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Let G be a graph on n vertices and G its complement. In this paper, we
prove a Nordhaus-Gaddum type inequality to the second largest eigenvalue
of a graph G, X\2(G),

2
A2 (G) + Aa(G) < 71+\/% —n+1,

when G is a graph with girth at least 5. Also, we show that the bound above
is tight. Besides, we prove that this result holds for some classes of connected
graphs such as trees, k—cyclic, regular bipartite and complete multipartite
graphs. Based on these facts, we conjecture that our result holds to any
graph.

1. INTRODUCTION

Let G = (V,E) be a simple undirected graph with n vertices and m edges
and let G be its complement. Given a vertex v € V, the set of neighbors of v is
N@w) = {w € V{v,w} € E} and d(v) = |[N(v)| is the degree of v. The girth of
G is the length of the shortest cycle in G. Write A(G) = [a;;], where a;; = 1 if
{i,j} € E(G) and a;; = 0, if {4,j} ¢ E(G), for the adjacency matrix of G. The
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characteristic polynomial of G is pg(A) = det(AI — A) such that the roots A; for
i =1,---,n are the eigenvalues of A(G) and can be arranged as Ay > --- > \,.
The multiset Spec(G) = {)\(151), )\é‘”), ey ,\ﬁs‘)} , where s; is the multiplicity of A;,
1 <14 <, is the spectrum of the graph G.

In 2007, Nikiforov [17] proposed the study of the Nordhaus-Gaddum type
inequalities for all eigenvalues of a graph defining a function given by

(1) max (I (@) + (@)
for all K = 1,...,n. For the case k = 1, previous papers addressed the problem

of finding lower and upper bounds to (1) as one can cite Nosal [19], Amin and
Hakimi [1], Csikvari [4] and Terpai [27]. The latter obtained the following sharp
upper bound:

M(G) + () < %n Y

The general case, for any k, was first introduced by Nikiforov in [17]. Particularly,
in the case k = 2, Nikiforov and Yuan [18] obtained the best known upper bound
to (1) as

(2) A2(G) + X2(G) §—1+%.

In this paper, we propose a slightly improvement of inequality (2), that is,

3) (@) + 2@ < -1+/% — 1,

what we will refer throughout the paper by NGa-bound. Also, we show that NG»-
bound holds for some classes of graphs such as trees, k—cyclic, regular bipartite,
complete multipartite graphs, generalized line graphs and exceptional graphs. For
the first two classes, the proofs appear in Section 2 while the others are in Section 3.
Also, in Section 3, we state our main result proving that inequality (3) is true for
all graphs of girth at least 5. In addition, a family of graphs presented by Nikiforov
in [17] is showed to be extremal to our NGs-bound in Section 4.

2. PRELIMINARY RESULTS

In this section, we prove that inequality (3) holds for trees and k—cyclic
graphs when k& > 0. Some useful results are revisited to open this section. The first
one is the well-known Weyl’s inequality and the second one is an upper bound to
the largest eigenvalue of trees.

For convenience, given a Hermitian matrix M of order n, we index its eigen-
values as ay (M) > -+ > a,(M).
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Theorem 1 ([13]). Let M and N be Hermitian matrices of order n, and let
1<i<nand1<j5<n. Then
a; (M) +a;(N) < apjn(M+N) if i+j>n+1,

(M) +a;(N) > appj-1(M+N) if i+j<n+1l

Qy

Theorem 2 ([3]). If T is a tree of order n then A\ (T) < /n— 1. The equality
holds if and only if T ~ S,,, where Sy, is the star with n vertices.

Both results, Theorems 1 and 2, are used to prove in Proposition 3 that the
proposed NGo-bound holds for all trees.

Proposition 3. If T is a tree of order n, then

Equality holds if and only if T ~ Py.

Proof. From computational experiments, it is easy to check that inequality (4)
follows for all trees up to 6 vertices and among them the graph P, is the only one
for which the equality holds since A\y(Py) = \o(Py) = @

Now, suppose that n > 7. From Theorem 1,

Aa(T) < =1 — M\ (T).
Since A, (T) = —A1(T), from Theorem 2, we get
(5) Ao(T) < —1+4++vn—1.
From [22] [see Theorem 1], it is known that

(6) Ao (T) < gf 1.

Using inequalities (5) and (6), we obtain,

Xo(T) + Xa(T) < —1+,/g—1+\/n—1
n
—1+\/2(n—1+2—1):—1—1—\/371—4.

—~
-3

~
A

Note that, for n > 7,

So, by (7) and (8), the result follows.
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Proposition 4 relates the spectral radius of a graph to NGa-bound.

2
Proposition 4. Let G be a graph of order n, let x = % —n+1landy=—-1++/x.

If \(G) < g, then Xa2(G) + X2(G) < y.

Proof. Let G be a graph of order n. Suppose that A; < \/5/2.7By applying The-
orem 1 for the adjacency matrices of G and G, we obtain \y(G) + A\, (G) < —1.
Since A\, (G) < 0 and |\, (G)] < A\ (G), we get

M(G) < -1+ M(G),

2
Aa(G) + Xa(G) < —1+20(G) < —1+\/%—n+1:y.

Now, let S;" be the star graph plus one edge. For n > 9, the next result
shows that S, has the largest spectral radius among all unicyclic graphs. By
Proposition 5 with simple algebraic manipulations, we show that inequality (3) is
true for all unicyclic graphs.

and then

O

Proposition 5 ([23]). If G is unicyclic of order n, then
2 < M(G) < \(S).
Moreover, for every n > 9, A\1(S;) < /n.

Proposition 6. If G is unicyclic of order n, then

2
Ao(G) + X2 (C) < —1+\/% 1

Proof. From computational experiments, it is easy to check that the result follows
for all unicyclic graphs up to 9 vertices. Now, suppose that G is an unicyclic graph
with n > 10. Note that,

2
9) in < %—TH—L

From inequality (9) and Proposition 5, we have

M(G) < Vn
< 1 [/n? 41
5\ 3 n .

By Proposition 4, we obtain the desired inequality.
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For a non-negative integer k, a connected graph of order n and size m is
k—cyclic if m = n + k. For k = 0, the result folllows from Proposition 6. For each
k > 1, we give the proof in Proposition 7 under some condition on n.

Proposition 7. Let k be a positive integer. If G is a k—cyclic graph of order

n > 5+ 16k + 31, then

2
A2(G) + X2(G) < —1+\/% —n+1.

Proof. From Hong [12],
(10) M(G) < Vn+2k+1.

For each n > 5 + +/16k + 31, we get

n? n?
4n+2k+1) = 7—n+1+(—?+5n+8kz+3)
2
(11) < LY
2
Using equations (10) and (11),
1 2
M(G) < =4/ — — 1
(G <5\ 5 —ntl

for all n > 5+ +/16k + 31.

From Proposition 4, the result follows.
O

This section is ended by two results that will be useful to prove our main
results.

Proposition 8 ([16]). For a graph G of order n and girth at least 5,
A (G) < min{A,vn —1}.

Proposition 9 ([24]). Forn > 2, if G # K, is a graph of order n then A2(G) > 0.
The equality holds if and only if G is a complete multipartite graph.

3. MAIN RESULTS

For a natural number p, 1 < p < n, a graph G on n vertices is a complete split
graph, denoted by CS(n,p), if it can be partitioned into an independent set of p
vertices and a clique of n — p vertices such that every vertex in the independent set
is connected to every vertex of the clique. Notice that C'S(n,p) is isomorphic to
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the complete multipartite graph Kg, s, .. such that s; =1for 1 <i<n-—p

and Sp_pt1 = D.

Sn—p+1

Next, we prove that the complete graph on n vertices is the only one graph
which attains A\g(K,) + A2(K,) = —1. So, assuming that G is not isomorphic to

K,, it turns out that the lower bound to A\2(G) + A2(G) is obtained for a complete
split graph C'S(n, p).

Proposition 10. Let G be a graph with order n > 3 with at least one edge. Then,
one of the following statements holds,

(i) If G % K, then A\o(G) + A2(G) > 0. Moreover, if G has no isolated vertices,
A2(G) + A2(G) =0 if and only if G is a complete split graph;

(i1) X2(G) 4+ A2(G) = =1 if and only if G ~ K,,;
(iii) There is no graph G such that \2(G) + X2(G) € (—1,0).
Proof. Let G be a graph of order n > 3 with at least one edge.

(i) Let G # K,. By Proposition 9, A2(G) > 0. Besides, since G # nK; and
G # K, then

For an integer p > 2, let G ~ CS(n,p). Since CS(n,p) ~ Ki_ 1,p, from
Proposition 9, we get A2(G) = 0. It is known that Pg(z) = 2™ 7 (z+1)P~! (x—
p+1). Then A\y(G) = 0 and so, A2(G) + X2(G) = 0.

Now suppose that A\2(G) + A2(G) = 0. Hence, G # K,, and, from Propo-
sition 9, A2(G) = Ao(G) = 0. Also, G ~ K, ., for positive integers
1<p; <. <pp such that 1 < pg.

Consequently, G ~ K, U---UK,, and X\2(G) = px_1—1. However, X\o(G) = 0.
Then, pr_1 =1 and so, p1 =ps =--- =pr_1 = 1.

(ii) If G ~ K, A2(G) = —1 and A2(G) = 0. Reciprocally, if A2(G) + A2(G) = —1

then A2(G) < 0 or A\2(G) < 0. From Proposition 9, we have G ~ K.

(iii) The proof of this case follows straightforward from (i) and (ii).

Proposition 11. Let G be a graph of order n and girth at least 5. Then,

2
A2(G) + X2 (G) < —1+\/%—n—|—1.

Proof. The proof will be done in two cases.
Case 1: Let G be a graph of order n and girth g such that n,g € [5, 8].
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Under such conditions, there exist 26 graphs and all of them are unicyclic
(see in [21]). From Proposition 6, we get

2
Ao(G) + Mo (G) < —1+\/% 1.

Case 2: Let G be a graph of order n > 9 and girth g > 5. Note that

An—1) = (§n+1><f5n+5>

2
1
- %fn+1f5(n75+\/15)(n757\/15)
2

12 < X a4
2

Theorem 8 and inequality (12) give us

A (G)

IN
—

" —
2
n——n—l—l.

< 1
2V 2

From Proposition 4,

2
A2 (G) + X2(G) < —1+\/% —n+1

For regular graphs, it seems that NGs-bound is true and some insights
from [7] can be useful in order to prove it. Here, we prove that inequality (3)
holds for every connected regular bipartite graph.

O

Proposition 12. If G is a connected r-regular bipartite graph of order n, then

2
Ao(G) + Ao (C) < —1+\/% 1

Proof. For a r-regular graph G, it is known [see Theorem 3.1 of [26]] that

(13) )\Q(G) < g —r.
From Theorem 1 and since G is a r-regular bipartite graph,
A(G)=-1-X1,(G)=7r—1.

However, from (13),

(14) A2(G) + Aa(G) < —1+g.
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Notice that for n € R,

2
n In
15 — <4/—= - 1.

Hence, from inequalities (14) and (15), the proof is completed. O

Graphs with the property Ao < 1 are investigated in several papers and they
are completely described within certain families (see for exemple [5], [8], [9], [14],
[15], [20] and [25]). The next result shows that all graphs with the mentioned
property satisfy NGs-bound.

Proposition 13. Let G be a graph of order n > 2. If min {\2(G), 22(G)} < 1

then
_ n2
)\2(G)+)\2(G)§_1+ 7—71—1'1.

Proof. According to [21], the inequality is satisfied for every graph of order
2 <n < 7. Suppose that G is a graph with n > 8 vertices. In this case,

(16) (1) <

Let A2(G) < 1. From (16) and A2(G) < n/2 —1 [see Theorem 2 of [11]],

M (G)+X(G) < -1+ (% + 1)
’/l2
S Sl 5 ontl

and, the proof is completed.
O

Generalized line graphs and exceptional graphs were well studied in [6] and
satisfies \,, > —2. The next result shows that such graphs satisfy NGs-bound.

Proposition 14. Let G be a graph of order n such that A\,,(G) > —2. Then,

2
A2(G) + X2(G) < 71+\/% —n+1

Proof. Let G a graph under the conditions above. We have, \3(G) < 1 [see Theo-
rem 3 in [5]] and, the result follows directly from Proposition 13.

O
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4. A CLASS OF EXTREMAL GRAPHS TO THE NG,-BOUND

In this section, we show an infinite family of graphs of girth 3 that satis-
fies inequality (3). Such graphs were studied by Nikiforov in [17], but here we
will define it using the H-join operation. Let H be a graph with vertex set
V(H) ={v;;1 < i<k} Let F ={G;;1 <i <k} be a family of graphs G; of
order n,. For each v; € V(H),G; € F is assigned to v;. The H-join of a graph G,
denoted by G = H[G1,G3,...,Gy], in F has vertex set

k
V(G) = (_U V(Gz—)>

and edge set
k
E(G) = (U E(Gl)> U U {uw v e V(G;),w € V(G,)}
i=1 ’L)iﬂ]’GE(H)
If H~ Py, p,g>1and n=2(p+q), then
Hp g4 = P4[KP’E’ Fq’ K]
For n =2(p+q) + 1,
Hy q,qp+1 = P4[Kp77q7 7117 Kp-&-l}-

Let us define the following family of graphs:

H(Py) = {prq,q,p s Hpgqpt1 5 Diq > 1}.

Figure 1 displays the H—join graph given by Ha 552 € H(FPy).

Figure 1: H275,572 S H(P4)

It is easy to see that the complement operation is closed in the family H(P;)
if and only if n is even, that is,

(17)  Hpqqp = Pu(Kp, Kq, Ky, K}) = Po(Ky, Ky, K, Kg) = Hypp.q € H(Ps)
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and,

Hy ggpt1 = Pa(Kp, Ky, Kq, Kpy1) = Pu(Kg, K, Kpy1, Kg) & H(Py).

Let 1 < p < ¢ be integer numbers such that n = 2(p+q) and let r = p—q—1,
s=qlg+2p+2)+(p—1)2 and t = q(q + 6p — 2) + (p — 1)2. From Cardoso et
al. [2], the spectrum of H,, 44, is as follows

(18)
r—Vt r+2¢— /s _ Loy THVE 20+ /s
Sp€C(Hp7q7q7p){ R . \/>’71(2p 2)70(2q 2)’ R 5 f .

Immediately from (17) and (18), we obtain Proposition 15.

Proposition 15. Let p and g natural numbers such that 1 < p < q. Then,
A2(Hp,q,q,0) = A2(Hp,g,q.p) + 7 — P

In the next proposition, we prove that for each n =0 (mod 4), Hzn oz ononis
a Py-join graph which is extremal to NGs-bound.

Proposition 16. If G ~ H, ; 4, then

/\2(Hp7q7q,p) + )‘2(Hp,q,q,p) =-1+ \/(q +6p — 2)(] + (p - 1)2-

n
Besides, the maximum value for the sum is attained if and only if p = {ZJ and

=[5

Proof. Consider the spectrum of Hy, , , » in (18) and Proposition 15. If n = 2(p+q),

. -1 2 _22
A2(G) + Xa(G) = —1+\/ s +8;p+(n 3

For a = v2/(n —1)2+1 > 0, define h : {n—avn—l—a] — R such that

4 4
14 V/—1622 —|—8;zx—|— (n— 2)2.

h(z) =

n—a n+a
As the function A is continuous in the interval { T 1— } and differ-

n—oa n+aoa
4 7 4

p is a positive number, A\2(G) + A\2(G) reaches the maximum value for p = L%J

n
entiable in ( ), h admits a maximum value at = = 1 Besides as

Consequentely, ¢ = [%—‘
O



A note on the Nordhaus-Gaddum type inequality to ... 133

5. CONCLUSION

By Harary [10], if G is a graph of order n > 6 then G or G has girth 3.
In the light of this result, the Propositions 3 and 11 enable us to conclude that
there exist many graphs of girth 3 for which the NGs-bound is verified. These
facts, in addition to the computational experiments performed for all graphs up to
8 vertices, lead us to conjecture the following result:

Conjecture 17. Let G be a graph on n vertices. Then,

2
A2 (G) + Xa(G) < —1+\/% —n+1,

with equality if and only if G ~ H , forn =0 (mod 4).
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