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Burcin Simsek, Satish Iyengar ∗

We consider the problem of computing tail probabilities — that is, probabil-
ities of regions with low density — for high-dimensional Gaussian mixtures.
We consider three approaches: the first is a bound based on the central and
non-central χ2 distributions; the second uses Pearson curves with the first
three moments of the criterion random variable U ; the third embeds the dis-
tribution of U in an exponential family, and uses exponential tilting, which
in turn suggests an importance sampling distribution. We illustrate each
method with examples and assess their relative merits.

1. INTRODUCTION

Suppose that X has the following finite Gaussian mixture probability density
function (pdf) in Rd:

(1) f(x) =

c∑
i=1

γiφ(x|µi,Σi),

where

φ(x|µ,Σ) = φd(x|µ,Σ) = |2πΣ|−1/2 exp

[
−1

2
(x− µ)′Σ−1(x− µ)

]
,

∗Corresponding author. Satish Iyengar

2010 Mathematics Subject Classification. Primary 60E05; 62E20; 41A60; 33C20.
Keywords and Phrases. Chi-square, exponential family, exponential tilting,
non-central chi-square, Pearson curves.

871



872 Burcin Simsek, Satish Iyengar

is the Gaussian pdf with mean µ and covariance matrix Σ, |2πΣ| is the determinant
of 2πΣ, and the mixing weights are γi ≥ 0 with

∑
i γi = 1. Having observed [X = a],

we address the problem of estimating the tail probability

(2) pt = P [U = f(X) ≤ f(a) = t].

We call U the criterion (random) variable, and denote its pdf and cdf as g(u) and
G(u), respectively. Such problems arise in several contexts: for example, see [3, 7]
for genetic and psychiatric applications of mixture distributions. More generally,
as the sizes of data sets increase, it is often the case that the data are a mixture
of several homogeneous distributions rather than a single one. And in a streaming
data environment, the occurrence of an observation that is highly unlikely under
any of the current component pdfs fi(x) = φ(x|µi,Σi) may signal the emergence
of a new cluster. Thus, given an observation from a mixture distribution, deciding
whether a particular observation is unusual or not requires the evaluation of (2).

In this paper, we suggest three approaches for this problem: in Section , we
derive bounds based on the central and non-central χ2 distributions; in Section we
show how to compute and use the moments of U = f(X) to estimate it; in Section
, we use exponential tilting instead; in Section we illustrate these approaches with
examples and end with a discussion of the methods’ relative merits.

2. χ2 BOUNDS

Let M be the mixing random variable with P (M = i) = γi, and write

fi(x) = φ(x|µi,Σi) for the pdf of the ith component. The probability of interest is

pt =

c∑
i=1

γiP [f(X) ≤ t|M = i] =

c∑
i=1

γiP

 c∑
j=1

γjfj(X) ≤ t|M = i


≤

c∑
i=1

γiP [γifi(X) ≤ t|M = i] =

c∑
i=1

γiP
[
fi(X) ≤ γ−1

i t|M = i
]
.

Now let Qi = (X − µi)′Σ−1
i (X − µi) and let t > 0. Then

P [fi(X) ≤ u|M = i] = P
(
Qi ≥ −2 ln

[
u|2πΣi|1/2

]
|M = i

)
.

Given [M = i], the conditional distribution of Qi is χ2
d; thus, the upper bound in

(3) pt ≤
c∑
i=1

γiP

(
Qi ≥ −2 ln

t|2πΣi|1/2

γi

)
,

is easy to compute. The performance of (3) will be assessed in Section .
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The inequality above is valid because a sum of nonnegative numbers is at
most t implies that each summand is at most t. The choice of j = i gives a chi-
square expression; if we choose j 6= i, we have a more involved calculation. In
particular, we have

P (f(X) ≤ t) =

c∑
i=1

γiP [f(X) ≤ t|M = i] =

c∑
i=1

γiP

1

c

c∑
j=1

γjfj(X) ≤ t

c
|M = i


≤

c∑
i=1

γi

c∑
j=1

P

[
γjfj(X) ≤ t

c
|M = i

]
(4)

=

c∑
i=1

γi

c∑
j=1

P

[
Qij ≥ −2 ln

t|2πΣj |1/2

γjc
|M = i

]
,

where Qij = (X − µj)′Σ−1
j (X − µj) when [M = i] and X is a N(µi,Σi) random

vector. This because if the average of positive numbers is less than t/c, then at
least one of them must be less than t/c. Now, conditional on [M = i], X is a

N(µi,Σi) random vector which we can represent as X = Σ
1/2
i Z + µi, where Z is a

N(0, I) random vector. Thus,

Qij = (Σ
1/2
i Z + µi − µj)′Σ−1

j (Σ
1/2
i Z + µi − µj)

=
(
Z + Σ

−1/2
i (µi − µj)

)′
Σ

1/2
i Σ−1

j Σ
1/2
i

(
Z + Σ

−1/2
i (µi − µj)

)
.(5)

Using the spectral decomposition Σ
1/2
i Σ−1

j Σ
1/2
i = Γ′ijDijΓij , conditional on [M = i]

we have
Qij

d
= (Z + νij)

′Dij(Z + νij),

where νij = ΓijΣ
−1/2
i (µi−µj), and

d
= means having the same distribution. Finally,

just as in (4) we have another upper bound

(6) P (U ≤ t) ≤
c∑
i=1

c∑
j=1

γiP

(
Qij ≥ −2 ln

t|2πΣj |1/2

γjc

)
.

The distribution of Qij is a weighted sum of noncentral χ2
1 random variables, with

weights equal to the eigenvalues of Dij . This bound in (6) involves a double sum,
but each term is small because t is replaced by t/c and it involves the probabilities
of a N(µi,Σi) random vector being outside an ellipsoidal contour of a N(µj ,Σj)
distribution, which can be quite small for well separated components. However,
because the distribution of Qij is difficult, we will not assess this bound in Section
5.

Due to the poor performance of both (3) and (6) bounds, we argue for other
methods that can provide better approximations, to which we turn next.
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3. PEARSON CURVE APPROXIMATION

The cumulative distribution function (cdf) of U appears to be intractable;
however, we will see below that all of its moments are tractable because they can be
expressed in terms of the Gaussin pdf at 0. Because U is a bounded (nonnegative)
random variable, its moments determine its distribution. Now, if the parameters
{(γi, µi,Σi) : i = 1, . . . , c} are all known, classical methods due to Chebyshev and
others can bound the cdf of U using those moments [8]. Such bounds can be hard
to compute when using many moments; and even though these bounds are best
in the tails, they can be quite loose, at least in relative terms [6]. On the other
hand, if the parameters are estimated from data, then it is prudent to use only low
order moments of U because the higher order ones are typically highly variable. In
particular, we can use Pearson curves [9] to approximate the distribution of U : in
general, four moments are needed to do a Pearson fit; however, for a nonnegative
random variable, only the first three moments along with the lower endpoint at the
origin suffice. We will see below that the number of terms needed to compute the
first three moments is on the order of c4, so they are tractable unless c is very large.

For the problem at hand, let let Ĝ3(u) be the Pearson curve approximation to
G(u) based on the first three moments. Of course, comparing the cdfs is equivalent
to comparing the quantiles G−1(p) with those of Ĝ−1

3 (p). We next compute the
first three moments of U .

The moments of U = f(X) are

(7) E[Un] = E[f(X)n] =

∫
Rd
f(x)n+1 dx.

The integrand in (7) is a polynomial in Gaussian pdfs. Fortunately, products and
powers of those pdfs are proportional to other Gaussian pdfs. In particular, upon
completing the square we have

(8)

p∏
i=1

φ(x|νi, Ci) =

∏p
i=1 φ(0|νi, Ci)
φ(0|ν, C)

φ(x|ν, C),

where

C−1 =

p∑
i=1

C−1
i and ν = C

p∑
i=1

C−1
i νi.

Such expressions also appear in product of experts models [5], for example in speech
recognition [1]. Integrating such products is easy:∫

Rd

p∏
i=1

φ(x|νi, Ci) dx =

∏p
i=1 φ(0|νi, Ci)
φ(0|ν, C)

∫
Rd
φ(x|ν, C) dx

=

∏p
i=1 φ(0|νi, Ci)
φ(0|ν, C)

.(9)
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When νi ≡ ν0 and Ci ≡ C0,

(10) φ(x|ν0, C0)p =
φ(0|ν0, C0)p

φ(0|ν0, C0/p)
φ(x|ν0, C0/p) =

φ(0|0, C0)p

φ(0|0, C0/p)
φ(x|ν0, C0/p);

note that (10) is valid for all p > 0, not just integers. Using these formulas, we now
present explicit expressions for the first three moments of U .

First moment. For the parameters in (1) and (2), let αi = γiφ(x|µi,Σi). Using
the identity (

c∑
i=1

αi

)2

=

c∑
i=1

α2
i + 2

∑
i<j

αiαj

and equations (4), (5), and (6), the mean of U is

(11) E(U) =

c∑
i=1

γ2
i

φ(0|0,Σi)2

φ(0|0,Σi/2)
+ 2

∑
i<j

γiγj
φ(0|µi,Σi)φ(0|µj ,Σj)

φ(0|µij ,Σij)
,

where

Σ−1
ij = Σ−1

i + Σ−1
j and µij = Σij(Σ

−1
i µi + Σ−1

j µj).

Second moment. Next, using the identity(
c∑
i=1

αi

)3

=

c∑
i=1

α3
i + 3

∑
i 6=j

α2
iαj + 6

∑
i<j<k

αiαjαk

the second moment of U is

E(U2) =

c∑
i=1

γ3
i

φ(0|0,Σi)3

φ(0|0,Σi/3)
+ 3

∑
i 6=j

γ2
i γj

φ(0|µi,Σi)2φ(0|µj ,Σj)
φ(0|µ21

ij ,Σ
21
ij )

+ 6
∑
i<j<k

γiγjγk
φ(0|µi,Σi)φ(0|µj ,Σj)φ(0|µk,Σk)

φ(0|µ111
ijk ,Σ

111
ijk )

(12)

where

[Σ21
ij ]−1 = (2Σ−1

i + Σ−1
j ), µ21

ij = Σ21
ij (2Σ−1

i µi + Σ−1
j µj),

[Σ111
ijk ]−1 = (Σ−1

i + Σ−1
j + Σ−1

k ), and µ111
ijk = Σ111

ijk (Σ−1
i µi + Σ−1

j µj + Σ−1
k µk).
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Third moment. Finally, using the identity(
c∑
i=1

αi

)4

=

c∑
i=1

α4
i + 4

∑
i 6=j

α3
iαj + 6

∑
i<j

α2
iα

2
j

+ 12
∑

j<k,i6=j,k

α2
iαjαk + 24

∑
i<j<k<l

αiαjαkαl,

the third moment of U is

E(U3) =

c∑
i=1

γ4
i

φ(0|0,Σi)4

φ(0|0,Σi/4)
+ 4

∑
i 6=j

γ3
i γj

φ(0|µi,Σi)3φ(0|µj ,Σj)
φ(0|µ31

ij ,Σ
31
ij )

+ 6
∑
i<j

γ2
i γ

2
j

φ(0|µi,Σi)2φ(0|µj ,Σj)2

φ(0|µ22
ij ,Σ

22
ij )

+ 12
∑

i 6∈{j,k};j<k

γ2
i γjγk

φ(0|µi,Σi)2φ(0|µj ,Σj)φ(0|µk,Σk)

φ(0|µ211
ij ,Σ211

ij )
(13)

+ 24
∑

i<j<k<l

γiγjγkγl
φ(0|µi,Σi)φ(0|µj ,Σj)φ(0|µk,Σk)φ(0|µl,Σl)

φ(0|µ1111
ijkl ,Σ

1111
ijkl )

,

where

[Σ31
ij ]−1 = (3Σ−1

i + Σ−1
j ), µ31

ij = Σ31
ij (3Σ−1

i µi + Σ−1
j µj),

[Σ22
ij ]−1 = (2Σ−1

i + 2Σ−1
j ), µ22

ij = Σ22
ij (2Σ−1

i µi + 2Σ−1
j µj),

[Σ211
ijk ]−1 = (2Σ−1

i + Σ−1
j + Σ−1

k ), µ211
ijk = Σ211

ijk (2Σ−1
i µi + Σ−1

j µj + Σ−1
k µk),

[Σ1111
ijkl ]−1 = (Σ−1

i + Σ−1
j + Σ−1

k + Σ−1
l ), and

µ1111
ijkl = Σ1111

ijkl (Σ−1
i µi + Σ−1

j µj + Σ−1
k µk + Σ−1

l µl).

Using these moments, we use the program provided by Davis and Stephens [4] to
compute the quantiles of the corresponding Pearson curve: see Section 5.

4. EXPONENTIAL TILTING AND IMPORTANCE SAMPLING

In this section, we embed the distribution of U in an exponential family and
then use exponential tilting to suggest an importance sampling procedure [2]. We
first show that the resulting procedure has smaller variance than simple Monte
Carlo; we then deal with the problems of computing the appropriate importance
sampling distribution and how to generate samples from it. These computational
details can be cumbersome; however, if in practice the parameters of the mixture
are not changing, then these computations should be tractable for routine use.
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Let K(θ) = lnE(eθU ) be the cumulant generating function (cgf) of U , and
construct the exponential family {gθ(u) : θ ∈ R}, where

(14) gθ(u) = eθu−K(θ)g(u)

is the pdf of the tilted distribution; note that g0 = g. Let Pθ and Eθ indicate
the probability and expectation corresponding to gθ. We need the following facts.
Since U is a bounded positive random variable, K(θ) exists for all θ. As θ → −∞,
the tilted distribution concentrates near zero. Note that K ′(θ) = Eθ(U) and
K ′′(θ) = varθ(U) are both positive, so K(θ) is strictly increasing and convex.
We assume that f(a) = t < E0(U), because we are interested in low-probability
events; thus, the solution to K ′(θ) = t is θt < 0.

Now let V have pdf gθt , so that Eθt(V ) = t by construction. From the
expressions

pt = P (U ≤ t) = E0[I(U ≤ t)]
and

pt = P (U ≤ t) =

∫ t

0

e−θtv+K(θt)gθt(v)dv = Eθt

[
e−θtV+K(θt)I(V ≤ t)

]
we have the following two Monte Carlo estimates of pt:

(15) p̂t =
1

B

B∑
b=1

I(Ub ≤ t) and q̂t =
1

B

B∑
b=1

e−θtVb+K(θt)I(Vb ≤ t).

Both estimators are unbiased, so to compare them we consider their second mo-
ments with a simulation sample size of B = 1:

E0(p̂2
t ) = pt.

and

(16) Eθt(q̂
2
t ) =

∫ t

0

e−2θtv+2K(θt)gθt(v)dv =

∫ t

0

e−θtv+K(θt)g(v)dv.

Now consider the exponent [K(θt)− θtv] here. For 0 < v < t, we have

(17) K(θt) < K(θt)− θtv < K(θt)− θtt = K(θt)− θtK ′(θt)

because θt < 0. The upper bound in (17) has the form

h(θ) = K(θ)− θK ′(θ),

for which h′(θ) = −θK ′′(θ). Since K ′′(θ) is positive, h has a maximum of h(0) = 0
at θ = 0 and is strictly decreasing as θ moves away in either direction. In short,
h(θ) < 0 for θ 6= 0, so from (16) we have

(18) E(q̂2
t ) =

∫ t

0

e−θtv+K(θt)g(v)dv ≤ eh(θt)

∫ t

0

g(v)dv < pt.
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Thus, the second moment (and hence the variance and coefficient of variation) of
p̂t is smaller than that of q̂t.

We end this section with a few comments about the exponential tilting
method for approximating tail probabilities.
1. It is easy to simulate from the tilted distribution when θ < 0. First generate X
from the Gaussian mixture in (1); next, construct the criterion variable U = f(X);
finally, retain it with probability eθU . The resulting random variable will have pdf
gθ. Note, however, that when θ is much less than zero, the retention probability is
typically quite small, making this scheme potentially inefficient. Thus, although q̂t
has smaller variance than q̂t, the inefficient sampling scheme could well make the
simpler p̂t competitive.

2. To determine θt, we must solve the equation

t = K ′(θ) = Eθ(U) =
E(UeθU )

E(eθU )
.

If the parameter values of the mixture do not vary over a time period of interest, we
can compute and store K ′(θ) for various values of θ < 0 using Monte Carlo; then
for an observed value of a we could use those stored values to bound the search and
then solve for θt using elementary algorithms such as bisection or golden section
search.

3. Next, although exponential tilting suggests q̂t, additional information about the
left tail of g may suggest even better importance sampling procedures. Consider the
following analog: the right tail of the standard normal Z, τa = P (Z > a) = Φ(−a)
for large a. The simple Monte Carlo estimate is

τ̂1 = I(Z > a).

A useful function in this context is Mills’ ratioM(a) = P (Z ≥ a)/φ(a) = Φ(−a)/φ(a),
which is a decreasing function of a; and for a > 0 it satisfies

(19)
a

1 + a2
< M(a) <

1

a
, so that τa ∼

φ(a)

a
.

Using these inequalities, we can show that the squared coefficient of variation of
this estimate is CV 2(τ̂1) = (1 − τa)/τa ∼

√
2πaea

2/2 as a → ∞; thus the relative
error grows rapidly with a. Next, we move the distribution to have mean a by an
exponential tilt: the expression

τa =

∫ ∞
a

φ(x)

φ(x− a)
φ(x− a)dx =

∫ ∞
0

e−ax−a
2/2φ(x)dx

yields the estimator τ̂2 = e−aZ−a
2/2I(Z ≥ 0) for which E(τ̂2

2 ) = ea
2

Φ(−2a). Thus,
CV 2(τ̂2) ∼ a

√
π/2 as a → ∞, so that the relative error grows much more slowly
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than for simple Monte Carlo.

However, consider the following heuristic argument. IfX has pdf f , l’Hôpital’s
rule says that with suitable regularity the asymptotic behavior of P (X > a)/f(a)
is the same as that of r(α) = −f(a)/f ′(a). Assuming such regularity, the integral
on the right in

(20)

∫ ∞
a

f(x)dx = r(a)f(a)

∫ ∞
0

f(x+ a)

r(a)f(a)
dx

approaches 1 as a → ∞. Because it is bounded away from 0 it can be estimated
readily with good relative accuracy. For the normal distribution r(a) = 1/a, and
(20) is ∫ ∞

a

φ(x)dx =
φ(a)

a

∫ ∞
0

aφ(x+ a)

φ(a)
dx =

φ(a)

a

∫ ∞
0

e−x
2/2ae−axdx;

hence the estimator τ̂3 = a−1φ(a)e−T
2/2 where T has an exponential pdf with mean

1/a. In this case, the Mill’s ratio inequalities show that CV 2(τ̂3) ∼ 2/a2 as a→∞.
Thus, CV 2(τ̂3) tends to zero as a increases so that the estimator’s relative accuracy
improves as the probability tends to zero. It is easy to see that this estimator also
results from the (importance) sampling pdf h(t) = ae−a(t−a) for t ≥ a.

Returning to the importance sampling for the Gaussian mixture problem, as
calculations are done for various values of t, the information we gain about the left
tail of U may well point to an importance sampling pdf (such as the exponential
for the Gaussian tail) that is much easier to generate from, making the resulting
estimate more efficient and more accurate than τ̂1.

5. AN EXAMPLE

We now assess the accuracy of the χ2 bound, the Pearson curve approxima-
tion, and the exponential tilting method with one example; we do not assess the
bound based on the non-central χ2 distribution because it is rather unweildy. The
parameter values are the following: first, the dimension, number of components
and weights are

d = 3, c = 7, γi =
8− i
28

, respectively.

The seven component means are

µ1 µ2 µ3 µ4 µ5 µ6 µ7

0 1 -1 0 0 0 0
0 0 0 1 -1 0 0
0 0 0 0 0 1 -1
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and the covariance matrices are

Σ1 = Σ4 = 0.2I, Σ2 = Σ5 = 0.2I + 0.05J,

Σ3 = Σ6 = 0.2I − 0.05J, Σ7 = 0.2I + 0.1J.

where I is the identity matrix and J = [Jij ] with Jij ≡ 1.

χ2 bound in equation (3):
For the tail probabilities of 0.01, 0.025, 0.05, and 0.1, we obtain the values of the
χ2 bound in equation and summarize them below:

χ2 upper bound for the tail probabilities
t 0.002 0.007 0.014 0.028

Upper bound of pt in (3) 0.04622 0.13789 0.24474 0.41277

Note that pchisq with lower.tail=FALSE command in R package is used to obtain
χ2 upper bound for the given tail probabilities. As stated in Section 2, χ2 bound
in equation (3) performs poorly, so we propose the following approximations.

Pearson curve approximation:
For the probabilities given in the table below, we used the program in [4] to compute
the quantiles using Pearson curves. We then used simulation with 100,000 replicates
to estimate the quantiles directly.

Quantile estimates from Pearson Curves (PC) and Simulation
probability 0.01 0.025 0.05 0.1
PC quantile 0.00140 0.00313 0.00665 0.01321

Simulated quantile 0.00101 0.00274 0.00559 0.01209

The Pearson curve approximations appear to fairly close to the simulation esti-
mates; of course, more work is needed to assess the Pearson curve estimate for
smaller probabilities.

Exponential tilting
We will first outline the algorithm to generate random variables from an exponen-
tially tilted distribution given one from the normal mixture for θ > 0:

• Draw a random variable from Gaussian mixture probability density function
f(x) described in equation (1) assuming N = 10000. From these random
sample, compute the bounded positive random variables ui where Ui = f(Xi).

• Obtain quantiles of U correspondence to 0.01, 0.025, 0.05, and 0.1. Store
them q01, q025, q05, and q10. Now, let t1 = q01, t2 = q025, t3 = q05, and
t4 = q10.

• Next, for i = 1, 2, 3, 4 find values of θi so that ti = K ′(θi) = E(UeθiU )

E(eθiU )
.
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• Now, flip a coin with probability eθui for ui > 0 and θ < 0. If the coin comes
up heads, keep the random variable; otherwise toss it out.

• Use the random variables that are retained to calculate the Monte Carlo (MC)

quantile estimate of pt: q̂t = 1
B

∑B
b=1 e

−θtVb+K(θt)I(Vb ≤ t).

Quantile estimates from Exponential Tilting
probability 0.01 0.025 0.05 0.1

MC quantile estimate 0.00164 0.00395 0.00689 0.01388
Simulated quantile 0.00101 0.00274 0.00559 0.01209

6. CONCLUSION

Three approaches have been used to address the problem of computing tail
probabilities of Gaussian mixtures. The numerical example showed that approx-
imation based on χ2 bound performs quite poorly, as expected; Pearson curve
approximation and exponential tilting approach provides better approximation.
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