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In this paper, we consider the Gauss-Lobatto quadrature formulas for the
Bernstein-Szegé weights, i.e., any of the four Chebyshev weights divided by a
polynomial of the form p(t) = 1— (1i7’1/)2t2’ where ¢t € (—=1,1) and v € (-1, 0].
Our objective is to study the kernel in the contour integral representation of
the remainder term and to locate the points on elliptic contours where the
modulus of the kernel is maximal. We use this to derive the error bounds for
mentioned quadrature formulas.

1. INTRODUCTION

The Gauss-Lobatto quadrature formula for a (nonnegative) weight function
w on the interval [—1,1] is given by

) [ S = XS () YA () M SO + Bl

where 7, are the zeros of the n-th degree (monic) orthogonal polynomial w2 (-) =
7L (-;wl) relative to the weight function w’(t) = (1 — t*)w(t), and R, (f) is the

n
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error term. It is known that the formula (1) has all the weights positive and the
degree of precision d = 2n + 1.

In this paper, w is one of the weight functions of Bernstein-Szegé type:

(1 _ tz)ﬂFl/z
(2) w(t) = wgﬂ/z)(t) =T te(-1,1), ~ve(-1,0],
~ @t

(1—)F1/2(1 4 ¢)*1/2
4
1= et

(3) w(t) = wffl/zil/z)(t) = , te(=1,1), ~e€(-1,0].

The four Chebyshev weight functions are special cases of (2), (3) with v = 0.
Denote the (monic) orthogonal polynomials relative to the weight functions
(2) and (3) by 7T£L:F1/2)(-) and 7T£L:F1/2’i1/2)(~), respectively.

Let f be an analytic function in a domain D which contains the interval
[-1,1], and let T be a simple closed curve in D surrounding [—1,1]. Then the
remainder term in (1) admits the contour integral representation

g Rolf) = 3 § Kal2) ),
where the kernel is given by
Kald) = e £ 1L
and 1 L
on(2) = [1 Z"f(tt)wL(t)dt.

The integral representation (4) leads to the error estimate

) R < 5 (max ()] ) (max £

2T zel

where [(T") is the length of the contour I'. We take the contour I" to be an ellipse
&, with foci at the points +1 and the sum of the semi-axes p > 1:

5p:{z€(C| z=c(utut), 0<0<27r}, u=pe®.

DN | =

The advantage of the elliptical contours, compared to the circular ones, is
that such a choice requires the analyticity of f in a smaller region of the complex
plane, especially when p is near 1.

The modulus of the kernel is symmetric with respect to the real axis. When
the weight function is even, i.e., given by (2), this modulus is symmetric with
respect to both axes, so it is sufficient to consider the interval [0, F].
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In this paper we will determine the locations on the ellipses where the kernel
has maximal modulus. Hence, we derive the error bounds (5) for quadrature (1)

with respect to the weight functions wg:Fl/Q) and w»(Y:Fl/Q’il/z).

The estimate (5) for the Gaussian quadratures with respect to the Chebyshev
weight functions was considered in [2] and [3]. Later it has been extended by Schira
in [10] to symmetric weight functions assuming monotonicity, and by Gautschi in
[1] and Hunter and Nikolov in [6] for the Gauss-Radau and Gauss-Lobatto quadra-
tures. For a different approach to the estimation of R,,(f), see [5]. An alternative
approach, which has initiated this research, has been proposed by S. Notaris [7].

Recently, we found some sufficient conditions for the modulus of the kernel
to be maximized on one of the axes for each p large enough (see [12], [13], [14]) for
Gaussian quadrature formulas relative to the weight functions of Bernstein-Szegd
type. This issue has been examined for the Gauss-Radau quadratures in [9], and for
the Gauss-Kronrod quadratures in [4]. A more general class of the Bernstein-Szeg
weight functions has been considered in [8].

1.1 Gauss-Lobatto quadrature with the weight wg 1/2)

Consider the formula (1) with w = wg—1/2) given by (2):

/ FOwl Y2 )t = QY (f) + RUVD(f),

Q) =2 ( +ZA ST NP ).

Since wﬁ(_lm)(t) =(1- )wg 1/2) = wgl/Q)( t), where w§1/2)(t) is given by
(2), we have (cf. [7], p. 5)
1 (1/2)
n t
6) oD () :/ ™ (1)
—1
where
(7) w2 (z) =

oA (2)

(1/2)(t)dt K(—1/2)( )=
w Y n z )
z—t 7 (1 - 22)xi?(2)

27 U2 =AU a(2)), m 1,

and U, is the Chebyshev polynomial of the second kind.
We write 2 = (u+u~')/2, where u = 2 + V22—l and u™! = 2 — V22 — 1.
Then we have

(8) Un(2) =
From (6) and (7) we get

un+1 _ u—n—l

u—u1!

UV = 1 ! Unv1— t2 di— L /1 Unp—2v1— t2 it
2n [ (zft)(l (1+ )2t2) 2n [ (zft)(l (1+ )2t2)
141)°
= U 4, ),

2n+27
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where (see formula (12) in [4])

k+1

2—VZZ_1)F Ty
pm [ TR i ol
—1 (2 =) — %) W(Z_\/ﬁ)k:r:);ﬁﬂ .k even.
p2— (-
It is easy to find that
(9) oA (2) = ;m for n>1.
Hence
(1= 2D () = — o @ = @ - ) - ),

Therefore, the expression for the kernel in (6) becomes

4m(1 4 7)?
u"*l('y _ u2)(un+1_ufn71 _ ,-Y(unfl_uf'rH»l))(u_ufl) !

(10)  K{7V2() =

In order to derive an upper bound for the modulus of K,,, we write
A) = |y —u?)? = p* — 2yp® cos 20 + 12,
(11) B(8) = |u—u"'|* = 2(ag — cos 26),
C0) = [u"™ —u™ =y — w2 = 2(a2p40 — cos(2n + 2)0)
+29%(agp o — cos(2n — 2)0) — 4y(azy, cos 20 — ay cos 2nh),
where a; = (p? + p~7)/2. Thus (10) can be written as

_Ar(1+9)* 1
ot A0)B(O)C(O)

(12) KD ()

In the main theorems in this paper we investigate asymptotic by inspecting
the leading coefficients only. This does not work in general, but in these cases it
does and there is a formal proof for that.

Theorem 1.1. For the Gauss-Lobatto quadrature formula (1) with the weight func-

tion w%‘l/”, where n > 1 and v € (—1,0), for each p large enough, the modulus of

the kernel (12) is mazimal on the real azis (0 = 0) if v > —1 and on the positive

imaginary semi-axis (0 = w/2) if v < —%, i.e.

KV (oY) for vz -4,
Kffl/z)(z)’ = whenever p > p*.

’Kr(flm (3(0=p™N)|s fory< -3,

max
z€E,

If n = 1, the modulus of the kernel (12) attains its mazimum value on the

real azis (0 =0).
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Proof. Using the notation from (11), we need to show that for 6y = 0 or 6y = 7/2
<

we have A(@)B%@)C(G) A(OU)B(leo)C(Go)7 i.e. that

Iy.0,(p) = A(0)B(0)C(6) — A(60) B(60)C(6o) = 0

holds for sufficiently large p and each 6 € [0, 7]. This will hold if and only if the
leading coefficient of Iy g,(p), written as a power series in p, is positive.

For 6 = 0 and 6 = /2 we have

A(0) = p* — 299 + 77, A(3) = p + 290 + 7,
B(0) = 2(az — 1), B(3) =2(az + 1),

C(0) = 2(agny2 — 1) + 29%(agn—2 — 1) — 4y(azn — az),

C(3) = 2asp42 + 27 as—2 + 4ya2, + (—1)"(2 + 27° — 4vyao).

For n = 1 the leading coefficient in Iy ¢(p) is 2(1 + 7v)(1 — cos 26), which is
positive for v € (—1,0) and each 6 € (0, 5].
Now we assume that n > 1.

The degree of Iy o(p) in p is at most 2n + 6 in p, and its coefficient at p>*+¢

is 2(1 4 2v) (1 — cos 20), which is positive for v > —1 and § € (0, 3].
Similarly, Iy . /2(p) has degree at most 2n+6 in p, and its coefficient at pnt6

is =2 (1 +27) (1 + cos 26), which is positive for y < —1 and 6 € [0, J).
Next, if v = f%, the part of Ipo(p) containing two highest powers of p is

5sin® 20p?" 4 + (24 2 cos 20 — 2 cos® 20 — 2 cos 66)p*" 2, for n =2,

3sin® 20p?" T + (2 + 2 cos 20 — 2 cos® 20 — cos 60) p>"+2, for n = 3,
3sin® 20p?" T + (1 + 2 cos 20 — 2 cos® 26) p*>" 2, for n > 3.
Thus the leading coefficient is trivially positive if 6 € (0, 7), whereas for 0 = 7 it
equals 4, 3 and 1, respectively. O

1.2 Gauss-Lobatto quadrature with the weight wgl/ 2)

Consider the formula (1) with w = w,(yl/Q) given by (2):

/ 1 FOwD(ydt = QYA (f) + RMA(f),
-1

QD (f) = AP F(=1) + AN FD) + AT F(1).

v=1
We have
L L(/2) /2
" t n
0072 (2) = / 777()“)5(1/2) (t)dt, K/ (z) = 0 L((f%) ;
1 z—t (1—2%)my (2)
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where w£(1/2) =(1- t2)w§1/2) and Wﬁ(l/?(g%)is the n-th (monic) orthogonal poly-

nomial relative to the weight function wsy . Thus, referring to Theorem 3.4 in
[7], we have
1
(13) rE (1) = o (2D - arMP®), n>1,
where 5
(14) a= DTIMTITT

dn—yn+1+7)
Now it follows that

2 2
o/ (2) = /1 T3 () — a2 (1)
" o (P=D(z—1)

Therefore, from (9) we get
m(4au?® — 1)(1 +~)?

1/2)(,) —
0P (z) = 22yt l(y2 — )

Moreover, substituting (7) and (8) in (13) yields

(1 — ) w2 (1)dt = oD (2) - ol P (=)

Q
(=m0 = g, oy

where Q = u"3 —u™"73 — (y +4a) (u ! — w7 + day(u ! — w1, Hence
(1 +7)%(4au? — 1)(u —ut)

W =) Q
In order to derive the upper bound for the modulus of the kernel, we write

(15) K2 (2) =

D(0) = |4au? — 1]* = 16a°p* — 8ap® cos 20 + 1,
E0) = |Q* = 2(aznis — cos(2n+6)0) + 2(y + 4a)*(agny2 — cos(2n+2)0)
+320%y*(ag, 2 — cos(2n—2)0
—4(y + 4a)(agn44 cos 20 — az cos(2n—+4)0)
+16y(agnt2 cos 460 — ay cos(2n+2)6)
—16ay(7y + 4a) (azn cos 20 — ag cos 2nh).
Then (15) yields

(16) ‘ Kgl/%(z)’ _ 7(1+9)* |B(0)D(9)

prtt ) AG)E®O)

where A and B are defined by the first two equations in (11).
Theorem 1.2. For the Gauss-Lobatto quadrature formula (1) with the weight func-
tion w§1/2), where n > 2 and v € (—1,0), the modulus of the kernel (16) is mazimal

on the positive imaginary semi-azxis (0 = w/2) for each p large enough, i.e.

) _
ko (o)

If n = 1, the modulus of the kernel is mazimal on the positive imaginary semi
azis (0 =m/2) for v < 1_2—‘/5 and on the real azis (0 =0) for v > 1-V5

2

*

max whenever p = p*.

2€€&,

K2 =
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If n = 2, the modulus of the kernel is mazimal on the positive imaginary
semi azxis (0 = w/2) for v < g1, and on the real axis (0 = 0) for v > g1, where
g1 ~ —0.0474 is the smallest zero of the polynomial —6~> + 23v2 — 20y — 1.

Proof. We need to show that for 6y = 0 or 6y = /2 we have igg;g((g)) < iggg;gé?ﬁ;,
ie.

19,0, (p) = B(60) D(60) A(0) E(0) — B(0)D(0)A(0o) E(6o) > 0
holds for sufficiently large p and each 6 € [0, T]. This will hold if and only if the
leading coefficient of Iy g,(p), written as a power series in p, is positive.

For § =0 and 6 = /2 we have
D(0) = 16a%p* — 8ap® +1, D(%) = 16a°p" + 8ap® + 1,
E(0) = 2(agnt6 — 1) + 2(y + 4a)*(aznt2 — 1) + 320%7*(az2p—2 — 1)
—4(y + 4a)(aznta — a2) + 16ay(aspio — aq) — 16ay(y + 4a)(az, — az),
E(%) = 2asn46 + 4(y + 4a)azn+a + (16ay + 2(7 + 4a)*)azn 42
+ 16ay(y + 4a)ag, + 320y az, o
+ (=D [242(y + 4a)?4+320% Y +4(y+4a) (1+4ary)az+16avay).
It is easily obtained that the degree of Iy /2(p) in p is at most 2n + 14, and
the coefficient at p?"*+14 is
8a(—16a* — 8ya + 4a + 1)(1 + cos 26),
which by (14) transforms into
8a(—2v3(n? — 1) +72(5n? + 4n — 5) — 4y(n? +n — 1) + n? — 5)
(14+v+n—n)?

If n > 2 and v € (—1,0), this is obviously positive for all 6 € [0, 7). Moreover, for
n =1 and n = 2 this coeflicient simplifies to

8a(—673 + 2372 — 20y — 1)
(y=3)°
which is positive on 6 € [0, 5) for v < % and v < g1, respectively.

(1 4 cos20).

8a(y? — 4 —1)(1 4 cos20) and

(1 4 cos 20),

Next, the coefficient in Iy o(p) at p** T4 is

8a(160” 4 8yar — 4o — 1)(1 — cos 26),

which is positive on 6 € (0, 5] for v > % ifn=1, and for v > g1 if n = 2.

Finally, for (n,v) = (1, 177\/5) and (n,7) = (2, ¢91) the expression Iy o(p) has
degree 2n + 12 in p. The leading coefficient is then
2(5—3g1) (—3g1 —4g3+4647—5691+9)
(3—91)
respectively, which is positive for each 6 € (0, 7. O

(1145V/5)(1— cos 40) and (1—cos46),
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1.3 Gauss-Lobatto quadrature with the weight w; (F1/2.£1/2)

(=1/2, 1/2)(75) _ wgl/l—l/?)(it)
(1/2,-1/2)

Since ws , it is enough to consider only the weight

function wy

(1/2,-1/2)

Consider the formula (1) with w = wy given by (3):

[ rou = Qe ) 4 B

n

Q%1/2,71/2 (f) = )\(1/2 —1/2)f JrZ>\(1/2 1/2)f( (1/2,— 1/2))+)\(1/2 —1/2)f( 1).

v=1

We have

(1/2,-1/2) ! 777%(1/27_1/2)(15) L(1/2,—1/2)

o0/21/2) () = 11 2 (g
1/2,—1/2
and K(1/2’_1/2) (Z) _ Q%/ / )(Z)
n (1- Zz)mf;(l/Z*l/Q) (z)7

where w$(1/2,—1/2) = (17t2)w§1/2’_1/2) =(1 ft)wgl/m( t) and 7 Lasz, 1/2)(15) is the

n-th (monic) orthogonal polynomial relative to the weight function wﬁ (1/2,-1/2)

From (3.23) and (3.21) in [7] we have

_ 1
A = w0 - Bl (1) for >,
where LG ) )
—y)n+
== > 0.
p 2(1—y)n+1+y

Now it follows from (9) that

1, (1/2) (1/2)
(1/2,-1/2) _ Tn+1 (t) = Bmn ' (t) 1 — w2 (H\dt = Bo~1/2) _ ,=1/2)
On (Z) /—1 (t _ 1)(2 _ t) ( )w’y ( ) ﬂgn Qn+1
7(28u — 1)(1 + 7)?
2n+1un(u2 _ ,Y) :

Moreover, substituting (7) and (8) into (17) yields

(1= 2wl W2=1D () = (4 1)@ P (2) - Brl/P(2))

1 U+ 1 n —n— n —n
:_Wu—l(u R L (VL
_2B(un+1 _ u—n—l) =+ 2B7(u"_1 _ u—n—l))'
Hence

ut(y—u?)- P u+1’
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where
P = un+2 o u7n72 o ,Y(un o ufn) _ 25(un+1 o ufnfl) + 25’)/(’&”71 o ufnfl).

In order to derive an upper bound for the modulus of the kernel, we write

F(0) = |2Bu—1]* = 48%p* — 4Bpcosf + 1,
G) = |u—1]* = p* —2pcosh +1,
H®) = [u+1]2 = p> +2pcosh +1,

J(0) = |P|* = 2(agni4 — cos(2n + 4)0) 4 27*(az, — cos 2nf)
+83%(agn+2— cos(2n + 2)0) + 83%4*(az,_2— cos(2n — 2)0)
—47(agn42 cos 20 — ag cos(2n + 2)6)
—80(agn+3 cosf — ay cos(2n + 3)0)
+857(agn+1 cos 30 — a3 cos(2n + 1)0)
+8pBy(azn+1 cosd — ag cos(2n + 1)6)
78672(@”_1 cos @ — ay cos(2n — 1)6)
—168%y(agy cos 20 — ay cos 2n0).

Then (18) yields
K(/2-1/2) ()] = 27 (1 4 7)? F(0)G(0) ’
o\ A0 H©)T0)
where A is defined by first equation in (11).

(19)

Theorem 1.3. For the Gauss-Lobatto quadrature formula (1) with the weight func-

tion w(1/2 2 where v € (—1,0), the modulus of the kernel (19) is maximal on
the negative real semi-axis (0 = ) for each p large enough, i.e.

2€E,

1
max |K (/212 (, )‘ _ ‘K£1/2,—1/2) (—2(p+p_1))‘ whenever p > p*.

Proof. We need to show that A(Ig)(le—l)(%?(e) < Alr )( )( g )( i.e. that

Iy(p) = F(m)G(m)A(0)H(6)J(0) — F(0)G(0)A(m)H (m)J () = 0

holds for sufficiently large p and each 6 € [0, 7].
The degree of Io(p) in p is 2n + 13, and the coefficient at p?**+13 is

4B(v* (2n? —4An + 1) + v (6 — 4n?) 4+ 2n* + 4n + 1)

1 .
(—ny+v+n+1)2 (14 cosf)

This is obviously positive for all n > 1, v € (—1,0) and € € [0, 7). One can show
that it is also positive for n =1, v € (—1,0) and 6 € [0, 7). O

Now the statement for the weight function wg_l/ 212 follows by symmetry.
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Theorem 1.4. For the Gauss-Lobatto quadrature formula (1) with the weight func-
tion wgfl/Q’l/Q), where v € (—1,0), the modulus of the kernel (19) is mazimal on

the positive real semi-azis (8 =0) for each p large enough, i.e.

1
s K7(L—1/2,1/2)(Z)‘ _ ’K£—1/2,1/2) (2(p+p_1)>’ whenever p> p*,
Z&Cp

2. NUMERICAL RESULTS

In theorems 1.1, 1.2 and 1.3 we proved that, given n and ~, the argument
6 of the maximum point z of the function |K,(z)| on £, eventually stabilizes at
some value 0y € {0,7/2,7} as p increases. The smallest p for which this happens
was denoted by p*. The tables below show, in each case, the value of p* obtained
experimentally, with four significant digits.

Table 1: The smallest possible corresponding value of p* from Theorem 1.1 in the
case of the weight function w,(flm) for n = 10.

v~ -099 -09 -08 -07 -06 -05 -04 -03 -02 -0.1
p* 1.006 1.056 1.097 1.133 1.183 1.001 1.001 1.001 1.001 1.001

Table 2: The smallest possible corresponding value of p* from Theorem 1.2 in the
case of the weight function wgl/Q) for n = 10.

v -099 -09 -08 -0v -06 -05 -04 -03 -0.2 -0.1
p* 1.006 1.054 1.092 1.124 1.152 1.179 1.204 1.229 1.255 1.282

Table 3: The smallest possible corresponding value of p* from Theorem 1.3 in the
case of the weight function w»(fl/2’1/2) for n = 10.
~ -099 -09 -08 -07 -06 -05 -04 -03 -02 -0.1

p* 1.001 1.001 1.001 1.001 1.001 1.001 1.001 1.001 1.001 1.001

EXAMPLE 1. Suppose that we want to approximate the integral

1
/ cos(t)wg_l/Q) (t)dt

-1

using the Gauss-Lobatto formula (1), where w(_1/2)(t) is given by (2). The function
f1(z) = cos(z) is entire and we have

1
max | cos(z)| = cosh(by), where b = —(p—p ).
z€E, 2

The length of the ellipse in (5) can be estimated by (cf. [11, Eq. (2.2)])
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1 _ 3 _ 5
l(gp) < L(p) = 271'&1 <1 — Za12 — @a14 — %al 6) s

where a; = 1(p+ p~'). Thus we get the error bound

dr(1+7) L(p) - cosh(by) )
= VA B#0)C0) )

|Ro(f) <7(f1) = inf (

where A, B,C' and 6, are described in Theorem 1.1.

In Table 4, this estimate is compared with the estimates (1.7) and (4.2) from

[7] and the actual error, denoted by f§NOt), féNOt) and Error, respectively.

Table 4: The values of #\" 7 (f1), 7N (f1), 7(f1), Error for some n and

~v € (—1,0) in the case of the weight function wg_l/Q).

nooy ngOt)(fl) f’éNOt)(fl) r(f1) Error

2 —09 1.36(-6) 4.43(—6) 4.09(—6)  1.33(—6)
5 —09 3.20(—14) 1.43(—13) 1.37(—13) 3.15(—14)
10 —09 1.33(—29) 7.96(—29) 7.78(—29) 1.32(—29)
20 —0.9 1.02(—65) 8.33(—65) 8.23(—65) 1.01(—65)
2 05 3.41(=5) 1.11(-4) 1.02(—4)  3.30(=5)
5 —0.5 8.01(—13) 3.58(—12) 3.43(—12) 7.86(—13)
10 —0.5 3.33(—28) 1.99(—27) 1.94(—27) 3.30(—28)
20 —0.5 2.54(—64) 2.08(—63) 2.06(—63) 2.53(—64)
2 01 1.11(—4) 3.63(—4) 3.32(—4) 1.07(—4)
5 —0.1 259(-12) 1.16(—11) 1.11(—11) 2.55(—12)
10 —0.1 1.08(-27) 6.45(-27) 6.30(—27) 1.07(—27)
20 —0.1 8.24(—64) 6.74(—63) 6.66(—63) 8.19(—64)

3. CONCLUDING REMARKS

For one class of Bernstein-Szegé weights for analytic integrands, explicit error
bounds were obtained in [12], [13], [14] for Gaussian quadrature formulas, and in
[9] and [4] for Gauss-Radau and Gauss-Kronrod quadrature formulas. In this paper,
we continue with the analogous analysis for Gauss-Lobatto quadrature and obtain
the error bounds. Numerical examples are also included.

Acknowledgements This article was supported by the Serbian Ministry of Ed-
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