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SOME NEW RESULTS RELATED TO THE CONSTANT e
AND FUNCTION (1 + 1/2)®

Xue-Feng Han, Chao-Ping Chen* and H. M. Srivastava

It is known that the constant e has the following series representations:
e=Yromande=37" 9(16327&1. The second series is extremely rapidly
convergent. In this paper, we present asymptotic expansions and two-sided
inequalities for the remainders R,, and R,, where R, = e¢ — ZZ:O % and
Rn=e—>.1, % Also, we present some inequalities and completely
monotonic functions involving (1 + 1/z)*. We also consider a number of re-

lated developments on the subject of this paper.

1. INTRODUCTION AND MOTIVATION

Throughout this paper, N represents the set of positive integers and Ny := NU{0}.
The constant e, which is also known as Euler’s number, can be defined by the

following limit:
1 x
e = lim <1 + )
T—00 T

or by the infinite series as follows:

(1) =3

k=0
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as first published by Newton [24].

The constant e is the most important constant in mathematics because it
appears in countless mathematical contexts involving limits and derivatives. Joost
Biirgi seems to have been the first to formulate an approximation to e around 1620,
obtaining three-decimal-place accuracy (see [13, p. 31|, [19] and [20, pp. 26-27];
see also the Preface in [30]).

For a large value of n in (1), the partial sum:

1 11 1
ZH:1+1+5+5+'”+H
k=0
gives a simple and direct approximation to e that is a good way of calculating
e to a high accuracy (see [2] and [7]). Numerical values of e are usually derived
by using either the optimized versions of the Taylor-Maclaurin series of e® or the
continued-fraction expansion approach initiated by Euler [7].
The constant e has many series representations (see [6,27]), some of which
we reproduce below:

oo o0 o0 (o) oo
k+1 3 — 4k? 2k +1 2(k +1) 9k% +1
(2) e = = = = S —_—.
Fa S S Sy S
By taking the first twenty terms in the series (1) and (2), we have
19 19
1) —19 k+1| —18
e—zy ~ 4.315 x 10 and 6—22.]& ~ 4.541 x 10718,
! (K1)
k=0 k=0
19 19
3 — 42 2k+1
e—> ———I~AT6x 1077 and  |e— Y ~ 5.028 x 10747
| |
= (2k +1)! — (2k)!
and
19 19
2(k + 1) s 9k? + 1 _79
— ——=| &~ 1.256 x 10 d — ~ 4.327 x 107 7.
¢ kzzo 2k + 1) . an ¢ (3k)! .

=0
1) and (2), the last series in

—_

It is observed that, among series representations in
(2) would prove to be the best one.

We here consider the series (1) and the last series in (2). We set
1 —~ 9k +1
Sn :ZE and Sn:Z W,
k=0 k=0
and we put

o

1
3) Ry=e—=S.= Y o

k=n-+1
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and
= 9k?+1
4 n=e—8, = .
(4) Rpi=e—38 > G
k=n-+1

Then, by using the Maple software, we find, as n — oo, that

1 1 1 1+ 1 1 n 1 1 n
(n+1)! n-n! n n? n® nt nd ’

L1 (13,7 15 m
m+2)! mn-n!\n n2 nd nt nd ’
1 1 1 6 n 25 90 n
(n+3)! mn-nl\n2 n3 nt nd ’

L1110 e
(n+4)! mn-nl\n3 nt nd ’

1 (1
(n+5)! n-nl\n* nd ’

and so on. Summing these expansions side by side, we obtain the following asymp-
totic expansion of the remainder R,;:

1 1 1 2
(5) Rnwn.n!<1—nz++4—--~> (n — 00).

nd  n
Also, by using the Maple software, we find, as n — oo, that

In+1+1 9n+1)?+1

(3(n+1))! (Bn+1)t 7

In+2)2+1 9m+1)2+1( 1 _L+ 52
(3(n+2))! (3(n+1))! \ 2703  9n* © 243n°

80 n 958 _394+
243n8 ~ 2187n7  T729n8 ’

In+3)2+1 9Im+1)2+1( 1 1 N 428
72906 81nT ' 6561n8

B(n+3) ~ Bn+1)!

518 17893
2187n% ' 19683n10 ’
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Im+4)?%+1 9n+1)2+1 1 2
B+ )~ B+ 1) \1968309 218710 )

and so on. Upon summing these expansions side by side, we obtain the following
asymptotic expansion of the remainder R,

R 9n? + 18n + 10 1 _L+ 52
" (3n + 3)! 27n3  9nt  243nd
239 931 3118
6 — — . .
(6) 729n8 T 218707 656108 ) (n = o0)

Even though we can obtain as many coefficients as we please in the right-
hand sides of (5) and (6) by using the Maple software, we here give a formula for
determining the coefficients of each asymptotic expansion, and then establish the
lower and upper bounds for the remainders R,, and R,, which is the first aim of
the present paper.

It is well known that

1 n
(7) (1+) <e for neN.
n

By using (7), Hardy [18] presented a proof of Carleman’s inequality

(oo} oo
(8) Z(CLlCLQ"'an)l/" <eZan,
n=1 n=1

where a,, > 0 forn € Nand 0 < > > a, < oco. By estimating the weight

coefficient (1 4 1/n)™, some strengthened and generalized results of (8) have been

given, see two recently published article [10,11] and the references cited therein.
For n € N, let

(9) zn:(1+i)7

The second aim of the present paper is to present some sharp inequalities related
to the quantities:

I2
and Lo

— f > 2.
In In—lln—i-l o=

Gautschi [15] proved that the harmonic mean of I'(z) and I'(1/z) is greater
than or equal to 1, namely,

2T (x)I(1/x)

(10) T(z) + T(1/z)

>1 for >0
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with equality if z = 1. Similarly, Alzer and Jameson [1] proved that
29 (2)y(1/x)
¥(x) +o(1/x)

with equality if x = 1, where ¢(z) = T'(z)/T'(z) denotes the psi function and
~v = 0.577... is the Euler-Mascheroni constant. Nantomah [22] conjectured, then
Matejicka [21] and Nantomah [23] proved that

2p(x)B(1/x)
Blx) + B(1/x)

with equality if x = 1, where B(z) is the Nielsen’s S-function defined in [25, p. 16]

by
e} —xt
ﬁ(x)zé[zﬂ(x;l)—w(;)} :/O #dt for z>0.

For = > 0, let

(13) I(z) = (1 + i)

Motivated by the harmonic mean inequalities (10), (11) and (12), we here establish
the arithmetic mean inequality of I(z) and I(1/x), namely,

I(x)+ I(1/x)

(11)

>—y for >0

<In2 for >0

(12)

<2 for >0

with equality if z = 1, which is the third aim of the present paper. Thus, we obtain

m <VI(z)I(1/z) < w <2 for >0
with equality if z = 1.

The last aim of the present paper is to present completely monotonic functions
involving (1 + 1/x)*.

The numerical values, which we have given in this article, were computed by
using the computer program MAPLE 11.

2. ASYMPTOTIC EXPANSIONS AND INEQUALITIES OF Ry AND
RN

Theorem 1. The remainder R, defined by (3), has the following asymptotic
eTpansion:

I 7k 1 1 1,2 9 9 50
14 Ry~—SN * - (1o 227
(14) n-n!’;nk’ n-n!< n2+n3+n4 n5+n6+n7 )
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as n — oo, where the coefficients r, (k > 0) are given by the following recursive
relation:
(15)

k

__7 .
k—j—1
_ _ _ k k—t—1.
ro=1, m =0, r,=(-1) +]E:1 570(71) ire <k . E) for k>2.

Proof. We begin by setting

1 > Tk
In = n-n! Z nk’
k=0
where 7, (k > 0) are real numbers to be determined. Then, in view of (5), we can
let R,, ~ T, and
AR, =Rp41— Ry ~Tpy1 — T, =2 AT,, as n — oo.

Thus, clearly, we have

1 1 [ 1
AR, = — ~— (—1)F — (n — c0),
n-n!l—i—% n-n!k:O nk
which can be written for n — oo as follows:
> 1
k+1
(16) n-nlAR, ~ kZ:O(_l) -
We also have
1 > Tk 1 > Tk
AT, = —
" (n—f—l)-(n—&—l)'kzzo(n—f—l)k n-mn! :On’f
1 n > Tk b Tk
(17) - ! ( 2 P k) :
n-n!\ (n+1) pars (n+1) =
It is easy to see that
n > Q.
2 Z nk (n - oo),
(n+1) —=n

where

Direct computation yields
o) —k o] 00
Tk Tk 1 Tk —k\ 1
—_— = — 1+ - = — —
2 i = 2w (2) X as(V)w
T e ki —1\ 1 = by
18 = —_— 71] _— —_—
(19) S Sy (FTITN Loy

oo
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where

We then find from (17), a s n — oo, that
19 AT, ~ 3 By b NS TE S b L
(19)  nenlAT,~ Y > T k=2 | 2wk e | o
k=0 k=0 =0 k=0 \j=0
Now, equating the coefficients of the term n~* on the right-hand sides of (16)
and (19), we obtain

k
(_1)k+1 = Zajbkfj —rr for k>0.
Jj=0

For k£ = 0, we obtain rg = agbg + 1 = 1. For &£ = 1, we obtain r; = -1+ 79 = 0.
And, for k > 2, we have

k k
TE = (71)’6 + Zajbk_j = (71)]C + apbg, + Zajbk_j
J=0 j

k
= (=P (-1 by = (-1)F +
j=1 j

The proof of Theorem 1 is complete. O

Next, by using the formula (15), we show how easily we can determine r, (k >
0) in (14). We give the first few coefficients r, as follows:

ro=1, r =0,
ro=1—2r9+7r = —1,

rg =—14+3rg—3r1 +re =1,
rg=1—4rg+6r; —4rg +17r3 =2.

We note that the values of i (for k = 0,1,2,3,4) here are equal to the coefficients
of 1/n* (for k =0,1,2,3,4) in (5), respectively.

Theorem 2. For all integers n > 1, the following two-sided inequality holds true:

(20) Ln < Rn < Unv

1 1 1 2 9
Ly = 1o =4 — 4 =2
n~n!< n2+n3+n4 n5>

where
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and

U, - 1@1+1+29+9+W>
n-n! n? n® nt nd® nb N7
Proof. For n > 1, let
(& =R,—L, and n,:=R,—U,.
We then have

lim &, = lim n, =0.
n— oo n—oo

In order to prove (20), it suffices to show that the sequence {&,} is strictly de-
creasing and also that the {7, } is strictly increasing for n > 1. Direct computation
yields

§n+1_§n:ARn+Ln_Ln+l
S S SRS N U N SR I
o n-n!l—i—% n-n! n2 n3 nt nd

1 n 1 1 n 1 N ) 9
n-nl(n+1)2 n+12 " (n+12  (m+1D* (n+1)>
9+ 174n* + 267n° + 61n + 231n* 4 104n° 4 9n®
né(n+1)7 - n!

<0
and

Mttt — Mn = ARy +Up — Upqa

_ 1 1 n 1 1 1+1+2 9+9+@
o n-n!l—&—% n-n! n2 n3 nt nd nb  n?

1 n 1 1 + 1 + 2
n-nl(n+1)32 (n+1)2 (m+1)3 (n+1)*

B 9 n 9 n 50
ORISR ey
50 +459n + 1872n% + 444513 + 6751n* 4 6758n5 + 4395n° + 1723n7 + 267n8
B n¥(n+1)2 - n!

> 0.

The proof of Theorem 2 is thus completed. O
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Remark 3. We write (20) as follows:
(21) P, <e<Qn,
where
P,=S,+L, and Q,=S,+U,.

For n =10 in (21), we have

Py =2.718281828458 - - -
and

Q10 = 2.718281828459 - - - .
We then get the approximate value of e, given by

e~ 2.71828182845.

The choice n = 100 in (21) yields the following approximate value of e:

e ~2.71828182845904523536028747135266249775724709369995
95749669676277240766303535475945713821785251664274
27466391932003059921817413596629043572900334295260
59563073813232862794.

Theorem 4. The remainder R,, defined by (4), has the following asymptotic
expansion:

oo

9n? + 18n + 10 Z Ak

R -
(3n + 3)! —=n
_ 9n* +18n+10 11 52
 (3n+3)! 2703 9nt ' 243n5

239 931 3118

29 _ _ .
(22) 72008 T 2187Tn7 656108 > (n = o0)

with the coefficients A\, (k > 0) given by the following recursive formula for Ag:

k-1

(23) No=1 A= ZZAK(—UM(? - 2>dkj for k>1,

J
§=0 £=0
2k 2 /5\" 5 /4\*| 3c
k—1 k
—( 22 () 2 (i) S k> 1
@24 de=(=1) [120 25(3) 16 (3) o Jor k=

10
Cr = _2Ck‘—1 — ?Ck_Q fOT k Z 3
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Proof. Let us set
9n? + 18n + 10 i": Ak

I, =
" (3n + 3)!

nk’
k=0

where A, (k > 0) are real numbers to be determined. Then, in view of (5), we can
let R,, ~ I,, and

AR, =Rn—Rpy1~ 1L, — I 41 = Al, as n— oc.

We thus obtain

9n2 + 18n + 10

26 AR, =
(26) (3n +3)!
and
211 10 & 1241 1)+ 10
AIn:9n +18n + OZ&_Q(n—i- )* +18(n+1)+10 Z Ak
(3n+3)! = nk (3n + 6)! pars (n+ 1)k
I+ 180+ 10 [ = Ak
 (3n+3)! (kz nk
(27) B 9n® 4 36n + 37 i Ak
(3n+6)(3n+5)(3n 4+ 4)(9n2 + 18n + 10) — (n+ 1)k )
It is easy to see that
9n? 4 36n + 37
(3n+6)(3n +5)(3n + 4)(9In? + 18n + 10)
B 1 2 5 3 In+7
C60n(1+2) 1501+ 2 ) 12(1+ %) 10902 +18n + 10
0 2k 1 OO k— 1
=2 (VG (2)
k=1 n k=1 nk
o] k—1
5 (4 1 3 In+7
D 0 ST T8 T
— 12\3 n 10 9n“ 4 18n + 10
St | 22 (BY s L8 ontT
&= 120 25\3 16 \3/) | nk 10902+ 18n 410
We now let

In+7 > k
9n2 + 18n + 10 27
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where ¢i (k > 1) are real numbers to be determined. This can be written as follows:
0o cn
9 = (9n —
n+7=(9n +18n+10)znk
k=1
and

(28) 9n+7=9cin+9(ca+2c1) + > _(9ckt2 + 18ck41 + 10c)n ",
k=1
By equating the coefficients of like powers of n on both sides of (28), we obtain

9¢1 =9, 9(ca+2¢1)=7, 9cgto+ 18cky1 +10c, =0 for k>1,

which yields the following recursive formula for cy:

11 1
cp=1, co=——, cpx=—-20,_1— —Ock_g for k> 3.
9 9
We then find that
9n? + 36n + 37 =\ dy
= E 7](:7

(3n+6)(3n 4+ 5)(3n + 4)(9n2 + 18n + 10)

where

2k 2 /5\" 5 /4\*] 3c,
- )R 2 (2) 2 (D) 22 o k>
do =0, dp=(-1) [120 2% (3) TS (3) T

So, by applying (18), we have
where

We thus find from (27) that

P+ 180+ 10 o= M o= i e
A= T\ e 2w

o0

0
9n2 +18n + 10 1
= Gara X (Ak =2 i | o

9n2 + 18n + 10 1
29 =—— | Ao+ g A — E dp—i | —
(29) (3n + 3)! 0 kT Hi®h=i | Tk
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By AR, ~ AL, we find from (26) and (29) that

/\0 =1 and
k—1

k 1 7 .
L (i-1
Ak = E ,[,L]dk,j = E ,[,L]dk,j = E )\[(—1)]74 (? —ﬁ) dkfj for k 2 1,
i=0 =0

=0 =0

where we have also noted that dy = 0. The proof of Theorem 4 is now complete. [

Next, by using the formula (23), we show how easily we can determine \;’s
n (22). Indeed, we see from (25) that

. It 4 106
c1 =1, Co = 97 63_35 Cq = 817

_ 92 _ 5% _ 2z _ 1064
STR T T T 790 7 6561

(k>1; 1=+-1).
We thus find from (24) that
1 1 52
do =dy = dy =0, d3_ﬁ’ d4——§, d5—g3,
80 958 394
do="513 "= BTy
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We give the first few coefficients Ay as follows:

)\0 = 17
A = Aody =0,
Ao = Aoda + Aydy = 0,
1
A3 = Aods + Ada — Mdy + Aady = Aods = 27
1
Ay = Aody + Aidz — Aida + Aada + Aidy — 2Xady + Azdy = Aody = g
As = Aods + A1dy — Ads + Aads + Aida — 2Xads + Azda — A1dy + 3)ad;
52
— 3A3d1 4+ Agdy = Mods = 243’
A6 = Aodg + Ads — A\1dg + Aady + Aids — 2Xad3 + A3d3 — Aida + 3Xads — 3A3ds
239
4+ Agdo + Aid1 — 4)dody + 6X3d; — 4A4dy + Asdy = Aodg + A3d3 = —@,
A7 = Aod7 4+ Agdy — 3Asds + \qd _ 9L
7 — NolT 304 343 43_21877
3118
As = Aods + A3ds + Agdy — 3A3dy + Asds — 44ds + 63d3 = —@.

We note that the values of Ay (for £k = 0,1,2,3,4,5,6,7,8) here are equal to the
coefficients of 1/n* (for k =0,1,2,3,4,5,6,7,8) in (6), respectively.

Theorem 5. Let the remainder R, be defined in (4). Then, for all integersn > 1,

(30) Ly <R < Un,
where
p 9?4+ 18n+ 10 11
" (3n+3)! 27n3  9nt
and
y 92 +18n+10 11 52
" (3n+3)! 273 9nd 24305 )’

Proof. For n > 1, let
Tp:=Rnp—Ly, and y, =R, —U,.
Then, clearly, we have

lim z, = lim y, =0.
n—oo n—oo

In order to prove (30), it suffices to show that the sequence {z,} is strictly
decreasing and that the sequence {y,} is strictly increasing for n > 1. Direct
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computation yields

9n2 + 18n + 10

n — Ln - - »Cn »Cn
Tn = Tt Bn+3) +hnt
79n2+18n+10 9n? +18n + 10 1 _i
 (3n+3)! (3n +3)! 27n3  9n4
9(n+1)2+18(n+ 1)+ 10 1 B 1
(3(n+1) +3)! 27(n+ 1)  9(n+ 1)
1
= 1404n8 + 13293n7 + 54012n° + 123121n°
27n4(n—|—1)4(3n—|—6)!< et nor e n
+172750n* + 153300n> + 84258n2 + 26340n + 3600) >0
and
9n2 + 18n + 10
Y Yn+1 Bn13)! + Unt1
_ 9?4+ 18n+10  9n® +18n+10 1 _L+ 52
 (3n+3)! (3n + 3)! 27n3  9nt  243n°
9(n+1)2+18(n+1) + 10 ) 1 3 1 N 52
(3(n+1) +3)! 27(n+1)3  9(n+1)* = 243(n+1)°

1
T 243n5(n + 1)5(3n + 6)!

+ 4504202n° + 5103030n* + 3821274n° + 1827492n? + 507360n + 62400) <0.

(19359n9 +207171n8 4+ 971847n" + 2624469n°

We thus have completed the proof of Theorem 5. O
Remark 6. We write (30) as follows:
(31) P, <e< Qy,
where
P,:=S,+L, and Q, =S8, +U,.

For n =10 in (31), we have

Pio = 2.7182818284590452353602874713526624977570 - - -
and

Q10 = 2.7182818284590452353602874713526624977572 - - - .
We then get the following approximate value of e:

e~ 2.718281828459045235360287471352662497757.
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The choice n = 100 in (31) yields the approximate value of e as follows:

e ~2.71828182845904523536028747135266249775724709369995
95749669676277240766303535475945713821785251664274
27466391932003059921817413596629043572900334295260
59563073813232862794349076323382988075319525101901
15738341879307021540891499348841675092447614606680
82264800168477411853742345442437107539077744992069
55170276183860626133138458300075204493382656029760
67371132007093287091274437470472306969772093101416
92836819025515108657463772111252389784425056953696
77078544996996794686445490598793163688923009879312
77361782154249992295763514822082698951936680331825
28869398496465105820939239829488793320362509443117
301238197068416140397019837.

Clearly, the two-sided inequality (31) is much better than the two-sided inequality
(21).

3. INEQUALITIES FOR. I,, AND I(z)

Theorem 7. Let I, be defined by (9). Then, for n > 2,

1 I, . 1
32 - <l-—0
(82) n?+In 1 ° 1, 2?1 2n &

where the constants % and 1% are the best possible.

Proof. First of all, we show that the left-hand side of (32) is valid for n = 2. Direct
computation yields

I,
[ 1} = 8 and |1 1 = §
n=2 9 9

T 9,24 2, 1
In 4+ sn—351,_,

Hence, for n = 2, the equal sign on the left-hand side of (32) holds. In order to
prove the double inequality (32) for n > 2, it suffices to show that

Un)>0 for n>3 and V(n)<0 for n>2,

where

1 1 1
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and

1 1 1

Differentiation yields

U'(z) = In (1 + - - 1) —In (1 + i) - J;(sf(—g;j(gxzszi)— 1)

and

U () = 2[109 + 1171(z — 3) + 1152(z — 3)2 + 393(z — 3)3 + 45(z — 3)%] »
22(@? = 1)(3x — 2)%(62 + 20 — 1)?

for x > 3. We then obtain that, for z > 3,
’ . / _ : _
U'lz) < tlg&U t)=0=U(z) > tl_lglo U(t) = 0.

Therefore, the left-hand side of (32) is valid for n > 2.
Differentiation yields

V/(z) =In (1 + x;) ~In (1 - i)

12962* + 216022 + 64822 — 120z + 115
z(z + 1)(3622 + 122 — 23)(3622 4+ 122 — 5)

and

P6(])—2)

V// —
(@) = A 1) (3627 T 120 — 5)2(3627 120 — 23)2(s £ 1)

where

Ps(x) =155930911 + 400928667 + 42213038422 + 2329788962
+ 71102448z* + 113801762° + 7464962:5.

We then obtain that, for = > 2,
V' (z) < 0= V'(z) > Jim V't)=0=V(z) < Jim V(t)=0.

Therefore, the right-hand side of (32) is valid for n > 2.
If we write the double inequality (32) as

5 1
18~ =3
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where
2 1
we find that
1
T = g
and

n—oo n—oo

2 1
lim z, = lim {2n2 +on— ——F5— }
3 1 — in=t

n

= lim {2n2+2n L }
P TS e e — e O

5 1 5
lim { — —) =2
nl—>ngc{18+0(n>} 18

Hence, the double inequality (32) holds for n > 2, and the constants % and 1—58 are
the best possible. The proof of Theorem 7 is complete. ]

Remark 8. Let the sequence {x,} be defined by (33). In order to prove Theorem
7, it suffices to show that the sequence {x,} is strictly decreasing for n > 2.

Remark 9. From the right-hand side of (32), we obtain
I, <I,y1 for nelN.

This shows that the sequence {I, }nen is strictly increasing.

Theorem 10. Let I, be defined by (9). Then, forn > 2,

1 I2 1
(34) 1+ = < -

< = T
n3+2n2 — ¢ Lioalng n® +2n? — 153

where the constants % and % are the best possible.

Proof. First of all, we show that the right-hand side of (34) is valid for n = 2.
Direct computation yields

[ 2 ] 2187 1 2187
n=2

e N A S
2048 R S R 5 2048

In—1lna 139 4 n=2

Hence, for n = 2, the equal sign on the right-hand side of (34) holds. In order to
prove the double inequality (34) for n > 2, it suffices to show that

p(n) >0 for n>2 and ¢(n)<0 for n>3,
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where
p(z) =2zIn <1+i) —(z-1)n <1+ w;) —(1+2)n <1+$—1|-1)

In(1+ L
“In -
x3+2x2—%

and
(z) =2x1 1+1 (x—1)1 1+—1 1+l 1+—1
= — — — — n
q(x xln - x n po— x o
In({1+ !
—1In —_— .
3 + 272 — %
Differentiation yields
2
1+1
(1 + ﬁ) (1 + m)
2(7 + 4822 + 27623 + 378z + 19825 + 362°)
(14 z)(2+ z)(623 + 1222 — 1)(623 + 1222 — 7)
and
p“(l‘) _ Plo(l‘ - 2)
22(623 + 1222 — 1)2(62° + 1222 — 7)2(2 + 2)%(z — 1)(1 + )%’
where

Pro(z) =56238695 + 2199015052 + 38290574722 + 3911078162°
+ 259578240z* + 1169992262° + 3627675028 + 764184627
+ 10468982° + 84240z + 302421,

We then obtain that, for z > 2,
p'(z) >0=p'(z) < Jim p'(t) =0= p(z) > Jim p(t) =0.

Therefore, the left-hand side of (34) is valid for n > 2.
Differentiation yields

(1+3)’

(1+25) (1+ )

3864220 + 2125312° + 4057412* + 28856423 + 3614022 4+ 13024
x(x+ 1)(x + 2)(13923 + 27822 — 37)(13923 + 27822 — 176)

¢ (r)=In
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and

II(I):i Pll(xi’?’)
1 22(z — 1)(z 4+ 1)%(z + 2)2(13923 + 27822 — 176)2 (13923 + 27822 — 37)2’

where

Py () =231145991851952 + 14491394455485762 4 301562630859045812
+ 33111358221248592% + 22552152326193162* 4 10256467108750722°
322045070339960° + 703670893806222" + 105390075536922.°
+ 10340492548082° + 5996987227020 4 156034463911,

We then obtain that, for x > 3,
¢"(r) < 0= ¢'(z) > lim ¢'(t) =0 = ¢(z) < lim ¢(t) = 0.
t—00 t—o0

Therefore, the right-hand side of (34) is valid for n > 2.
If we write the double inequality (34) as

176
= < n < Tan’
6~ =139
where
1
(35) Yn = nd +2n? — —
Tn_ilnt1 1
we find that
116
2= 139
and
) 1
lim y, = lim ¢ n®+2n?% — S
n— 00 n— 00 I —
Infl]nﬁ»l

) 1
= lim {n5+2n2 }
n—»00 L %-Fis—&-i-%—%—i-O(%)

7 1 7
=1 -+0|( - =-.
Hence, the double inequality (34) holds for n > 2, and the constants % and % are

the best possible. The proof of Theorem 10 is complete.

Remark 11. Let the sequence {y,} be defined by (35). In order to prove Theorem
10, it suffices to show that the sequence {y,} is strictly decreasing for n > 2.
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Remark 12. A sequence {an tnen of real numbers is called strictly log-convez (log-
concave), if it is positive and

azi1 < (>)ananie for neN.

By the arithmetic-geometric mean inequality, the log-convexity implies the convex-
ity, and the concavity implies the log-concavity. From the left-hand side of (34),
we obtain

2, > I0,4s for neN

n

This shows that the sequence {I, }nen is strictly log-concave.
Turdn [28] proved that, for || <1 and n € N,
(36) 0< Pn(x)z = P11 (2) Py (2),

where P, (z) denotes the Legendre polynomial of degree n. The inequality (36)
has attracted much interest from many mathematicians, various inequalities of the
same type were presented for other special functions. From the left-hand side of
(34), we obtain the following Turdn-type inequality:

0< IZ — I 1lpy for n>2.

Some computer experiments led us to pose the following conjecture.

Conjecture 13. Let I, be defined by (9). Then, for n > 2,

2 2

e
<127In—-[n < s
n3+3n2+%n—a " ! +1_n3+3n2+%n—b

e

with the best possible constants

71 43262
and b= =739

be defined by (13). Then, for x >0,

a= =0.702118....

DN | =

Theorem 14. Let I(x

~

I() +1(1/x) _

(37) 5 <2

with equality if v = 1.

Proof. Tt suffices to show that the inequality (37) holds for > 1. Consider the
function F(x) defined by

I(x)+1I(1/x)

F(x): 9 )
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Differentiation yields

(38) 20F'(z) = G(z) — G (> ,

G(z) = zI'(2) x<1+i>m {ln (1+316) - xil] :

Differentiation yields

(39) z(?fz) - x(zﬁp - (”i«) B {ln (”i) B m—ll—lr'

where

We consider two cases to prove G'(z) < 0 for x > 1.
Case 1. 1 <z < 2.

Using the techniques in [8], we now prove G'(z) < 0 for 1 < z < 2. Write
(39) as

Ty =9 - P,
where
Pz) = %m <1+;> + {m <1+i) - xilr and Q(z) = x(ii—'—l:?ﬁ

Clearly, Q(x) is strictly decreasing on (0, c0). Noting that the functions

11n<1—|—1> and ln(1+1)— L
x T T r+1

are both strictly decreasing and In (1+ 1) — %4—1 > 0 on (0,00), we see that P(x)

is strictly decreasing on (0, 00). We divide the interval [1,2] into 100 subintervals:

99

k k41
L2l =) 14—, 14+ ~—|.
1,2] ch—JO[JrlOO’ - 100}

By direct computation we get

E+1 k
1+ —— Pll1+— f =0,1,2,... .
(1) o p (1) b ko

Hence,

k k+1
P f 1+ —,14+ —— =0,1,2,... .
Q(z) > P(x) for z¢€ { + 1007 + 100] and k=0,1,2,...,99
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This implies that Q(x) > P(x) and G'(z) < 0 hold for 1 <z < 2.
Case 2. © > 2.
It is well known that

3

2 -1 2m—1 _1\j—1
(40) (_I;tj <In(l+t)< Y ﬁtﬂ'

J

I
-

Jj=1

for —1 < ¢ <1 and m € N. Using the right-hand side of (40), we obtain that for
T > 2,

2
. G'(=) _ o r+2 —lln 1+E i 1+i 1
x(l—l—%)gg z(z+1)2 =z T x r+1
Cwk2 A1 1L AN (11 1y 1
z(x+1)2 2z \z 222 323 x  2z%2  3a3 x+1
144 + 352(x — 2) + 315(z — 2)% + 123(x — 2)% + 18(x — 2)*

= > 0.
365 (z + 1)

Hence, G’'(z) < 0 holds for x > 1. Therefore, the function G(z) is strictly
decreasing for z > 1. We see from (38) that F’'(z) < 0 for € (1,00). Therefore,
the function F'(z) strictly decreasing on (1,00), and we have, for > 1,

I (1
MWD _ pay < p1) =2
with equality if x = 1. The proof of Theorem 10 is complete. O

4. COMPLETELY MONOTONIC FUNCTIONS

A function f is said to be completely monotonic on an open interval (a, b)
(—o<a<b<oo)if

(41) (71)nf(n)(;1;) >0 for a<xz<b and n € Nj.

If, in addition, f is continuous at x = a, then it is called completely monotonic on
[a, b), with similar definitions for (a, b] and [a, b].

Dubourdieu [14, p. 98] pointed out that if a non-constant function f is
completely monotonic over (a, 00), then the strict inequality in (41) holds true. See
also [17] for a simpler proof of this result. It is known (Bernstein’s Theorem) that
f is completely monotonic on (0, c0) if and only if

o) = | et du(o),

where 4 is a nonnegative measure on [0, 00) such that the integral converges for all
x > 0 (see [29, p. 161]). This means that a completely monotonic function f on

2
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[0, 00) is a Laplace transform with respect to the measure p. The main properties
of completely monotonic functions are given in [29, Chapter IV].

Recall [16] that a positive function f is said to be logarithmically completely
monotonic on an interval [ if its logarithm In f satisfies

(=DF[n f(2)]® >0 for zel and keN.

Recall that a function f is said to be a Bernstein function on an interval I if
f > 0and f’is completely monotonic on 1.

Lemma 15. Denote I = (a,b) with a <0 and 0 < b < co. Let the function ¢ have
derivatives of all orders on I and ¢(0) = 0. Define the function f1 by

@, x#0
hw)=1 °
¢'(0), z=0.
If ¢' is completely monotonic on I, then f1 is completely monotonic on I.
Lemma 15 follows from Theorem 2.1 and Remark 2.2 (i) of [9].
Theorem 16. For x > —1, let

In(1
(42) filz) = bmd+e) £0 and f1(0)=1.
Then the function f1(x) is completely monotonic on (—1,00).

Proof. Let ¢(x) = In(1 + x). Then

0@ L,
Al@)=q *
1, z=0
We have ¢(0) = 0 and
|
(1)t (z) = ﬂ—:lw >0 for x>-1 and n € Ng.

Hence, the function ¢’ is completely monotonic on (—1, 00). We see from Lemma 15
that the function fi(x), defined by (42), is completely monotonic on (—1,00). O

Remark 17. Theorem 16 shows that the function
(43) f@)y=0+2)"", 240 and f(0)=e

is logarithmically completely monotonic on (—1,00). It was shown in [3-5, 20]
that a logarithmically completely monotonic function f on I must be completely
monotonic on I. Hence, the function f(x), defined by (43), is completely monotonic
on (—1,00).
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Theorem 18. The function
g(z) =zln(l+1/x)
is a Bernstein function on (0, 00).

Proof. By using the integral representation

es} e—t _ e—zt
Inz = / —dt, x>0,
0 t

we get
0o e—.Lt _ e—(a;+1)t o0
g(x) =xIn (1 + ) = x/ t= x/ o(t)e~"dt,
T 0 t 0
where
(t) = l—e? -1
VT T T e
Differentiation yields
t X in
ry € —1—1 1 t
n=2

Hence, the function ¢(t) is strictly decreasing on (0, 00), and we have

p(t) > lim p(u) =0, t>0.

U—r 00

(0 ([ )

k
x/ w(t)e_”tt”dt—n/ o(t)e " tdt
0 0

Direct computation yields

(-1)"g"™(z) = ()" Y

0

n/x o
/ o(t)e " " (at — n)dt + / o(t)e " " (at — n)dt
0 n/x

o

n/x
< (n/z) / e (ot — n)dt + p(n/z) / e T (xt — n)dt
0 n

/x
(44) = ¢(n/x) /000 e 4zt — n)dt.

Noting that

m!
xm-&-l

oo
:/ tme %dt for x>0 and m €Ny,
0
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we find
o0
/ e~ ot —n)dt = 0.
0

We then obtain from (44) that
(-1)"¢g™(z) <0 for >0 and neN,
which can be written as
(~1)™(¢' (@)™ >0 for x>0 and n € Ny.

Clearly, the function ¢’(z) is completely monotonic on (0, 00). Therefore, the func-
tion g(z) is a Bernstein function on (0, 00). O

Remark 19. Chen et al. [12, Theorem 3] proved that if f is a Bernstein function
on an interval I, then 1/f is completely monotonic on I. We see from Theorem 18
that the function 1/g(z) is completely monotonic on (0,00).

5. CONCLUSION

Here, in our present investigation, we have first revisited several rapidly con-
vergent and not-so-rapidy convergent series representations for the familiar constant
e, which is also known as Euler’s number. We have then presented asymptotic ex-
pansions and two-sided inequalities for the remainders R,, and R,,, which are given
by

n

—~ 1 9k 41
anefgp and anefzw

k=0

We present some sharp inequalities related to the quantities:

12
d ——n
In an In—1In+1

for n>2.

We establish the arithmetic mean inequality of I(z) and I(1/xz), namely,

I(z)+ I(1/x)

3 <2 for z>0

with equality if x = 1. Finally, we present completely monotonic functions involving
(14+1/2)*. We have also considered a number of related developments on the subject
of this paper.
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