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The recurrence relation for the coefficients of higher order Bell polynomials,
i.e. of the Bell polynomials relevant to nth derivative of a multiple com-
posite function, is proved. Therefore, starting from this recurrence relation
and by using the computer algebra program Mathematica®, some tables for
complete higher order Bell polynomials and the relevant numbers are derived.

1. INTRODUCTION

The Bell polynomials [3] are a mathematical tool for representing the nth derivative
of a composite function. They are strictly related to partitions [1], [2], [21].

Several applications of the classical Bell polynomials have been considered in
[5], [7], [9] (in connection with [22]), [13], [14].

Some generalized forms of Bell polynomials appeared in literature, see e.g.
[11], [20]. Further generalizations can be found in [15], [16], and for the multi-
dimensional case in [6], [19].

In particular, in [15], the higher order Bell polynomials and their main prop-
erties were introduced and recently, in [18], a recursion formula for the polynomial
coefficients A,, ;, of the classical Bell polynomials was derived. This last result al-
lows to compute the complete Bell polynomials B,, and the relevant Bell numbers
by, for every integer n.

In this article, after recalling this theory, and by using a more compact nota-
tion borrowed from [6], we prove the recurrence relation formula for the polynomial
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coeflicients A ® of the rth order Bell polynomials, generalizing in this way the result
obtained in [18} Therefore, by using this formula and by means of the computer
algebra program Mathematica©7 we can obtain, for all integer n, tables of every
order complete Bell polynomials By[f ) and the relevant Bell numbers bw. Here, as
examples, we consider the cases r = 2,3,4,5.

It is worth to note that the higher order Bell numbers appeared in literature
as the McLaurin coefficients of a particular nested exponential function, while in
our approach they assume a more general meaning. To our knowledge, tables of
higher order Bell polynomials were never considered at all.

2. RECALLING THE BELL POLYNOMIALS

We recall that the Bell polynomials are a classical mathematical tool for
representing the n'" derivative of a composite function. In fact by considering
the composite function ®(t) := f(g(t)) of functions = = ¢g(¢t) and y = f(x)
defined in suitable intervals of the real axis and n times differentiable with respect
to the relevant independent variables and by using the following notations:

(1) O, = Dy(t),  fr = DL f(2)]amg gn = Dig(t),
and

(2) ([£,91,) = (f1, 915 for 925+ -5 frs )

they are defined as follows

(3) Yo ([f:91,) == @n.

For example one has:

Yi([f,9),) = fig,
Ya([f, gla) = f192 + f291,
Ya([f,9l3) = figs + f2(39201) + f393.

Further examples can be found in [21, p. 49].
Inductively, using the notation

[g]n = (917927“';971)7

we can write:
(4) = Anillgln) fr:
k=1

where the coefficient A, , forany k=1,...,n, isapolynomialin g1, g2, ..., gn,
homogeneous of degree k and isobaric of weight n (i.e. it is a linear combination of
monomials g’C ! gk2 -+ gFn whose weight is constantly given by kj+2ky+...+nk, =

For them the following result holds true:
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Proposition 1. The Bell polynomials satisfy the recurrence relation:

YO ([fag]()) = fl N
(5) Yos1 ([f, 9lnsn) = (Z) Yook ([f1:9)0—1) G+,
k=0

where
(If1, 9lnr) = (f2, 915 f3:925 - - -5 Frmkt1 Gnek)-

An explicit expression for the Bell polynomials is also given by the Faa di
Bruno formula [10]:

© =3 g s[5 5 [

7(n)

where the sum runs over all partitions 7(n) of the integer n (i.e. n=ji1+2j2+
-+ +mnj,), jn denotes the number of parts of size h and j=j; +jo+ -+ jn
denotes the number of parts of the considered partition. A proof of the Faa di
Bruno formula can be found in [21]. In [23] the proof is based on the umbral
calculus (see [24] and the references therein).

The following result gives us a recursion formula for the coefficients A,, j
which appear in the Bell formula (4) and are known as partial Bell polynomials.
It was proved in [18], but we will observe that it derives as a particular case of
Theorem 7 proved here in Section 3.

Theorem 2. We have, Vn:
(7) Apns11 = gnt1» Apyin = g0t

Furthermore, Vk = 1,2,...,n — 1, the A, coefficients can be computed by the
recurrence relation

n—k n
®) Ansiger(ghns) = 3 ( ) A (Ghr) g

h=0 h

The complete Bell polynomials, considered in literature, are defined by

(9) Bn([g]n) = Yn(LgU 1,g9;... 17971) = ZAn,k([g]n) s
k=1

and the Bell numbers by

(10) by =Yo(L L1151, = Ay p(1,1,...,1).
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3. BELL POLYNOMIALS OF ORDER r

In [6] the following extension of the classical Bell polynomials was achieved.

Consider  ®(t) := f(pM (@ (--- (" (t))))), i.e. the composition of func-
tions (") = (1), ..., 23 = p? (:v(3)), ) = M) (:r@)), y=1r (x(l)) defined
in suitable intervals of the real axis, and suppose that the functions ¢, ...,
0@ oM f are n times differentiable with respect to the relevant independent
variables so that, by using the chain rule, ®(¢) can be differentiated n times with
respect to t.

We use the following notations:

®), ;= DI'o(),
Ini= Dz(mf‘z(1>:¢(1>(...(¢(r)(t)))a
(11) pi) = Dl oy 0W] 4@ @) (. (o0 (1))

and
([fw(”w--"ﬂ(r)}n) = (f oo oD, o).

Then the n!" derivative of the function ® allows us to define the (one-

dimensional) Bell polynomials of order r, v,

(12) y I ([f,(p(l), N .,w)}n) — B,

For r = 1 we obtain the ordinary Bell polynomials v (11, (p(l)]n) =Y, ([, Lp(l)]n).
Note that we are considering here the one-dimensional case, while in [6] even the
multi-dimensional Bell polynomials were introduced.

, as follows:

The first polynomials have the following explicit expressions:

a3 v ([, ¢(1>7---7¢(’°)L) = figl el
v ([feWe] ) = 1o <<ﬂ§1) = wgr))Q + figy” <w§2) o wﬁ”)Z

2
+frpf o (<p§3) o <p§”> + fpt el ol Vel
In general, we have

(14) YL e, 0™ = ST Al (@, o) fre
k=1

]

Some useful properties, proved in [15], satisfied by the polynomials v, are the

following:
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Theorem 3. For every integer n, the polynomials Y,ET] are expressed in terms
of the Bell polynomials of lower order, by means of the following equation:

(15) vl ([f’¢(1)7.._’<p(r)]n) _y, ([f’y[?”*l] ([¢<1>,_”,¢<r>})]n)y

where

(e (e ))])
= (1 ([0 ] it b ([0 ] )

Theorem 4. The following recurrence relation for the Bell polynomials Yn[T] holds
true:

YO[T] ([f7@(1)7790(r)]0) = fl

ao | (U0 =3 ()

k=0

¥ (L], )V ([0,

where

([fl,@u)?.__,@(r)}

Theorem 5. The generalized Faa di Bruno formula holds true:

[1-1] (1) ) J1
(7] 1) ™ ) = n! 1T ([0 e])
ynr([m ,...790'“]”)_%jl!ﬁ!”.jn!fg -

)= (s o 2.

(17) X

Y2[j71] ([go(l)’ . (p(r)b) ] g2 N

YO ([0, o] )r
2! ’

n!

By putting, for every integer s (1 <s<r—1),
(2 () = g(t), feW (- (0P () = (@)
where z = g(t), the composite function ®(t) := f(oM(--- (") (t)))), can be written

as follows
®(t) = f9(t)).

Therefore the following result holds true:
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Theorem 6. For every integer n, the polynomials Y,ET] are expressed in terms
of the Bell polynomials of lower order, by means of the following equation:

Y ([£0@, . 0M])

e Yn([Y[S] (£, o®]), Ylr=s-1 ([W“),---,s&(”])] )

The complete Bell polynomials of order r, BLT ], are defined by the equation:

B ([¢M, ..., ) =YLV, ol el el))

-3 Atk (e 0] ).

and the rth order Bell numbers by

ol =yl =3 A ().
k=1

Now, in order to derive tables for complete higher order Bell polynomials B,[{'

]
and the relevant higher order Bell numbers bg ] , we generalize the result given in

Theorem 2, by means of the following theorem

Theorem 7. We have, Vn

r r—1 r
ALL—]l-l,l = YTI[,+1 } ([go(l)? N ?QO( )]n+1) )

(19) n+1 n+1
AL = (T (0,0 ) = ()

Furthermore, Vk = 1,2,...,n — 1, the r — th order partial Bell polynomials AZ’],C
satisfy the recursion:

Al

I (Mn, o ,@(r)]m) - f <Z> Al ([@“% . .,(pmh_h)

(20) h=0

<V ([0, ) -
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Proof. - According to equations (14) and (4), using Theorem 3, we can write

n+1
VL ([opst)], ) = iAnHk([ ] )

= Yn+1 (fla Yl[Til] ([Sﬂ(l)7 B SD(T):I 1) Yoy fn+17yn[,r U ([30(1) . 7¢(T)]n+1))

n+1

:E:Awka¢=u(POL“W¢ML),”J¢QH(P“%”w¢”h+3>fm

k=1

so that we find the following relations between the classical polynomial coefficients
and the r-th order ones:

AﬁHk(wuxuwmewJ
(21)
= A (7 ([0, 0)) 5 VT (000, )

Equations (19) can be obtained from relations (21), for k=1and k=n+1, as a
direct consequence of the definition of the ordinary coefficient A,,11 5 given in (4).
In order to prove equation (20), note that, taking into account the first relation in
(19), we can write the equation (14) in the form

n+1 ([fa yeee P n+1) kioAn-‘rl 1 ({90(1)’ . ~7<P(T)LH) et

= An+1 1 it Z An+1 kt1 ({V?(l), o <p(T)LH) Tkt

= IR (1 9) o A ([ 0] ) e

Furthermore, recalling equation (16);, the equation (16)s becomes
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L (16, )

_ - T\ y ] (1) () [r—1] (1) (r)

_};0 (h>Ynh(|:fla(p 7'--5907:|n_h> Yh+1 (|:(P a"-vﬁpTi|h+1)
= f1Y,£:11] ([ap(l), . .7%0(")],1“)

n—1
=5 (0 ([ess] ) ot (], )
h=0

so that, neglecting the first term in both the above sums, we find:

n

Z AE:]H,;@H ({w(l), o w(r)} 7l+1) Jrt1

k=1
= (n = (7] (1) (r) [r—1] (1) (r)
S50 (S (0], ) it (01,

and inverting summations by the Dirichlet formula:

Z AE:-]ﬁ-lJc-i—l <|:<)0(1)a SR (p(r):| n+1> fk+1
k=1

n n—~{
-3 (; (Z)AE:]_M ([gom, y "*"(”]H_J Yl <[¢(1)""’¢(”h+1>> foin.

Therefore, changing ¢ into k£ in the last formula and equating the coefficients of
fr+1, the equation (20) follows.

4. TABLES OF COMPLETE HIGHER ORDER BELL
POLYNOMIALS, FOR r =2,3,4,5

By using the recurrence relation (19)-(20) and by means of the computer
algebra program Mathematica® we can construct the complete Bell polynomials of
every order. We will limit ourselves to present here the very first of them. Putting,
for shortness: = M), y =@ 2 =B u=p® v =O and denoting by
indices the order of derivatives, we have found:
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Second order Bell polynomials:

([%Z/]l) = T1Y1;
BY ([2,9],) = 2393 + w2yf + 21123
B ([, y]y) = 23y} + 3w12ay + w3y} + 303192 + 3r2y1ye + 2195
B ([x,y),) = atyt + 623wayt + 303yt + dwrasyt + 2y} + 62dydys

+18x129y7Ys + 623yTy2 + 327y3 + 3T2y5 + 4xTY1ys + ATay1ys + T1Ys;

B ([x,y];) = 2397 + 100dayf + 15212397 + 10022393 + 1020255 + 5317433
+a5y) + 1021ytys + 60xiz2ytys + 3023y7ys + 402123y Y0 4 1024y7 Yo
+1523y1y2 + 4521 20y1y3 + 15231193 + 1023y3ys + 30m122y3y3 + 102392y3
+1022y2y3 + 1022y2y3 + 522y1y4 + 5T2y1Ys + 1195 -

Third order Bell polynomials:

3
B ([e,y.2],) = e
3
B ([2,y,2],) = zopna1 + 22yamy + 225202 + 22y3as;
B:[sg] ([z,y,2]3) = 23y121 + 321220221 + 25y321 + 321200707 + 323 y1y0a?
+23yi 0} + 32120y w0 + 32 yr1y0ma + 32F YT 20 + 2Py as;
B ([e,y, 2),) = 2zayna1 + 323y2m1 + 421239001 + 623220321 + 2hyazs
+323y30% + 421 23y307 + 1823 20y1y02? + 32yt + 42ty1yza?
+627 200727 + 62117y} + 2iyial + 323yi 22 + dz123yi e + 1823 20y11002
—|—3z‘11y§1:2 + 4z‘11y1y33:2 + 18zfz2yi)’x1x2 + 18z%y%y2x1x2 + 6z%yi‘x%x2
+3z‘fy‘fx% + GZ%ZQy%Tg + Gnyfygxg + 4z‘fy‘fz1x3 + zi‘yi‘m .

Fourth order Bell polynomials:

By ([, 2,uly) = wzrpan;

Bgl] ([2, 9, 2,uly) = ueziyrar +uizoyizn +uizfyeas +uizfyie] + uiziyias;

B:[;l] ([z,y, z,u]3) = usz1y121 + Buuz 2oy + U3 z3y1 11 + ugug2iyemy
+3uf 21 20y21 + US2PyYsw1 + SusueZPyia? + 3ufz 2oyt + 3ud2Pyiyaa?
+u3 23yt + Surua22yiag + 3udz 2oy re + 3ui 2 y1yaxe + 3udyia 1o
+uiziyies;

BEH ([z,y, 2,ul,) = waz1y121 + 3udzoy1@1 + duguszey1v1 + 6uuszsy 71
+u‘1*z4y1x1 + 3u§z%y2x1 + 4u1U3z%y2x1 + 18u%uzzlzgy2x1 + 3u‘llz§y2m1
Hutz z3y0xy + 6uduszPyzy + 6uiZZzoyswy + +uiziyamy + 3udziyia?
+uyuz2iyia? + 18udug 2y 2oyiaw? + 3uizdy?a? + duiz zzyia?
+18uug 23y Y223 + 18utz? 20y y22? + 3uiziysa? + dutziyiysa?
+oufuaeiyizt + 6uizfzoyiad + 6uiziyiyeat + uiziyiat + Sudzfyizs
+4u1U3z%y%x2 + 18u%qulzgyfx2 + 3u‘11z§y%m2 + 4u‘112123y%x2
+18u§ugzi”y1y2x2 + 18u‘llzfz'2y1y2x2 + Su‘{z‘fygxg + 4u‘fz§y1y3x2
+18uug 2 yiwiwe + 18ut2? 20ys w1 w0 + 18Ut 2ty yari 2o + 6uiziyizrizs
+3uiztyizd + 6udug2iyizs + 6utzizeyies + 6utziyiyews + duiztytarizs
+u‘fzily‘11x4 .
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Fifth order Bell polynomials:

BF] (['Ta Y,z,u, U]l) = V1U121Y1T1;

BY ([w,y, 2,u,v],) = vaur 21131 + viugzayi vy + vdud mayian + viudsymy
+otuizfyiat + viugztytes;

B:[>,5] ([x,y, z,u,v]3) = v3ur 13121 + Bviv2u221Y1 21 + viuzz1y1 1y
+31}102u%22y1x1 + 3vi”u1u2zzy1x1 + vi”ui”z;),yla:l + 3v1vgu%z%y2x1
+3@i‘u1u2z%y2x1 + 3v§u?z1zgy2x1 + v:fu‘;’z:fygml + 3v1U2u§z%y%x%
+3vurus 2yt + 3viudzy oy r? + 3viud 2y yea? + viudydad
+3v1vul 22y e + 3vusu 22 yirs + 3viud 21 20y + 3vUI 23y Y212
+3vdud 2t ya ag + viudfydas;

BE] ([, y, 2,u,v],) = vaurz1y121 + 3v3u221y1 21 + dv1v3U221Y1 T
+6vivouzziy1z1 + viuaziyizs + 3viuizoyiz + dvivsudzoy iz
+18U%v2u1u222y1x1 + 3v%u%zgy1x1 + 41)‘11u1u;322y1x1 + 6v%vgu§’23y1x1
+6U‘11u%u223y1x1 + U‘fu‘f&;yml + 3v§u%z%y2x1 + 4v1v3u%z%y2x1
+18v%vgu1qu%y2x1 + 3vfu§z%y2m1 + 4vfu1u;>,zfy2x1 + 18’0%’()211/?2122:(}23?1
—|—181)‘fu%uzz1zQy2x1 + 3v‘11u‘1lz§y2x1 + 4Ui‘u‘11z1Z3y2x1 + GU%vgu:{’z?ygwl
+6viutugzysmy + 6viuizizoysy + viutziyary + 3viuZya?
+dvyvgud 2iyia? + 18vivquiugziyia? + 3viud2iyia? + dviugug2iyia?
+18v2voui 2y 2oyia? + 18vTusug 2z 2oy a? + Sviuizdyia? + dviutzy zsy?a?
+18v3voud 23y Y223 + 18viudugziyryer? + 18viuizd 2oy Y223
+3viutziyaat + dviuiziyiysat + 6vivauizfyiat + 6viutusziytad
+6viuizizyiet + 6viuiziyiysat + viujziyie] + 3viuizfyizs
+dvyvgud 2iyizg + 18vivqurugziyicg + viud22yizs + dviuiuz2iyias
+18vFvaui 21 20yiwa + 18viuugzy 20y e + viuiz3yizs + dviutzizzyias
+18v3voud 231 Y2 e + 18V U U2 Y1 yowa + 18V UL 23 20y1 Y2 e + Sviuiziydws
+dvtutztyiysrs + 18v3vaud 23y v wa + 18viuFug 2y e 2o
+18viutz2 zoyiwiwe + 18viutziyysrize + 6viutziyiaas + 3viuiziyiad
+6vivaui 2y as + 6viuduaziyizs + 6viuizlzeyies + 6viutziyiyazs
+vtutztyteizs + viuiziyizg.

5. HIGHER ORDER BELL NUMBERS, FOR r = 2,3.4,5

It is worth to note that the sequences of higher order Bell numbers which
will be presented here appear in the Encyclopedia of Integer Sequences [25] under
the # A144150, arising from a problem of Combinatorial Analysis and even as the
McLaurin coefficients of the functions [4], [12]

exp(exp(exp(z) —1) — 1),

exp(exp(exp(exp(z) — 1) = 1) — 1),

exp(exp(exp(exp(exp(z) —1) = 1) = 1) = 1),

exp(exp(exp(exp(exp(exp(z) —1) = 1) = 1) = 1) — 1),
for the cases r = 2, r = 3, r = 4, r = 5, respectively, and so on for the subsequent
values of 7. Whereas in our approach they assume a more general meaning, as they
are independent of the functions f, ™M), ..., ().
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According to the above reference we have found, using the recurrence relation (19)-
(20) and by means of the computer algebra program Mathematica®, the following

sequences for the higher order Bell numbers bE], bE], b%], b?]7 (n=1,2,...,21):
n b2 b7
1 1 1
2 3 4
3 12 22
4 60 154
5 358 1304
6 2471 12915
7 19302 146115
8 167894 1855570
9 1606137 26097835
10 16733779 402215465
11 188378402 6734414075
12 2276423485 121629173423
13 29367807524 2355470737637
14 402577243425 48664218965021
15 5840190914957 1067895971109199
16 89345001017415 24795678053493443
17 1436904211547895 607144847919796830
18 24227076487779802 15630954703539323090
19 427187837301557598 421990078975569031642

20 7859930038606521508
21 150601795280158255827

11918095123121138408128
351369494911150177020241

n bl plo]
1 1 1
2 5 6
3 35 51
4 315 561
5 3455 7556
6 44590 120196
7 660665 2201856
8 11035095 45592666
9 204904830 1051951026
10 4183174520 26740775306
11 93055783320 742069051906
12 2238954627848 22310563733864
13 57903797748386 722108667742546
14 1601122732128779 25024187820786357
15 47120734323344439 924161461265888370
16 1470076408565099152 36223781285638309482
17 48449426629560437576 1501552062016443881514
18 1681560512531504058350 65615806216647567704054
19 61293054886119796799892 3014172185130478508636024
20 2340495383889150212466948  145182909448358007294714590
21 93417856359082371487510529  7315683185452671138995784017
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