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METHOD OF FACTORIZATION OF
ORDINARY DIFFERENTIAL OPERATORS
AND SOME OF ITS APPLICATIONS

‘ Lev M. Berk’omch‘

The paper is dedicated to analytical and algebraic approaches to the problem
of the integration of ordinary differential equations. The first part is devoted
to linear ordinary differential equations of the second and nth orders, while
the second deals with nonlinear ordinary differential equations. Factoriza-
tion of nonlinear equations of the second and the third orders both through
commutative and noncommutative nonlinear differential operators are con-
sidered. The method of the exact linearization for nonlinear equations is
explained. Some applications are also considered.

1. INTRODUCTION

The contents of this paper are closely connected to the problem of the in-
tegration of ordinary differential equations. Factorization of differential operators
is a very effective method for analyzing both linear and nonlinear ordinary dif-
ferential equations. It uses analogies between differential operators and algebraic
polynomials.

The prehistory of this method goes back to investigations of G. FROBENIUS
[29], E. LANDAU, [43] and G. MAMMANA [47].

The most efficacious is simultaneously using factorization method and vari-
ables transformation.

A great contribution to the problem of integrating ordinary differential equa-
tions was made by mathematicians of Serbia and the former Yugoslavia: M. PET-
rROVIC, T. PEJOVIC, D. S. MITRINOVIC, B. PoPov, 1. SAPKAREV, I. BANDIC, P.
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Vasi¢, J. KECkI¢, V. Koci¢ and others. The journal “Publications of the Faculty
of Electrical Engineering - Series Mathematics” (1956-2006), which was founded
by Professor D. S. MITRINOVIC, have played significant role in the regeneration of
interest in the problem of the solution of ordinary differential equations iin closed
form.

At the present time the importance of this problem has increased consider-
ably. Closed-form solutions are necessary both for new mathematical models in the
natural sciences and for the testiing of numerical and analytic algorithms.

In Section 2 we consider differential algebras of differential operators. We
place the main emphasis on their factorization.

In Section 3 it is shown how to use the method of LODE-2 and LODE-n
transformation. The KUMMER-LIOUVILLE transformation, that is applied in this
work, is the most general transformation of variables that preserves the order and
the linearity of the given equation.

The solutions of the classical KUMMER’s and HALPHEN’s problems of LODE-2
and LODE-n equivalence are given.

The criteria of LODE-n reducibility to equations with constant coefficients
are pointed out.

In Section 4 we consider the method of autonomization for nonlinear differ-
ential equations. It is applicable for equations that can be representad as a sum
of linear and nonlinear parts. The test for autonomization is also adduced. The
generalized Emden-Fowler’s equation and generalized ERMAKOV’s equation, which
frequently appear in different applications, are considered. The very important idea
of a nonlinear superposition principle for nonlinear differential equations is given.

In Section 5 the method of linearization of nonlinear differential equations
(see BERKOVICH [18, 22]) is applied to the equations of the second and third
orders. A nonlinear oscillator and the EULER-POINSOT case in the problem of the
gyroscope are good examples of the effectiveness of this method.

In Section 6 we simultaneously apply the method of transformation of vari-
ables and factorization of nonlinear differential operators to the generalized EMDEN-
FOWLER’s equation of the third order, to LIENARD’s equation and to the equation
of the anharmonic oscillator.

2. DIFFERENTIAL ALGEBRA OF DIFFERENTIAL OPERATORS

Definitions of the main concepts can be found in the following books: Ka-
PLANSKY [32], MAGID [46], SINGER [56] and BERKOVICH [13, 22].

2.1. Differential field

Definition 1. A differential field is a pair (F,0), where F' is a functional field and
0 is a derivation. Let K be a number field of characteristic 0 (i.e. constant field
F). It may be algebraically closed, or it may be not.

a' :=0d(a), a€F,
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acFysdelF, ceKsd=0.
d

dz

EXAMPLE 1. Field (F,8), where § = di — D, §=2- Further let § be D.
X

EXAMPLE 2. Field (C(z), D), where C(x) is the field of rational functions over the
field of complex numbers C.
2.2. Ring of differential operators
Consider the set of differential operators of arbitrary order
L=a,D"+---+ai1D + ay,
where n € N, a; € Fy, Vi. Multiplication in F{ is determined by the rule:

(2.1) Da =aD + D(a) =aD +d'.

From (2.1) LEIBNITZ’ formula follows:

Dib = Z (li)b@*k)Dk.

k=0
Fy[D] is an associative but not a commutative ring.
2.3. Factorization of differential operators

Definition 2. An operator, L, is factorizable in Fy if it can be represented as the
product of differential operators of lower order. The latter operators have coeffi-
cients in Fy. Under factorization the source number field may be extended to the
algebraically closed field K .

Equivalent definition:
Definition 3. The equation, Ly = 0, of order n is factorizable in Fy if both this
equation and the equation, My = 0, of order less than n have a common nontrivial
integral.

Otherwise L is said to be not factorizable in Fjp.

2.4. Right differential analogue of Bezout’s theorem
Theorem 1. Dividing L by D — o from the right we get

flx) = exp(—fadac)LeXp (fadx).

In the ring Fy[D] HORNER-type schemes take place by analogy with algebraic
polynomials.

Using the right differential analogue of HORNER’s scheme one can make an
expansion

n—1
L= ZOBSDS(D —a), Bn-1=1
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Using the left differential analogue of HORNER’s scheme one can make an expansion:
n—1
L= (D - a) Z BsD*,  Bp1=1.
s=0

2.5. Conjugation operator and its properties

Definition 4. Transformation of conjugation, T, is linear operator that acts on
the Linear Ordinary Differential Operator (LODO) as it pointed out below:

T(p(I)Dn) _ (_Unan(x) _ (_1)n Z (Z)p(k)Dm—k7
k=0

T( Zn:Csps(ac)Ds) = ZT:CST(psDS), C, = const.
s=0 s=0

Let L* be the operator, 7L, that is formally conjugated to L
Zn: k Zn:( )k k i i( )k k (s) Hk—s
L*ET( akD>: —1)*D%ay = -1 ()aSD_'.
k=0 k=0 k=0 s=0 s/F

Let L and M be LODOes. Then

T(LM) = 7(M)r(L) = M*L".

2.6. Left differential analogue of Bezout’s theorem

Theorem 2. Dividing L by D — « from the left we get
g(x) = exp (fadac)L* exp ( - fadac).

2.7. Selfconjugated and antiselfconjugated operators
Theorem 3. A selfconjugated operator, Lo, , can be represented as

1 1

Lon= I (5D — ) = kﬁlww + By + aw) TT (D — ).

k=2n k=n

Theorem 4. An antiselfconjugated operator, Lany1, can be represented as

Lopy1 = ll[ (BsD — ay)

s=2n-+1
1

kﬁ (D + By, + O‘k)( —2[ant1daD - Oén+1)kH (BrD — ag).
=1

=n
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2.8. Reducible selfconjugated and antiselfconjugated operators

Theorem 5 (see BERKOVICH, Rozov and EISHINSKY [4]). A selfconjugated oper-
ator that admits the factorization,

n
2n+1 — 2k 2n+1—2k
2.2 Loy, = (D 7) (D—i )
(2.2) 2n kI;[l T O‘IEL m—1 =

can be represented as

exp<2n4il fadgg)LQn = <exp (2n2—1fadx)(DOé)>2n'

Theorem 6 [4]. An antiselfconjugated operator that admits the factorization,

n _ 1 _
(2.3) L2n+1E(D+%Ma)DIEL(D%Ma);

can be represented as

exp (271; lfa d:v) Lopi1 = (exp (%fa d:v) (D — a))2n+1.

The operator, (2.2), is called a reducible selfconjugated operator.
The operator, (2.3), is called a reducible antiselfconjugated operator.

2.9. Liouvillian and Euler expansions

A set A is a generalized Liouvillian (EULER) expansion of the field Fj if there

is a tower of fields,
FhCcF C...CF,=A,

such that one of the following conditions is fulfilled

o a. F; = F;_1(«), where F;_1(«) is the field of rational functions of o with
coefficients from F;_; and o € Fj_;.

eb F,=F_1(a),a#0,d /a € F;_;.

e c. F; = F;_1(«), where « satisfies an algebraic equation of order n > 2.

o d. F; = F;_1(y1,y2), where y; and y» constitute a basis of the equation
(2.4) y' + a1y +ay =0, ai,ag € F;_1.

If (a), (b) or (c) is satisfied, then we get a Liouvillian expansion Ag. If in
addition condition (d) is satisfied, then we have a generalized Liouvillian (EULER)
expansion A of the field Fy.
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2.10. Picard-Vessiot expansion

Definition 5. The Picard-Vessiot expansion for the equation

(2.5) Ly = Zasy(s) =0, as€ Fp
s=0

is the differential field Fo(y1,...,Yn), where yi1,Ya,...,yn i a basis of equation
(2.5).

Definition 6. Equation (2.5) can be integrated in quadratures if PV C Ag.
Definition 7 Equation (2.5) has an Euler solution if PV C A.
2.11. Mammana’s theorems

Theorem 7. [t is always possible to factorize the equation Ly = 0 by an infinite
number of ways through operators of the first order

=

(2.6) Ly = (D —ag)y =0,

k

n
where g, are complez-valued functions of x.

EXAMPLE 3.

D241 = (D N i(cre’® — CQe_i‘”)) (D B i(crei® — 026_”)) '

c1e’ 4 cge~ 1 4 cpe~ i

Theorem 8. Suppose that we have an equation Ly = 0, a; € C*(I), I = {z]a <
x < b}. Let ay, be real-valued functions in I.

Factorization of (2.6) in I exists if and only if any solution y(x) of the equa-
tion Ly = 0 is nonoscillating, i.e. it has no more than n — 1 zeroes (counted
according to their multiplicity) in I.

EXAMPLE 4.

D? 1= <D+ clsinerchos:v) (D clsin:chchos:v) .

c1¢Co8ST + cosinx €1 COST + cosinx
2.12. Factorization in ground differential field
The equation
(2.7) y" +apy =0
admits the factorization

(2.8) (D +a)(D —a)y =0,
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where a(x) satisfies the RICCATI equation
o +a+ag=0, agcC(z).
They also have the form
n my Ci
a= ZZ# +p(x), acC(z),
i=1 j=1 (@ —mi)?
where p(z) is a polynomial.
ExaMPLE 5 (Kovacic [41]). Equation
1 7 ) 1
"o 2
Yy = (I —2x+3+;+@—ﬁ+ﬁ)y

admits the factorization

1 1 3 1 1
D 2 qs-1) (D=
( +£L’+1+:L'71 21’+£L'2+I )(

and has the particular solution

1
y=(IQ—1)x_3/2exp(——+—ac2—ac).
T

The factorization of differential operators of order n
L=ay™ +an_1y™ ™+ + a1y’ + ao,
namely representation as
L= (8D —an)(Bn-1D —ap-1)--- (2D — a2)(51D — a1),

was considered in works by (MITRINOVIC [48], PoPov [54], BERKOVICH [13, 21,
22, 25| and others).

2.13. Factorization in the quadratic expansion of the field Fjy

Lemma 1 (see, for e.g., KAPLANSKY [32]). The factorization, (2.8), takes place in
the quadratic expansion of the field Fy, or in other words the condition

o’ —p(r)a+q(x) =0, pgeFy, p#0
is fullfiled if and only if the following relations are satisfied:

"+ 3pp’ + p® + 24’ + dap = 0, 2q = p' + p? + 2a.
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EXAMPLE 6. The equation (see [22, 25])

3
Ly=y" + (EIQ - bacl) y=0

admits the factorization

1 1
Ly = <D+Z:E1j:\/l;:c1/2) (DZ:L'liF\/l_)l‘l/2>y0, b>0,

and has solutions

y=ax'/t (c1 exp(2Vbx ) + co exp(72\/ﬁ)).

2.14. Analogues of Vieta’s formulse and LODE-2 solutions

Suppose we have linear ordinary differential equation of the second order
(LODE-2)

(2.9) Ly=vy" +a1y +agy =0,

where the operator L admits the factorization

(2.10) L= (D - a)(D—ay).

From formulee (2.9) and (2.10) the analogues of VIETE’s formula follow
a1 = — (a1 + ag), ap = agay — o,

where o and aw satisfy the RICCATI equations !

/ 2 /
o] +af +arar +ag =0, a;—

a22 — a1tvig —ag = 0.
Linearly independent solutions of equations (2.9) and (2.10) have the form
Y = ef ai dz’ Yo = ef ai dzfef(a27al)dmdl‘.

The linear nonhomogeneous equation, Ly = f(x), where L admits the factorization
(2.10), has the particular solution

g= el @1 [ (ef oo de fomf 02t () da) dr

2.15. Factorization of Lamé’s operator
Suppose we have LAME’s equation,

(2.11) Ly=y" - (2p(z) + Ny =0, X=p(e),

1We remark that criteria of an integrability of RICCATI’s equation were considered, in particular,
in the papers (MITRINOVIC and VasIi¢ [49, 50]).
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where p(z) is the WEIERSTRASS elliptic function. LAME’s operator admits the
factorization

L=(D+Ca+e)—C(X)FCE) (D —Cla%e) + () £ ()

and equation (2.11) the has general solution

7@ +E) ~c@e | o, TE=E) cra

y(@) = oz o(x

where the WEIERSTRASS functions p(z), o(z) and ((x) are connected by the rela-
tions

I

|
Y
—

&
~
CA
—~

&
~

I
A
—

&

_|_

[©)
~—

|
A
—
—~

|
A
—

(O}

~—
%\
—
&
—~
|
%\
—
(O}
~—

p(x)

EXAMPLE 7. The degenerate case: p(z) = = .
Equation (2.11) takes the form
2 1
— —
Ly=y - (F'f‘?)y—()’

where L admits the factorization

1 1 1 1 1 1
L:(D+ ——$—)(D— +—i—)7
T+« x « T+« x «

has the general solution

T+« — z/a

_ X
e x/a+c2

y==a
z

EXAMPLE 8. Degenerate case. Suppose that

LAME’s equation has the form

2
(2.12) Ly=y' — < — + ctg2€> y =0,

sin” x
where the operator L admits the factorization

L= (D + ctg(x+e)— ctgz £ ctgs)(D —ctg(zLte)+ ctgx F ctgs).
Equation (2.12) has general solution

sin(z+¢) _,
=c ( )e 1ctg€+c2 -
sSinx sSinx

sin(m - E) emctgel
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2.16. Factorization of the third-order Halphen’s Operator

HALPHEN’s equation of the third order is

(213) Ly=y" = 30(a) ~ (39/(0) + 3@) )y =0,

where the operator L admits the factorization

L= (D+{(z+a+p)—((x) —¢(a) —((B)) X
X (D =z + a+ B) + (x4 ) +(8) (D — ((z + @) + ((z) + ((a)).

The general solution of HALPHEN’s equation, (2.13), has the form

olx + ) e—a¢(@) 4 e O—(Z(+ B) e~ oCB) 4 3 o(z +7) 6*1C(7)7

y(@) = e o(x) o(x) o(x

where

EXAMPLE 9. The degenerate case: p = % .

The equation
[ i /

where the operator L admits the factorization

1 1 1 1
L=\D+—-—+—-—-———
( +z+a+6+z o 6)X

1 1 1 1 1 1
x| D - + +—= (D~ +-+—,
r+a+pf x4+a O r+a T «

has the general solution

g S emaja o BB ars AT ey
X X

T

Note. LAME’s operator and HALPHEN’s operator are commutative. The KORTEWEG-
DE VRIES’s equation, well-known in the theory of solitons, u; = 6uug; + Ugee i
generated by commutative condition of the corresponding pair of operators of the
second and third orders.

2.17. Operational identities

Differential operators of higher orders may admits a factorization not only
through operators of the first order but also operators of other orders. Operational



132 Lev M. Berkovich

identities in this case are useful. In the paper, (BERKOVICH, KVAL'WASSER [3]),
such identities are constructed, for example

m

1) @0t rany =Y () ot an o,
k=0

where I'(a +m) = (a +m —1)---(a+ 1)al'(a);

2n+1
2n+1 2
(07 (m=257) )

2n +1
m—1 F(nT“) gl
P(= —k+1)

kD2n+1_k-

k=0

The identity (2.14) was generalized in the paper of (KLAMKIN and NEWMAN [37]).

3. TRANSFORMATION OF LODE

3.1. Statement of Kummer’s problem

Suppose that we have the equations
(3.1) ¥ +ai(x)y +ao(z)y=0, apeCHI), I={zla<z<b}, k=01,
(3.2) F4bi(t)2+bo(t)z2 =0, byeCF(I), J={tla<t<}pl,
and the KUMMER-LIOUVILLE transformation
(3.3) y=uv(z)z, dt =u(r)dz, v,ue C*(I),uv #0.

It is an invertible transformation, that is, the Jacobian

( ) dy Oy

(O, » \_| o o2

1= (55 =| % o |7
ot 0z

Is it possible to transform (3.1) to (3.2) with the help of KL-transformation
(3.3)?

3.2. Solution of Kummer’s problem

Theorem 9 (see BERKOVICH [10], BERKOVICH and Rozov [15]). Equation (3.1)
can be transformed to (3.2) with transformation (3.3) if and only if the following
conditions for the KL-transformation are satisfied:

v(z) = |u(z)] "% exp (—% Jardz + % [ b1 (1) dt) ,
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1 ¢ 3 /¢ 2

where (3.4) is the Kummer-Schwartz equation of the third order (KS-3), and

1 1 1 1.
—0/12—50//1, Bo(t):bo—zbf—gbl

Ao(z) = ap — 1

are semiinvariants of equations (3.1) and (3.2) respectively (see PEIOVIC [51]), and
v and u also satisfy the equation

(3.5) V" + a1v’ + agv — bou’v = 0.

EXAMPLE 10 (see SAPKAREV [55], VASIC [57]):

/ 1" 2 r12
y//+<f2f—{b2%>y/;7—{62y07 f=f(z).

By the transformation

!
a=—T _a
/f2 + b2
2
this equation is reduced to the equation § — Z_Q y=0.

3.3. Kummer-Schwartz and Ermakov equations

Suppose a; = by = 0. The equation (ERMAKOV [26], see BERKOVICH and
Rozov [8])

(3.5") V" + agv — bov ™3 =0

has the general solution (see also PINNEY [53])

(3.6) v(@) = \JAV,2 + BY1Ya + CY,2, B2 —4AC = —db,
where Y1,Ys =Y, f YfQ dz forms a basis of the second-order equation
(37) Y” + (IQY =0.

The KUMMER-SCHWARZ equation of the second order (KS-2),

! 3/ 2
;1<_) +bou” = an,

(3.8) -

N | =

has general solution of the form

(3.9) u(z) = (AY,2 + BY1Ys 4+ CY %)), B? — 4AC = —4by.
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3.4. LODE-2 Related by KL transformation

Equation (2.5) with a “carrier”, ag, generates the next sequence of related
equations [12, 25]

1
Y +aryr =0,
where
k 2 2
ap =ag— »_ bosuy, ar = ap—1 — bopuy,
s=1
2
147 3 /4 1
s s 5 2 _ 12
——=—— 2] —=u’=as_1, 05 = b, — 4bys
2u5 4 Us 4 slg s y Us 1s Sy

1
i = Jug| "2 exp (i§ by, [ur, dx) » biw # 0.

3.5. Examples of related equations
The following equations are related to the equation y” =0 [12, 25].
1
ExampLE 11. v/ — (m(m+ 1)z 2+ T*)y =0, T =oaz ™+ Ba™", m# 3
General solution: y(z) = (Mch < T ) + Nsh < T )) , v=02m+1)g.

1

1
ExaMPLE 12. y" + <4 5

1
+ 254) =0, S=alogz+p.

1 1
General solution: y = \/_S(M cos =5 + N sin _S)
@

3.6. Halphen’s problem for LODE-n

Suppose the equations (HALPHEN [30], BERKOVICH [11, 22])

(310) Yy = n)+z< )akyn ¥ = y Ok G(Cnik(j)a

k=0

(311) M,Z = Z + Z ( )ka n— k) ) b € (Cnfk(J)7

and the KL-transformation

(3.12) y=v(r)z, dt =u(z)dz, vu#0, v,u e C"(I).

Problem 1: Find necessary and sufficient conditions of equivalence of (3.10)
and (3.11) under the KL transformation (3.12).

Problem 2: Classify equations (3.10) with the help of canonical forms.
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3.7. Lemmas of LODE-n equivalence

Lemma 2. Equations (3.10) and (3.11) are equivalent if and only if the following
system is compatible

3 3
{t,x} + —— Byt = As(),

n+1 T n+1
Hv vy ! 3 192 ! 4 4
— —6——+4+6( — Ay — 4+ —— B3t = — A3, ...
v R (t’) L T nH1

(%) o k; (1) (=) oo

where Ay, By are semiinvariants of equations (3.8) and (3.9) respectively:
Ay =as —al —dy, As=as+2a] —3a1ay —df,...

Lemma 3. Fquations (3.10) and (3.11) are equivalent if the following conditions
are satisfied

, n—2v"? n—1 =5
_ v 3 Byyn1 =
-1 w nt1°2Y 2Y ’
wo oon—3 v (n—2)(n—3)v? 12 , 1
— — A 2—— A
3n—1 v n—12 12 n+1 v 18
n—1 n=7
_9 Bsyon=1 =0
’Tl+]. 30 )
) 15 (") 40 =
v JrZ(k)Akv —Bpv -1 =0
k=2

3.8. Theorem of LODE-n equivalence

Theorem 10. Equations (3.10) and (3.11) are equivallent if and only if the follow-
ing relations between their invariants are satisfied: In(A) = u3Io(B), Jn1(A) =
utJn1(B),  Jn2(A) =udJn2(B),..., Jnn-3(A) = u"Jp n—3(B), where [u(x)dx
= t(x) satisfies the equation (KS-3)

3 3 ¢ 3 [t"\?
t 2 Bot? =" Aty =-—
{tah+ g Bot” = oA {tal = 55 4(15/) ’

and Io(A) is Laguerre’s invariant (LAGUERRE [42])

. 1
Io(A) = As — ;A’Q = a3 — 3ajas + 2a + 3aya} + §a’1’ - gaé,
and 6 3(5n + 7)
n+
Tor(A) = Ay — 245 + 2 Ay - 200D 42
1(4) 1 3+5 2 5+ 1) 5

In2(A), ..., Jnn-3(A)
are Halphen’s invariants.
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3.9. Halphen’s canonical forms

Class Invariants Transformation Halphen’s Canonical
n—1
y=u, ? z, dt =upde forms
Principal (Hno),
Yo I #0 uo = V1o depends on n — 2
parameters
Yk, Io=Ih1="=1Ink Degenerate (Hx),
k=Tn-3| =0, Lix=Jurx #0 up = ’“*{"/[n,k depends of n — k — 2
parameters
1 //7 / B 2
Yn—o Ip=1,1= Ltny 3 (Un-z Elementary
2 Un—2 4 Un—2
denegerate
3
=Inno3= = A Hppoz) : 2 (t) =
;n-3=0 p ( 2) 2" () =0
3.10. Forsythe’s canonical forms
Class Invariants Transformation Forsythe’s
n—1
y=u_ 2 z, dt=wudr canonical forms
Principal (Fro),
Yo Ip#0 depends on n — 2
parameters
1w 3 7\ 2
Y, In=I,1= - =Ix 5 % ~1 (%) Degenerate (Fyr),
k=1,n—3 =0, Ink = Jnx #0 depends on n — k — 2
3
= ol 2 parameters
Yoo Io=1,1="-- Elementary
degenerate
- In,n73 =0 (an72) : Z<n) (t) =0

Note. HALPHEN [30] found canonical forms for the equations of orders n = 3 and

n =4.

ForsyTH [28] found the canonical form Fi.
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3.11. Criteria of LODE-n reducibility
Equation (3.10) is locally reducible (by HALPHEN) if it can be transformed
to the following form

; "~ /n _
(3.13) Myz=2% + ]; (kz) bz () =0, by = const

by the KL-transformation, (3.12).

Theorem 11 [13, 22]. The followiing conditions are equivalent:

1. Equation (3.10) is reducible;
2. The operator L, admits noncommutative factorization
/ /

1
v u
angl(D—;;—w—lyJ—rw),

where

—1
U:|u|_nTexp(—fa1dac+blfudx),
1" 3 (u\? 3 3
22X — Bout=—"—A
2 u 4(u) +n+1 S

r, are roots of the characteristic equation
"
(3.14) M,(r)y=r"+ Z (k) bk =0,

3. The operator u~™L,, admits the commutative factorization
n
1 v
u "Ly = -D——— ;
n H (U vu rk) )
k=1
4. there exist four functions, w, w, X\ and u, namely

w=v W w=0v"tuT" A=u"t, p=—v'v uT!, (see FAYET [27])

such that

5. Y(x) is solution of (3.10) if y(z) is solution of (3.10) : (see KAKEYA [31])

1 v
Y(e)=—y' - —uy;
u U
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6. In and Jp i are connected in a special way, namely in Theorem 10 Iy(B),
Jn1(B), ..., Jnn—3(B) are constants;

7. Absolute Halphen’s invariants hy = const (HALPHEN [30]);

8. Equation (3.10) admits a point symmetry with a generator

10 v 0
= 4 y=

X == .
u Ox uvyé)y

4. AUTONOMIZATION OF NODE
We consider nonautonomous nonlinear ordinary differential equations (NODE)
[5,6].

4.1. Nonlinear equations with reducible linear part
(n) -~ (n (n—Fk) / (m)y —
(4.1) y +Z(k>aky +F(@y,y,....y"™) =0
k=1
Theorem 12. FEquation (4.1) can be reduced to an autonomous form
"~ /n
() + ]; (k) be 2" () +a® (2, 2/(t), ..., 2" () =0

by the KL-transformation (3.12) if and only if the nonlinear part F' can be repre-

sented as
1/1 / 1/1 AN
F:au"vtl)(y,—(—D—U—)y,...,—(—D—U—) y)
v v \u VU v \u VU

BANDIC (see for example [2]) transformed nonlinear equations by applying
the so-called relative derivatives Ay, = y*) /y (PETROVICH [52]).

4.2. Test for autonomization

1. Using the criteria for reducibility, verify whether L,y = 0 is reducible.

2. If L,y = 0 is reducible (it always is for n = 2), represent the general solution
in the form:

y=v Y cpexp(rgU), U= [udz,
k=1

where 7, are distinct roots of the characteristic equation (3.14), or in the form

m m
1 s—1
Y= E Go1) U™ exp(riU), kglék =n,

k=1 s=1
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where 7 are multiple roots of characteristic equation (3.14),

12
u(z) = (AY22 + BY,Y: + CY12)_17 B? —4AC = Thrl Bs,

and Y1, Yo=Y f dxz/ Y12 are linearly independent solutions of
(4.2) Y”—i—iAQY:O
' n+1 ’

4.3. Principles of nonlinear superposition

Let there be given the equation

(4.3) f,y,ys . y™) =0.
A system of functions
(4.4) {Yi(x),..., Y, (2)}

(see LIE [45]) forms a fundamental system of solutions (FSS) of equation (4.3) if
its general solution can be represented in the form

(4.5) y=F(Y1,Ya,...,Ym5c1,...,¢n),

where (4.4) are particular solutions of (4.3), particular solutions of the adjoint
nonlinear equation

o X,Y, Y ..., Ym)y=0
or they (4.4) are FSS of the adjoint linear equation

ym 4 i (CZ) ap(z) YR =0,
k=1

Function (4.5) is called a nonlinear superposition principle for equation (4.3)
(see WINTERNITZ [58], BERKOVICH [13]).

Note. Formulas (3.6) and (3.9) are nonlinear superposition principles for the ER-
MAKOV equation, (3.5”), and for the KUMMER-SCHWARTZ equation (KS-2), (3.8),
respectively.

4.4. Generalized Emden-Fowler equation of the second order

Theorem 13. In order that the equation

Y '+ fx)y" =0, n#0, n#l,

lead to
Zdb12+boz+c2" =0,
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it is necessary and sufficient that

4n , biO=n) _aen - b
filz) = (rx + B1) 2 2o (g + fB2) 2 2V 5 >0,
_34n (1—n) b, 24X + B
— (A2® + Ba+ )™ 2 07O etan 2227 ) 5, < 0,
fa(z) = (Az® + Bx + O) exp( 75 arctan e > 5
_ ~(n+3) (1 —n)by -
fo) = (e + 5) D exp (£55 ) 5=, a 20,

n+3 1—n
fi@) = (ax+8) 2 TH5 g5 =a>0,

f5(x) = Cexp (i blx) , 05 =0.

1—n

(see also KECKIC [35], KociC [38], BERKOVICH [7, 16], LEACH [44]).
4.5. Ermakov systems

The system (ERMAKOV [26])

3

{ Z+ap(t)r =0

Yy + aoy = boy~
havs the integral (invariant):

LGy — o)+ 20 (x)g C
= (2y — yx - =] =C.
D) Yy—y 5 %0 Y

The generalized ERMAKOV system (BERKOVICH [22]) is

(4.5)

{ i+ a1(8)i + ao(t)x = af (Dx™y" Fx,y)
a,b = const.

§+ a1 )y +ao(t)y = bf (t)z"y™" G (z,y),

If the left part of system (4.5) is reduced to constant coeflicients by the KL-transfor-

mation
x=v(t)X, y=v@)Y, dT = u(t)dt

and thus

F =F(y/z), G=Gx/y), ft) =v"""""u? m=—(n+3)
, system (4.5) possesses the first integral (invariant)

I= % O (xy — yi)* + axfyu”HF(u) du + byfxu”HG(u) du,

o= exp (fal(t) dt) .
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4.6. Generalized Ermakov’s equation of the n-order
Theorem 14. Fquation
n 14n
n _ =1 =
y(") + ki2 (k‘) any(” k) + bny27n =0,

where L,y = 0 is reducible, has the two-parameter solution

n—1

y=p(AY?+ B)Y2 + CY,?) 2 | B> —4AC =g,

where Y1 and Ys are linearly independent solutions of equation

Y42 Y =0
n

+1

and admits three-dimensional LIE algebra with generators

0 0
X1 = YI2% + (n* 1)Y1Y1/ya_yv
. 0 n—1 / ’ 0
Xo =YY % +— (V1Y5 + YaY])y oy
0 0
X3 :YQQ%JFW* 1)Y2Y2/Z/a—y

and commutators

[XI)XQ] = X17 [X27X3] = X?n [X?nXl] = _2X2

5. LINEARIZATION OF NODE

In the papers [17-21, 23] and in the book [22] we have already investigated
autonomous nonlinear ordinary differential equations (NODE)

(5.1) y(”) = F(y,y',...,y("_l)).

Lemma 4. In order that equation (5.1) can be linearized by the nonlinear trans-
formation

(5.2) y=v(y)z, dt =u(y)dx

to equation (3.13), it is necessary and sufficient that equation (5.1) admit the non-
commutative factorization

* *

f[ <D<%(k1)%>y’mu)y0
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or the commutative factorization
n
1 v
H (—D——y/_rk)y207
u uv
k=1
where 11, are roots of the characteristic equation (3.14).

5.1. Linearization of second-order equations

The equation
(5.3) v+ FW)y? + bie(y)y +¢(y) =0, by = const
can be linearized by the transformation (5.2) to the equation
(5.4) Z+b1Z2+byz+c=0, a, b, c= const,

if and only if

65.5) 0(0) = pexp () (el Ty + 5 )
Here the transformation (5.2) is

z=p[pexp ([fdy)dy, dt = p(y)de,

where 3 = const is a normalizing factor. One-parameter solutions of the equations
(5.3) and (5.5), where ¢ = 0, are

exp ([ f dy) dy
Joexp ([fdy)dy’

where distinct i, (k = 1,2), satisfy the equation

rx + Cp =

7"2+b17’+b0:0.

5.2. Nonlinear Oscillator

The equation

(5.6) v+ fy)y® £aPP(y) =0

by transformation

z = \/Q/wexp(2ffdy)dy, dt:z_lwexp(ffdy)d:c

is reduced to the form
(44?2 =0.
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Equation (5.6) has the first integrals:

Y% =a? (C:F Q/wexp (2 f dy) dy) exp (=2 f dy)
and also the one-parameter solutions:

e 2 fdy)d
/ xp (2[fdy)dy _ et
z
5.3. Linearization of third-order equations

We find conditions for linearization of the equation
G7) Y+ WY+ L)y + By + Ry + AW+ foly) =
to the equation
(5.8) Z 4+ bef+biz+boz+c=0
by a transformation of the form (5.2).

Theorem 15. Equation (5.7) can be linearized if and only if it can be represented
in the form

1 SD** (10*2 90* .
69 sy g (3 s - S e )
¢ ¢ ¢

1 *
+bapy” + 3 baip (f + %) Y% 4 by’

573 (bo/<p4/3 exp (1 ffdy) dy + 5) exp (*l ffdy) =0.
3 3 3
Equation (5.9) by the transformation

1
z = Bp*3 exp (gff dy) dy, dt =¢(y)dx

is reduced to the linear form (5.8) and, if ¢ = 0, has the distinct one-parameter
solutions

/ eXp f f dy) dy
LT + Cp =
[et3exp (5 [fy)dy

where 7 satisfy the equation

r3+b2r2+blr+b0:0.

We remark that KECKIC [34—36] and Koci¢ [38, 39] investigated nonlinear
equations of the second and third orders in another way.
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5.4. Euler-Poinsot case in the problem of the gyroscope
Suppose we have the coupled system
Ap - ( - C)QT' =0,

(5.10) Bg— (C—A)yrp=0,
Cr—(A—B)pg =0,

oy

where p, ¢ and r are the components of the angular velocity in the directions of its
principal axes of inertia, A, B and C are its principal moments of inertia. Elimi-
nating the variables we get a noncoupled system of nonlinear third-order equations:

(5.11) yi' = iyéyé’ +bwiy” =0, () =d/da,

where b; is expressed through A, B and C. By the transformations
z =y, ds; = y; da;.

equations (5.11) are reduced to the linear equations

2" (s:) + biz(s;) = 0.

3

As a result equations (5.11) have the parametrical solutions:

1/2 )
Y; = <2<A11 COs (\/b7151+9)+A21)) , T = / dSz

(2(1411' cos(v/bis; + 0) Jr1421_))1/2

6. SIMULTANEOUS USING OF DIFFERENT METHODS

6.1. Generalized Emden-Fowler equations of the third order

The equation
Yy +bz®y" =0, n#£0,n#1

can be reduced by the transformation
y=vi(z)va(y/vi(z))z, dt =ui(2)uz(y/vi(z))dz

to a linear equarion if and only if n = —5/2, s =1 or n = —7/2, s = 3 respectively.
The equations

y/// + bxy_5/2 =0,
y/// + bx3y77/2 =0

by the transformation
z=2x%y"t, dt= acyiS/Q dz
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are reduced to the linear forms
=0,
2" —bz=0
respectively.
6.2. Factorization of Lienard’s equation
The equation
(6.1) ¥ +a1(y)y +ao(y)y =0
admits factorization of the form
(D = e2(y)) (D — a1 (y))y = 0,D = d/da,
a1 = —(a1 + az + ajy), ag = arag, (x) =d/dy,

where o satisfies the ABEL equation of the second kind

do
yar —— + o +ajar +ag =0,
dy
and s satisfies the ABEL equation of the first kind
do .
aopy d—y2 = a5 +aral + as(ag + aly).

Equation (6.1) was considered by BANDIC [1] in a different way.
6.3. Anharmonic oscillator

If
(n +3)%bg = 2(n + 1)b?,
the equation
y" + b1y +boy +by" =0

admits the factorization

n—1 n—1
(D—Tg—kay 2 )(D_TQ_kQ?J 2 )y:O, D =d/dz,

2by n+1 2b b(n+1)
n+3,7“2 n+31’ 1 ntl’ 2 =+ 5 )

T =

and has the one-parameter system of solutions

2
B n+3 b bi(n+1) o
y(:l: by \/2(n+1)+ceXp( nt3 '
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7. CONCLUSION

The methods, discussed in the present work, do not minimize the impor-
tance of the other analytical methods, nor the methods of numerical analysis, nor
the qualitative theory of differential equations. Only by simultaneously using all
of them shall we get the best effect, but the construction of algorithms for solv-
ing ordinary differential equations in closed form is the most important goal for
any effective theory of ordinary differential equations. Explicit formulas concen-
trate all the information about the given ordinary differential equation. In this
connection we mention the following works: L. BERKOVICH and F. BERKOVICH
[14], BERKOVICH and EVLAKHOV [24], in which some algorithms of LODE-2 fac-
torization and variables transformation were implemented in REDUCE. Further
implementation of such algorithms for nonlinear equations and linear high-order
equations is an actual problem. It is the author’s opinion that further elaboration
of factorization and variable transformation can cast new light on many solved and
unsolved questions of natural science.

Acknowlegement The author is grateful to Simeon Evlakhov and Dobrilo
Tosi¢ for the help in the preparation of this manuscript.
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