, for the sake of brevity.

For further use, define the generating functions of the Delannoy polynomials
I',, and ®,, as

D(z) = anz" and F(z) = Z D, 2",

n>0 n>0

Then we have the following result.
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Lemma 13.

and

Proof. Consider

T

n>0 k=0 j=0
= ( ) 2k 2k 1)’6 (fzyQ)J Z < B ) (7Zy2) J
k,j>0 n>0
22k =2k (VK (L2 k )
= () e k(+1zy) (=29’
k>0 N (14 2y?)
Z Z <k> Zkl'Qk
1+2’y >0 >0 J (1—&-2y2)l€

1 Z (*l)k (IZ/Z)%
(12 — 42 k
1-(= y)zjzo(l_(xz_y2)z)
1
1— (22— y2) 2 + 22y222%’

as claimed.

By the definition of the polynomial ®,, we have that ®, =T, (y,z) and by
the generating function of T, (x,y), we write
1 1
f = =
(=) 1—(y?2 —22)z+a2y?22 14 (22 —y?) 2z + 22y?22
D (_Z) )

as claimed. O

Throughout this section, when we write k =5 0, 1 for k£ > 0, we will frequently
assume that k = 2m and k = 2m + 1 for m > 0, respectively.

Then we shall state our one of the main claims on the determinant of the
matrix E,(z,y) as follows.

Theorem 14. Forn > 0,

| I s , n=90;
E”(x’y):detE"(x’y):{ m ot

Its proof could be derived by using the Laplace expansion similar to the earlier results
given in the previous section.
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Now we will present interesting applications of our results. The well known
Pell numbers P,, are defined as

Pn:2pn—1+Pn—27

where P =1 and P, = 2.
The generating function of the Pell numbers is given as

" 1
P(z):ZPnz =T

n>0

Thus we derive the following relations between the Pell numbers and the sums of
Delannoy numbers.

Theorem 15. Forn > 0,

and

Proof. The generating function of Pell numbers is obtained from the generating
functions of the Delannoy polynomials T',, by taking = 1 and y = i (imaginary
unit, i =y/—1), then by combining the above results we see that

£ (1))

k=0 j=0

O

Similarly the generating function of odd indexed Pell numbers is obtained
from the generating functions of the Delannoy polynomials I',, by takingx =1, y =
2i (imaginary unit, i =v/—1) or x = 2, y = i, then by combining the above results

we see that
n n—=k Tl—j k
ra2 =23 (") (5)# = P

k=0 j=0
which is an interesting relation and a new representation for the Pell numbers

according to our best literature acknowledgement.

We shall show the relation between the Chebyshev polynomials of the second
kind U, () and the Delannoy polynomial I';, (z,y) in the following result.
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Theorem 16. For n > 0, the Chebysev polynomials of the second kind U, (x) has
the representation

U, (z) =

—

(v ) v )

BB
(-

k=0 j=0

<.

n

= Zankk

k=0

2k—n
502 + 1) (71)n+k’
where Ty, (x,y) is the Delannoy polynomial and D (n — k, k) is the Delannoy number
that are defined as before.

These relations can also be carried in determinantal representations con-
versely by the above results.
In that case, for example, we can derive for

Eo, (w,w) = det Eg, (w, w) =T, (w,w) = U, (),

where w = vz + V2?2 + 1.

Specifically,

Eo,(z,2) = det Egy(2,2) =T, (2, 2) = Fy,

where F), is nth Fibonacci number and z = 4/ (i + v/3) /2. Equivalently the relation
just above could be given in terms of the generalized Delannoy polynomials as

F,=T, (\/(x/éJr i) /2 \/(i+\/§) /2)

or clearly

e EE (O

In general, we define the general second order recursion {H,} as follows
HnJrl =aH, +bH,_,

with H() =0 and Hl =1.

By considering above relations including the general Delannoy polynomials,
we give a similar direction for the general sequence {H,} by the following result
which generalizes the above results.
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Theorem 17. For n > 0, the general sequence {H,} has the representation

n n—=k

=523 (") (0) - ot @ ay

k=0 j=0
where A = va? — 4b.

The above representations for the general second order recurrence {H,},
especially Fibonacci, Pell numbers and Chebyshev polynomials are new according
to our best literature acknowledgement.

3.3 The matrix E,(z,y;a,b, ¢, d)

In this section, we shall investigate the perturbed generalizations of the Toeplitz

matrix E,,(z,y) which are defined by adding the 2 x 2 square matrix [ Z Z ] to

each matrix at the upper right corner.

As we mentioned before, we now evaluate LU-decomposition and the determi-
nant of E, (z,y; a,b,c,d). We will use the Delannoy polynomials while formulating
entries of the matrices come from LU-decomposition and determinant of the matrix
E.(z,y;a,b,¢,d).

We are going to define a unit lower triangular matrix L = [L; ]i<i j<n,
that has the only nonzero elements on the main diagonal, the first and the second
subdiagonals. Its entries are explicitly given by

0, i=1 & i#mn
[x2yrm—2 + Fm—l] ) ] =2 O & 7 7& n;

!E].—‘m,1

Lt i =5 1;
hi=2™ —1:2Fm_2/Fm_1, 7 =92 O,

together with the following exceptional element

(—=1)" axlpy—1
an_Q + Fm + (_l)m aZ/Fm—1 ’

n =5 1;

Ln,n—l =
C.'L'n_Q _|_ Y [(x — (—1)m a) JTFm_Q + Fm—l]
(o= ()" @) T |

n =5 0.
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For example if n = 7, then we have

r1 0 0 0 0 0 017
1
- 1 0 0 0 0 0
1 0 1 0 0 0 0
QL‘QFQ l‘QyFO + I
0 - 1 0 0 0
L= Fl ZL’Fl
0 0 1 0 1 0 0
—2°T 2yl +T
0 0 0 voL T Ee 1 0
Fg J,‘Fg ]_"
axrl o
0 0 0 0 1 —— 1
L cxb +T'5 — ayls d
We define also an upper triangular matrix U,, = [U; j]1<i j<n, that has the

only nonzero elements on the diagonal, the first superdiagonal, and the last two
columns, which are given by

U, Kz 1=21 & i<n-—1;
Y Tm/almy, =20 & i<n-—1;
Uiiy1 =y, <n—2
U e (-1)"a, i=21 & i<n-—2;
T e H (D)™ agl ] faT1, =20 & i<n—1;
(—=1)™ b, 1=21 & i<n-—1;
Ui,n = i—1 _1\m — ; _1-
[dm + (-1 byl"m,l] Jalpmo1, =20 & i<n-—1;
and the following amended exceptional entries
n=3 — (=)™ T
@@ ()" s
Un72,n71 = x]-—‘m*2
Yy— (_1)maa n =2 17
r—(-1)"a, n =5 0;
Up-tm—1 = T+ (=1)"aylp_1 +ca" 2
, N =2 ]-;
xrm—l
y—(=1)"b, n =, 0:
Unoin =qda" >+ @+ D"yl
, T =2 ]-;
me—l

and for n =5 0,
1
T (= (—1)"a) Ty
x (T, + az [<I>m,1 + yz@m,g]
+ (=)™ {byT1 — 2" [ad — be+ (=1) ™ (cy — dx)]})
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and for n =5 1,

(x4 (=1)"b) Ty — (—=1) ™2™ 2 (ad — bc — (—1)™ cx)
L+ (1) ayly—1 + cz—2 '

Un,n =

For instance, we have

z y 0 0 O a b
— dz—b
0 a:l}}o Y 0 0 = xg?olFO : If‘gro
0O 0 = y 0 —a —b
3 3
U7 _ 0 0 0 % y cx ;rfllyrl dx ;I_‘blyl—‘l
0 0 0 0 =z a+y b
0 0 0 0 0o Docalete’ ( ;lm&Jrifp(_zb)yF? )
—b)T3+2° (ad—be+
i O 0 0 0 O 0 d FSS_GZF§+CE§ &« |

Similar to the previous section, by the help of Lemma 13, we shall give the
following result without proof.

Theorem 18. With the above defined triangular matrices L and U, the matriz
E.(z,y;a,b,c,d) admits the following LU-decomposition

E,(x,y;a,b,¢c,d) = LU.

Consequently, we can evaluate the determinant det E, (z,y;a,b,c,d) in the
following corollary.

Corollary 19.

detE,(z,y;a,b,¢,d) = det U

n n—2
= H Uk,k = Un,nUn—l,n—l H Uk,k
k=1 k=1

=

Upr s I, n=20;
pnEn=hne {I?].—‘mfl, n=s 1.

Especially,

det E2m(xa y;a,b,c, d) =0Ty +ax ((I)m—l + y2(I)m—2) + (_1) "
x {byl'p—1 — 2" ? [ad — be + (=1) " (cy — dz)]}

and

det E2m+1(x7 Yy;a, b7 c, d) = (.T + (71)771 b) 1_\m
—(=1)™z" "% (ad — bc — (—1)" cx).
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4. A GENERALIZATION OF THE THIRD TOEPLITZ MATRIX

We present a generalization of the Toeplitz matrix E,(z,y) defined in the
previous section and evaluate its determinant.
We define the Toeplitz matrix ¥, (z,y,7) as follows

U (z,y,7) = P\i—j]lgi’jgn P =T, A=Yy, M=y
and

Nod T if ¢ is even,
2_{ x if ¢ is odd.

When 7 = (—1)? z, the matrix U, (z,y, 7) is reduced to the matrix E, (z, ).
As a special case of the general matrix, we will return to the matrix E,, (z,y). We
evaluate the determinant of the matrix ¥,,(x,y,7) and we don’t give its perturbed
version. We clarify why we study the matrices ¥,,(x,y,7) and E,,(z, y) separately?
Because the result related with ¥, (z,y, 7) would be different from the result related
with E,(z,y) since their forms although the general result includes the special
result. The reason for this is that we formulate the determinants of these matrices
by using different grouping their values.

For example, the matrix ¥g(z,y, 7) has the form

‘1’6(»’37%7) =

S ooRRw &
oo 8w
o’ 8w O
e R OO0
LR OO0 O
e oo oo

We only present our results related with the matrix ¥, (x, y, 7) without proof.

Theorem 20. Forn >0,

det Uypi1(z,y,7) = xdet Uy,(x,y,7)
_ Z Fkgntl=k, 2(n—k) (I27y2)
2k
k=0
and
det Uyp—1(z,y,7) = wxdet Wy, oz, y,7)
n
n+ k-1 n—k _n+l—k 2(n—k 2 2\2k—1
- Z( M )T an Ly 20) (52 22t
k=1
If we take 7 = —z, the matrix ¥, (z,y,7) equals the matrix E,(z,y). In

the previous section we already derive a formula for det E,(z,y). And we derive
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a formula for det E,, (z,y) from Theorem 20 by taking 7 = —z. Then we equalize
these formulas and get a combinatorial identity for later use. Since special case of
det E,, (z,y) equals to the Delannoy polynomials, we also obtain a new combinatorial
representation for them by using the combinatorial identity we derived.

Therefore by taking 7 = —z and expanding the powers of (x2 — y2) in the
formulas of det ¥,, and rearranging them, we have that for n > 0,

det \I/4n+1(17 Y, *LIJ) =z det \Ij4n(x7y7 *LE)
nil 2n - 2k\ (n+k P qN\2k—2j
72 +1 2n [ ZZ( >< ) (_1)k+J (acy 1) J
k=0 j=0

and

det Uyp_q(z,y, —x) = x det Uyy_s(x,y, —1)
n—1 2k
2 _y2) g2nmly 2 (Lp)nl n+k\ (2k kb o 1y 2k—2j
= (2% —y?) 2y > Z<2k‘+1>(j (—=1)FH (a1 :

k=0 j=0

By combining these results and the results of Theorem 14, we reach at the
following result.

Theorem 21. Forn > 0,

Sy O G T N

k=0 j=0
2n 2n—~k m _] 4 \2k—2n ik
=22 ) @)™ )
k=0 j=0 ‘7
and
2n—12n—1—k k

EEC 90w
o EE ()

k=0 5=0

Thus by using the equalities above, we have new combinatorial representa-
tions for the generalized Delannoy polynomials by the following result.

Corollary 22. Forn > 0,

) = S8 () () o

k=0 j=0
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and

F2n (mvy) = (_1)71+1 y4n—2 (ny_Q - 1)

3> (F) (525 oy,

k=0 j=0
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