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SERIES EXPANSIONS FOR POWERS OF SINC
FUNCTION AND CLOSED-FORM EXPRESSIONS FOR
SPECIFIC PARTIAL BELL POLYNOMIALS

Feng Qi* and Peter Taylor
Dedicated to Professor Dr. Jen-Chih Yao at China Medical University in Taiwan

In the paper, with the aid of the Faad di Bruno formula, in terms of the
central factorial numbers and the Stirling numbers of the second kinds, the
authors derive several series expansions for any positive integer powers of the
sinc and sinhc functions, discover several closed-form expressions for partial
Bell polynomials of all derivatives of the sinc function, establish several series
expansions for any real powers of the sinc and sinhc functions, and present
several identities for central factorial numbers of the second kind and for the
Stirling numbers of the second kind.

1. MOTIVATIONS

According to common knowledge in complex analysis, the principal value
of the number of for a,f € C with o # 0 is defined by o = e#™ where
Ina =1In|a|+iarga and arg« are principal values of the logarithm and argument
of a # 0 respectively. In what follows, we always consider principal values of real
or complex functions.

In mathematical sciences, ones commonly consider elementary functions

e’, In(l1+z), sinz, c¢scz, cosz, secz, tanz, cotz,

*Corresponding author. Feng Qi

2020 Mathematics Subject Classification. 41A58, 05A19, 11B73, 11B83, 11C08, 33B10

Keywords and Phrases. Faa di Bruno formula, Series expansion, Power, Sinc function, Sinhc
function, Partial Bell polynomial, Closed-form expression, Stirling number of the second kind, Cen-
tral factorial number of the second kind, Weighted Stirling number of the second kind,Combinato-
rial proof



2 F. Qi and P. Taylor

arcsin z, arccosz, arctanz, sinhz, cschz, coshz, sechz,

tanh z, cothz, arcsinhz, arccoshz, arctanhz

and their series expansions at the point z = 0. Their series expansions can be found
in mathematical handbooks such as [1, 17, [38].

What are series expansions at x = 0 of positive integer powers or real powers
of these functions?

It is combinatorial knowledge [12), [15] that the coefficients in the series ex-
pansion of the power function (e* —1)F for k € N = {1,2,...} are the Stirling
numbers of the second kind, while the coefficients in the series expansion of the
power function [In(1 + 2)]* for k € N are the Stirling numbers of the first kind. In
other words, the power functions (e* —1)¥ and [In(1+ 2)]* for k € N are generating
functions of the Stirling numbers of the first and second kinds.

In the paper [11I], among other things, Carlitz introduced the notion of
weighted Stirling numbers of the second kind R(n, k,r). Carlitz also proved in [11]
that the numbers R(n, k,r) can be generated by

e —1)F & z"
(1) %e :ZR(n,kz,r)H

n=~k

and can be explicitly expressed by

1< (K .
) (k)= St (H)e+a

forr e Rand n > k € Ny = {0,1,2,...}. Specially, when r = 0, the quantities
R(n, k,0) become the Stirling numbers of the second kind S(n, k). By the way, the
notion {Z}7 = R(n —r,k—r,r) is called the r-Stirling numbers of the second kind
in [8] by Broder.

The central factorial numbers of the second kind T'(n, ¢) for n > ¢ € Ny can
be generated [10} [33] by

14 00
1 .2 z"
(3) E (2 sinh 2> = nEZZT(n, g)m

In [58, Chapter 6, Eq. (26)], it was established that

@) T(n, ) = jé(l)j () (5 g)

Note that 7°(0,0) = 1 and T'(n,0) = 0 for n € N. See also [10}, Proposition 2.4,

(xii)] and [50, [55]. Comparing with or comparing with gives the
relation

(5) R<n,e, —§> =T(n, )
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between weighted Stirling numbers of the second kind and central factorial numbers
of the second kind. See also [65, Theorem 3.1].

In the handbook [17], series expansions at z = 0 of the functions arcsin® z,
3 2, sin? z, cos? z, sin® z, and cos® z are collected.
In the papers [7, A8, 19, [34), [48, [54] and plenty of references collected
therein, the series expansions at z = 0 of the functions arcsin™ z, arcsinh™ z,
arctan™ z, arctanh™ z for m € N have been established, applied, reviewed, and
surveyed.

In the papers [9], [44], explicit series expansions at z = 0 of the functions
tan? z, tan® z, cot? z, cot® z, sin™ z, cos™ z for m € N were written down.

arcsin

In the papers [3}, [} 23], 24), [35], [62], [68], series expansions of the functions
1,,(2)1,(z) and [I,(z)]* were explicitly written out, while the series expansion of
the power function [I,(2)]" for v € C\ {-1,-2,...} and r,z € C was recursively
formulated, where I,,(z) denotes modified Bessel functions of the first kind.

In the paper [45], series expansions at z = 0 of the functions (arccos z)” and
(%)r were established for real » € R. In [48], a series expansion at z = 1 of

(arccos z)?
2(1—=z)

For z € C, the functions

the function | ]T was invented for real r € R.

sin z sinh z
, Z

0
and sinhcz = 27
1, z=0 1, z=0

sinc z =

are called the sinc function and hyperbolic sinc function respectively. The function
sinc z is also called the sine cardinal or sampling function, as well as the function
sinhc z is also called hyperbolic sine cardinal, see [59]. The sinc function sinc z
arises frequently in signal processing, the theory of the Fourier transforms, and
other areas in mathematics, physics, and engineering. It is easy to see that these
two functions sinc z and sinhc z are analytic on C, that is, they are entire functions.

In [12] Theorem 11.4] and [15] p. 139, Theorem C], the Faa di Bruno formula
is given for n € N and z € C by

©) %f o h(z) = FF((2)) Bug (W (2), h"(2),... . hHHD (2))
k=1

where partial Bell polynomials B, ;, are defined for n > k € Ny by

n' n—k+1 5 l;
. i
Bn,k(zlaz%'uaznflﬂrl) = Z Hn—k+1 , H <’L'>

1<i<n—k+1,£;€{0}UN | S 1
SIS it=n, SIS =k
in [12] Definition 11.2] and [I5] p. 134, Theorem A].

In this paper, with the help of the Faa di Bruno formula @, in terms of central
factorial numbers of the second kind T'(n, k) and the Stirling numbers of the second
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kind S(n, k), we will derive several series expansions at z = 0 of the positive integer
power functions sinc’ z and sinhc! z for £ € N and z € C, we will deduce several
closed-form expressions for central factorial numbers of the second kind T'(5 + ¢, £)
with j,¢ € N in terms of the Stirling numbers of the second kind S(n, k), we will
discover several closed-form expressions of specific partial Bell polynomials

1 1 (- *  (n—Kk)r
B ——,0,—-,... S
n,k(07 3a0a57 an_k+2bln 5

for n > k € N, we will establish series expansions at z = 0 of the real power
functions sinc” z and sinhc” z for z € C and r € R, and we will present several
identities for central factorial numbers of the second kind T'(n, k) and for the Stirling
numbers of the second kind S(n, k).

2. SERIES EXPANSIONS OF POSITIVE INTEGER POWERS

In this section, we derive several series expansions at z = 0 of the positive
integer power functions sinc’ z and sinhc’ z for £ € N and z € C in terms of central
factorial numbers of the second kind T'(n, k) and the Stirling numbers of the second
kind S(n, k), we deduce several closed-form expressions of T'(j+¢, ) for j € Ny and
¢ € N in terms of the Stirling numbers of the second kind S(n, k), and we present
several identities for central factorial numbers of the second kind T'(n, k).

Theorem 1. For { € Ny and z € C, we have

T+ 25,0) (22)%
(7) sinc’ z =1+ Z :;2]]) 2 ((2],))! .

Proof. For ¢ € N, the formula

£

o = G S (Yo 0 ]

q=0
is given in [21] Corollary 2.1]. Applying the identity
cos(z —y) = coszcosy +sinzsiny

to the formula leads to

s on()]

+ ety (QJ)!]
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_1€ . ‘n ) [e'S) ] 2i41 Z2j+1
N ( 2@) Sm?qz:;)(_gq (q) j;)(_1)1(2q—6) + BTl
N ¢ | 2
S o & Tt . iy | 22
n ( 2@) sm?;f—l)] l;)(_l)q (q) (2q — £)*7+ m

Replacing ¢ by 2¢ — 1 and by 2¢ and simplifying result in the series expansions

oo [246—-1 ; ;
. 20 -1 | (=1)i 2
(9) sin*lz= 221, 1 [ E < ¢ )(2(1 — 20+ 1)% 11 #

o s (25 —1)!

and

= y 2t (20 j 2%
(10) sin? 2 = 22@ Z )22 [Z —-1) (q)(qé)zl(zj)!.

=L q=0

The series expansions (@ and can be reformulated as

222 (20 + 27)!

20— = 20pojo1| (=1)712%
_ Ve Y A
sinc? !z = 22@ T jgo qE ( )(2(1 20+ 1) it -1
and
(-1)7 [& 20 1,
sinc? z = —_ g (—-1)4 ( J ) (2q — 20)F27 | 22,

for £ € Nand z € C. These two series expansions can be unified and rearranged as
the series expansion . Theorem || is thus proved. O

Corollary 2. For ¢ € N, we have

. 0, 1<yj<t-1 . 0, 1<j<t-1
T(2j—1,2¢0—-1) = . and T(2j,20) = )
1, J = 14 1, ] = Y4
Proof. This follows from Theorem [I] and its proof. O

Theorem 3. For j,{ € Ny, we have
(11) T(2j+L+1,0)=0.
For £ € Ny and z € C, the series expansions

T(2j +4,0) (22)%

(12) sinhc’ z = 1+ Z (2]Z£) @)

j=1

and are valid.
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Proof. Replacing z by 2z in and rearranging yield

(sinhz)sziT(Hw@z)".

z (7)o

n=1

Considering that the function #2MZ js even on R, we conclude that the identity
and the series are valid.

Substituting zi for z in and employing the relation sinh(zi) = isin z give
the series expansion in Theorem O

Theorem 4. For j, € Ny and z € C, we have

2j+1 ) A
(B ) (2) Sl
(13) kZ:O( 1)( A )(z) GO
and
sinc’ z = > _1)d S ok (29) (2 kS(k—Fé,f) (£z)%
(14) 1+;( 1) LZ_O( 1) <k)<€) e

Proof. Taking r =0 in and reformulating give

er —1\" = S(n+k, k) 2"
(15) (Z) :Z((ntk))n!_

n=0 k

Since ‘ ‘ .
) el _e—2i e2z1_1 s
sinz = ; = — ¢

2i 21

by and the Cauchy product of two series, we obtain

. ¢ ; ¢
. g sin z e —1\" _,.;
sinc’ z = = _ e
z 2z1

LS+ 0,0) (221" | | o= (—Lz1)"
- |5 e S

=G =
-> 523 S(?% oy ((;z_o;—)!"] J

- Ji(—l)jij é(— (1) (ﬁ)kw (cos T 415 )
- 2(—1)]‘% LQZ;—N@) (j)w 2
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> ot [ 2 —1 Sk+¢6,0] .,
+iY (1) [Z (—1)* ( ) ( ) e
=1 (27 - 1)t k=0 k ¢ (k#)
o [Z( 0 () () )
- AN o (ke
§=0 (2)! k=0 kJ\¢ ( Jer)
The proof of Theorem [4]is complete. O
Corollary 5. For j € Ny and ¢ € N, we have
2j m .
(2]+€€ N S(25 4+ —m,0)
" 7 We) T

Proof. This follows from comparing the series expansion in Theorem |1{ with the
series expansion in Theorem [4| and simplifying.

Corollary 6. For j € Ny and ¢ € N, we have

m:O

Proof. This follows from combining the identities , , and . O

3. CLOSED-FORM EXPRESSIONS FOR BELL POLYNOMIALS

In this section, with help of Theorem [I]and other above-mentioned results, we
establish several closed-form expressions for special partial Bell polynomials B,, j
of all derivatives at z = 0 of the sinc function sinc z.

Theorem 7. Forn > k > 1, partial Bell polynomials B,, i, satisfy

11 (-1)m km
Bom-140,—=,0,=,...,———2—cos— | =0, 1<k<2m-—1
2 1”“( 35 2mk+1C052) "
and
1 (=1)™ km
B'm 07_730777' ) P
2”“( 35 2mk+2n2)
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Proof. From
& (1
18 sinc z = - 75 €C,
(18) mes ;23+1(23)! ?
it follows that
. —1)J .
(19) (sinc z)(27)|Z:0 = 2(j +)1 and (sinc z)(23*1)|Z:O =0
for j e N.
On [15] p. 133], the identity
o0 m o0
1 tt tr
(20) poo Z’Zeﬁ = Z Bpom (21,22, ... ,zn,mﬂ)m
=1 n=m
is given for m € Ny. The formula implies that
k
C(ntk\ A" S e e
(21) Bn+k,k(21,227~-~,zn+1)— ( k )}%MLZ_;) (€+1)!t

(=17
2j+1

for n > k € Ny. Substituting z9; = and zp;_1 = 0, that is, z; = ]% COS(%TF),

for j € N into results in

1 1 1 n+1
Bn sy T gr Yy Ea ey
+k7k<0 3 0 3 n—|—2COS< 5 77))

k
odh | 1 04+1 N\,
1 RN
150 d¢m [Z(€+2)!COS< 2 ”)t]

n oo k
=0 (")t g o [Z

l=k

x zj:(—l)“ (é) (2q — j)j+2£] f20—k

q=0
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=" ) iy io eli( Vo5

Jj=1

! nafJ _jt2e B 2—k—n
I (- ]m Byt

0, n+k=2m+1
k

= <—1>'€+m<2m>Z () <

k! 29 (yj +2m'q

()2q G ntk=2m

for m € N and n > k > 1, where we used the series expansion in Theorem
The proof of Theorem [7]is complete. O

Corollary 8. Fork>2 and 1 </{<k—1, we have
AENT(20+ 4,7
@) > () 18D
i/ (57)

and

k k) & 20\ [\ 820+ j —m, j)

> (-1) ( ) > (=™ <m> (2) T

j=1 U — ( i )

Proof. This follows from the proof of Theorem [7] and further making use of the

formula . O

Corollary 9. Forn > k > 1, partial Bell polynomials By, i satisfy

1 1 1 n—k+1
B ——,0,—=,...
n,k(oa 370a57 ’le+2COS( 2 7T>)

and

B 0 **1 0 *1 ! [¢0)] i 17(
mok ’ 37 ’5’ ’n—k—|—2 2

= (= 1)kcos< ) Z Zk:(—l)j (j) zn:(—l)m (Z) (g)ms(”(m‘_m?’”.

m=0 J

Proof. This follows from combining the identity with Theorem |7] and the for-
mula . O

Applying Theorem [7] and Corollary [0} we deduce the following corollary.
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Corollary 10. For z € C, we have

0o 2k . . 2%k
incz—1 _ (=1) (INTR2k+£,0) | (22)
T =14 Z [Z 4! Z(_l) ¢ (2k+1€) (2k)!
k=1 j=1 (=1 14
1 22 é 10726 n 118928 _ 1633210
n 6 45 45360 = 5443200 89812800
and
oo 2k ] .
—1)d
esinc z 1_ 14+ Z(_l)k[ ( ") Z(_l)/ (i)
k=1 j=1 )4
2k
m [ 2k N S(2k 4+ £ —m,0) | (22)%F
X Z(*l) (m> (2> ( 2kt l—m )] ((2]2)' )
m=0 ( L ) :

Proof. Making use of the Fad di Bruno formula (6]), the derivatives in (19), and
Theorem [7], we obtain

o0 k H k
—— ) dF esincz\ 5
e = 5 lim ———— | —
=0 dzk k!
k=0
00 k k
sinc z . " : (k—j+1) Z
lim im E e By, j((sinc z)’, (sinc 2)”, ..., (sinc z) ) o

:e+z m

Jj=1

k
Z B, ; ((sinc Z)/’z:o’ (sinc Z)”‘z:O’ ..., (sinc z) k=31 ’z—O)] %

[k .
1 1 k—j+1 2k
:e+e Eﬁ jg_lBk,j<0,_3,...,k_j+2COS< 2 W))]M
[ 2k .
1 1 2k —j+1 2%k
Boi(0,—2,...
; 2’”(0’ 3 ’2k—j+2cos( 2 ”))](Qk)!

I
o
_l’_
)

M

I
@
+
@

g

k=1
oo [ 2k J .
92k P\ T2k +0,0)| 22k
_ k+5< 1\ )
=ere S0 S () o |
k=1Lj=1 =1 ‘
Further considering 7 we prove Corollary O

4. SERIES EXPANSIONS OF REAL POWERS

In this section, with the aid of Theorem [7] and other results in the above
sections, we establish series expansions at the point z = 0 of the power functions
sinc” z and sinhc” z for real r € R.
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Theorem 11. Let r € R. When r > 0, the series expansions

2q

e 1Sy | SR CE Ny (R T4+ 3,5 | (220
(23) 1—&—;( 1) LZ_I il ;( 1) (j> (2q;-j) (29)!
and
oo 2q (—T)k k k
(24) sinc zzl—&-;(—l) Lz_l x j;(—l) (])
L (20 (3" S2a+ 5 —m, ) | (22)%
* 2,V () (3) i) ](2@!
are convergent in z € C, where the rising factorial (r)y is defined by
k—1
rir4+1)---(r+k—-1), k>1
(r)e = (T+€)={
. EO 1, k= 0.

When r < 0, the series expansions (23)) and (24) are convergent in |z| < 7.

Proof. By virtue of the Faa di Bruno formula @, we obtain

d] . r ] d]i} r .
(ZH;(; 2) = Z d;’“ B i ((sinc 2)’, (sincz)”,...,(sincz)(ﬁkﬂ))
k=1
j .
= Z(r)k sinc” ¥ 2B;  ((sinc 2)’, (sinc 2)”, .. ., (sinc z)(]*kH))
k=1
J .
1 1 1 . G—k)m
— Bi0,—=,0,-,... 0
;<T>k ],k( ) 37 a57 aj_k+281n 2 >7 z =
0, j=2m—-1
2m
= 1 1 (2m — k)m
B m 03777 » = ) . ) =2
;<7‘>k 2 ,k< 05 J_k+231n 5 ) j m

k-1
B =1 (r=k+1), k>1
=Tl = {1, =l

for 7 € R is called the falling factorial, and we used derivatives in . Therefore,
with the help of Theorem [7] we arrive at

i dj s j o oms .
sinc”"z—l:Z{hm(Smcz)}Z ZZ[limd (sinc” 2)] =

20 dzd 4! o0 dPm (2m)!

2m
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o 2m k .o
=S (" [Z <_1:!)k Z(_l)j <k) T(ig;irj;d)

By virtue of , the proof of Theorem [11]is thus complete. O

Corollary 12. Forr € R and z € C, we have

sinhc” z = SIES (=) - (BT (2g 4+, J) (22)%
and
s} 2 (—T)k k k
(26) sinhcrz:l—&—z Z i Z(_l)](j>
g=1 Lk=1 Tog=1
2
L (20) ()" S(2q +j — m,j)] (22)%
sz::o( Y <m><2> (Pr+imm) 1 (2q)!

Proof. The series expansions and follow from replacing sinc z by sinhc(z1)
in and and then substituting zi for z. O

5. COMBINATORIAL PROOFS OF TWO IDENTITIES
We now modify combinatorial proofs at the website https://mathoverflow.
net/a/420309/| for the identities and as follows.

First combinatorial proof of the identity . Theorem 8 in [8, p. 247] states that
weighted Stirling numbers of the second kind {”Zk}r = R(n+k—r,n—r,r) are the
monomial symmetric functions of degree k of the integers r, ..., n. This means that
R(n,k,r) = hp_g(r,r+1,r+2,...,7+ k), where h,, is the complete homogenous
symmetric function. So it follows that

. .7 J J J J
2 1L} =hoa (L1222 2
R<m+] I 2) 2 1( 5 5 5 2>

and we can pair up each monomial 24, Zg,%a, - -+ With

_ 2m—1
mefalemfangmfag T — (_1) xalxana3 Tty


https://mathoverflow.net/a/420309/
https://mathoverflow.net/a/420309/
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which gives cancellation. The only terms which don’t pair up like this with a
different term are those which include x,, = 0 and pair with themselves, but by
virtue of including a zero multiplicand they do not contribute anything to the sum.
Consequently, by the relation (5]), the identity is proved. O

Second combinatorial proof of the identity . Let
(27) T(n,k)=2"""T(n,k), n>k>0

with 77(0,0) = 1. This scaled central triangle number T (n, k) counts set partitions
of n elements into k odd-sized blocks. See the references [16), 37]. This immediately
gives the identity , since an even-sized set cannot be partitioned into an odd
number of odd-sized blocks, nor an odd-sized set partitioned into an even number
of odd-sized blocks. O

A combinatorial proof of the identity . Since

k k
Z(—l)jc;) 2551“ =2 (-1 'k'(@ﬂ) T2+ j, j)

Jj=1 j=1
k
2+ K
—J .
22 2[+k ; <2€+]>T(2€+]’J)7
the identity is equivalent to
k
20+ K o
(28) Z(*l)kﬂ <2€ +j)7'(2€ +4,)=0, 1<0<Ek,

j=1

where T (2¢+ j,7) is defined by . The equality has the following combina-
torial proof.

Consider set partitions of 20+ k elements into k odd-sized blocks where blocks
of size 3 or greater are coloured red and singleton blocks can be coloured red or blue.
Then the sum counts such set partitions weighted by (—1)rumber of blue partitions
Note that j is the number of red partitions. Observe that partitions containing
at least one singleton can be paired with the partition which differs only in the
colour assigned to the singleton with the smallest element, so that the sum counts
the number of partitions of 2¢ + k elements into k odd-sized blocks of at least 3
elements each. But, if k& > ¢, there are no such partitions. The required proof is
complete. O

6. POSITIVITY OF COEFFICIENTS

In this section we discuss positivity of the coefficients in the Maclaurin power

series expansmns and .
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Theorem 13. For r = —a < 0, those coefficients in the Maclaurin power series
expansions (23|) and are nonnegative, that is,

2q k ..
e @k gy (R T2a+50)
(29) e () IRl
and
SR @n i (F) Sy (20) ()" S2a+ 5 m.j)
s o5 G S () S () (3) e 20
forq>1.

Proof. The idea of this proof comes from the site https://math.stackexchange.
com/a/4662350 where the first author proved the inequality

t
(31) T AT xe(O,;T).

sinx T

When z € (%, ), the last inequality is reversed.
In the handbook [17, p. 55, Item 1.518], the power series expansion

0 52k—1 22k
Insinz =Ilnz + ,; % [(—1)]“B2k] m, O<zx<m

is listed, where By denotes the Bernoulli numbers which can be generated by

& n > 2n
z z z z

VB, —1-2 Bon—— 2| < 2.
eSS S e

For properties of the Bernoulli numbers B,,, please see [1l p. 804], [17 p. xxx], and
the papers [14), 41}, [46], [61]. One of the properties of the Bernoulli numbers B,, is
(—1)**1 By, < 0 for all k > 1. Therefore, we derive that the derivatives

2k—n

r \® (n) X 52k—1 x
[a(lnz — lnsinx)](”) = {ln<sinx> ] = az 2 z [(—l)kHBQk] (2k)p 2h)!
k=1 ’

is positive for any real number a > 0, any integer n > 0, and 0 < = < 7. This
means that the function a(Iln x —In sin z) is absolutely monotonic functions on (0, )
for any real number o > 0. In other words, for any real number o > 0, the even
function

(32) fal(z) = (sincz)™@ = (sinx) » w#0
1, =0

is logarithmically absolutely monotonic on [0, 7) and is logarithmically completely
monotonic on (—m,0]. An infinitely differentiable real function h(z) defined on an
interval I is


https://math.stackexchange.com/a/4662350
https://math.stackexchange.com/a/4662350
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i) absolutely monotonic on [ if and only if (™) >0 for n > 0 on I,
ii) completely monotonic on I if and only if (—1)"h(™ >0 for n > 0 on I;

iii) logarithmically absolutely monotonic on I if and only if h(z) is positive
and [In h(z)]*+1 >0 for n > 0 on I;

iv) logarithmically completely monotonic on I if and only if h(z) is positive
and (—1)"* [In h(x)]*+D >0 for n > 0 on 1.

The relations among these four kinds of monotonic functions are listed as follows:

1) a logarithmically absolutely monotonic function A(z) on I implies that
h(z) is an absolutely monotonic function on I, but not conversely;

2) a logarithmically completely monotonic function h(x) on I implies that
h(zx) is a completely monotonic function on I, but not conversely;

3) a function h(x) is (logarithmically) absolutely monotonic on I if and only
if h(—=x) is (logarithmically) completely monotonic on —1 = {—z : x € I}.

These notions and relations can be found in the papers [5, 20, [49] and in the
monographs [40} 60, [66]. There have been many papers such as |22, 26, 27, 32),
39, 142, 43, 156, (63, (64, |65, 67| dedicating to the investigation of (logarithmically)
(absolutely) completely monotonic functions.

Basing on the above notions and relations, we see that, for any real number
a > 0, the function f,(z) is absolutely monotonic on [0,7) and is completely
monotonic on (—,0]. This implies that

(33) 3 0)=0 and £ (0) >0

for n > 0. Consequently, for r = —a < 0, all of the coefficients in the power series

expansions and are nonnegative, that is, the inequalities and
are valid for ¢ > 1. O

7. REMARKS

Finally we list several remarks about our main results and related things.

Remark 14. The formulation of the series expansions @ and m Theorems
and are better and simpler than corresponding ones in [9], pp. 798-799].

The formula can also be found at\https: //math. stackezchange. com/
a/ 4331451/ and https: //math. stackexzchange. com/ a/ 4332549/ .

Remark 15. After reading the preprint [AT|] of this paper, Jacques Gélinas, a re-
tired mathematician at Ottawa in Canada, pointed out that the series expansion
n Theorem or say, the series expansion mn Theorem has been considered
by John Blissard in [6, pp. 50-51] with different and old notations.


https://qifeng618.wordpress.com/2018/10/14/some-papers-using-the-terminology-logarithmically-completely-monotonic-function-in-titles
https://qifeng618.wordpress.com/2018/10/14/some-papers-using-the-terminology-logarithmically-completely-monotonic-function-in-titles
https://qifeng618.wordpress.com/2018/10/14/some-papers-using-the-terminology-logarithmically-completely-monotonic-function-in-titles
https://math.stackexchange.com/a/4331451/
https://math.stackexchange.com/a/4331451/
https://math.stackexchange.com/a/4332549/
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Remark 16. The series expansion mn Theorem has been applied to answer
questions at the sites https: //math. stackexzchange. com/ a/ 4429078/, https:
//math. stackexchange. com/ a/ 4332549/, and|https: // math. stackezchange.
com/ a/4331451/\.

The series expansion mn Theorem or the series expansion in Theo-
rem [11] can be used to answer questions at https: //math. stackezchange. com/
q/ 2267836/ and https: //math. stackezchange. com/ q/ 3673133/ .

The series exrpansion n Theorem has been employed to answer ques-
tions at the websites https: //math. stackexchange. com/ a/ 4427504/, https:
// math. stackexzchange. com/ a/ 4426821/, andhttps: //math. stackezchange.
com/ a/ 4428010/ .

The series expansion i Theorem has been employed in [14), The-
orem 3] to derive two closed-form expressions for the Bernoulli numbers By, in
terms of central factorial numbers of the second kind T'(2m + j,j).

Remark 17. The first identity in Theorem [7 is a special case of the following
general conclusion in [19, Theorem 1.1]: For k,n € Ny and z,, € C with m € N,

we have .
1+ (—1
(2)332n—k+2> = 0.

Remark 18. As done in C’omllary as long as the function f(u) is infinitely
differentiable at the point w = 1, Theorem [] can be utilized to compute series
expansions at x = 0 of the functions f(sincz) and f(sinhcz).

Remark 19. Let r > 0 and k € Ng. Making use of the Faa di Bruno formula @
and employing the formula

1 n! k _
Bn7k($7170,...70) = Wk}'(nk)x2k n

B2n+1,k <O7 T, 07 Thy-nny

collected in [62], Section 1.4], we obtain

(k) ko g9
1 d 1
] — 2w () Bran20.0

(1+22)r “ dul \u’

(=1 2By, ;(x,1,0,...,0)

urti

_ (=7); Y 1 k'( J >x2jk
= (14 22)r+i~ 2k=3 jI\k —j

Il
.
E | M:r
o

k! 227 j T
= sty 2 () e

j=0

where u = u(x) = 1+x2. See also texts at the site https: //math. stackezchange.
com/ a/ 4418636/ .


https://math.stackexchange.com/a/4429078/
https://math.stackexchange.com/a/4332549/
https://math.stackexchange.com/a/4332549/
https://math.stackexchange.com/a/4331451/
https://math.stackexchange.com/a/4331451/
https://math.stackexchange.com/q/2267836/
https://math.stackexchange.com/q/2267836/
https://math.stackexchange.com/q/3673133/
https://math.stackexchange.com/a/4427504/
https://math.stackexchange.com/a/4426821/
https://math.stackexchange.com/a/4426821/
https://math.stackexchange.com/a/4428010/
https://math.stackexchange.com/a/4428010/
https://math.stackexchange.com/a/4418636/
https://math.stackexchange.com/a/4418636/
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Remark 20. We would like to mention the papers [13, [29], 57, [69)], in which the
power function sinc” z for some specific ranges of r,x € R is bounded from both
sides, and to mention the papers [25], [36], 51|/, in which many bounds of the sinc

function sinczx for x € (O, g) are established, reviewed, and surveyed.

Remark 21. Taking a =1 in , we see that

1 1 1 Qk) -1
- _ —Z(1— = __ 0
x sinz x( smm) Zf Zfl ! <

1 1\ 1 1 o~ L(2k) T
- - = 0)(2k -1 0
(x sin:c) x? + tan x sin ’;fl (0)( ) (2k)! <

for x € (0,m). Consequently, we arrive at m L for x € (0,7), which can

be rearranged as the inequality on (0, g) and its reversed version on (g,w).
Furthermore, from

1 1\ 1 1 2k—3
<— - ) :7_M__Zf(2k 1)(2/{—2)33 <0

r sinz 3 sin® x (2k)!

for xz € (0,7), we arrive at (%)3 < % forx € (—m,m).

Repeatedly differentiating as above, we can discover more similar inequalities.

Remark 22. When o = —1, the function f_1(xz) = sincz, whose power series
expansion is (18). This shows that the coefficients in power series expansion of the
function fo(x) are neither always positive nor always negative for some « < 0.
At the site https: //math. stackezchange. com/ q/ 4445114), it was claimed
(M)Z/E’
x

that the Maclaurin series of the function 1 — has all coefficients positive.

Denote the coefficients in the power series expansion by
2q

SR ()

j=1 J

forr € R and q € N, where the rising factorial (—r)y can be expressed as



https://math.stackexchange.com/q/4445114
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0

2q 2q k ..
=(-1)7) Z(fl)ks(];’!e) > (=1 (’“) T(Q(gqij‘;’” r

0=1 Lk=2¢ j=1 J j

forr € R and ¢ € N. Therefore, we can regard Fy(r) as a polynomials in r of degree
2q. Theorem (15 means that the polynomial Fy(r) in r is nonnegative on (—c0,0).
By discussing the zeros of the polynomial Fy(r) in r € (0,00), one can obtain an
answer to the positivity of the coefficients in the Maclaurin series of the function
1— (M)2/5

- .

Remark 23. Theorem[13 reveals that, two inequalities

o n 2q k .o 2
x (=7)k (RN T(2q + 4, 7) | (22)™
34 1 —-1)9 —1)7 :
(34) <Sinx> st Z( ) l k! Z( ) (j) (P9+7) (2¢)!
q=1 k=1 j=1 J
and
(35) ) >1+ f:(—l)q QZq (=r)e i(—l)J F
sinx k! j
q=1 k=1 Jj=1
2 .\ m . }
X i(_l)m<2‘I> <3> S(2q +j —m, j) | (22)**
= m /) \ 2 (2’1+§_m) (29)!
are valid for any real number o > 0, any positive integern > 1, andx € (—m, ). As
three special cases of the inequalities and withn =3 and o = % % ,2,3,

the inequalities

s/sinx < 1 sinx < 1
z2 1124 6126 7 z2 61x6 7
N R Ve Tieogpag
. . 2

3240 244944 120960

sinx 1 (mnx) 1
Txd 31x6 2 x4 226
z 1+F+360+15120 x 1+?+T5+@

and

(smx) - 1

2 17zt | 4570
v L+%5 + T25 + 5120
hold true for x € (—m, ).

Remark 24. From the series expansions and n Theoremu, we can
obtain

2/ 2 \?2
11 12 z
1—cos(z4)  2sin? % 2\ sin%

2S5 @ 5 () 720+ 5.J)
_28{1+Z(—1)l kl’“Z(—l)(.) =)

284
(29)! }
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for z* < 27 and

1 B 1
1—cosxz 2sin?

z
2

N (20 (3" S@a+ i —m.j)]|
<o) G) e ](m)!}

for |z| < 2m. See the sites https: //math. stackezchange. com/ a/4672242| and
https: //math. stackexchange. com/ a/ 4672268

Remark 25. This paper is a revised version of the electronic arXiv preprint [53]]
which has been cited in the articles [2, 14, 28], [29), B0, BT], [45], [48|]. This means
that the results in this paper are applicable, significant, interesting, and nowvel.
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