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DIFFERENTIAL TRANSCENDENCE OF SOLUTIONS
OF SYSTEMS OF LINEAR DIFFERENTIAL EQUATIONS

BASED ON TOTAL REDUCTION OF THE SYSTEM

Ivana Jovović

In this paper we consider total reduction of the nonhomogeneous linear system of

operator equations with constant coefficients and commuting operators. The totally

reduced system obtained in this manner is completely decoupled. All equations of

the system differ only in the variables and in the nonhomogeneous terms. The

homogeneous parts are obtained using the generalized characteristic polynomial of

the system matrix. We also indicate how this technique may be used to examine

differential transcendence of the solution of the linear system of the differential

equations with constant coefficients over the complex field and meromorphic free

terms.

1. INTRODUCTION

One way to solve a linear system of operator equations with constant
coefficients is to decompose it into several subsystems using Jordan canonical form.
Every subsystem of the reduced system corresponds to one block of Jordan canon-
ical form of the system matrix. These subsystems are uncoupled, so we may solve
each of them separately, and then simply assemble these individual solutions
together to obtain a solution of the general system.

If the field of coefficients is not algebraically closed, Jordan canonical form of
a matrix can only be obtained by adding a field extension. The rational canonical
form of a matrix is the best diagonal block form that can be obtained over the field of
coefficients and it corresponds to the factorization of the characteristic polynomial
into invariant factors without adding any field extension. In [9] the idea to use the
rational instead of Jordan canonical form to reduce a linear system of first-order
operator equations to an equivalent partially reduced system was introduced. The
reduced system consists of higher-order linear operator equations in one variable
and first-order linear operator equations in two variables.
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Another method for solving a linear system of first-order operator equations
which does not require a change of basis is discussed in [10]. The system is reduced
to a totally reduced system, i.e., to a system with separated variables, by using
the characteristic polynomial ∆B(λ) = det(λI − B) of the system matrix B. This
system consists of higher-order operator equations which differ in variables and
nonhomogeneous terms. In order to obtain the totally reduced system we need the
recurrence for calculating coefficients of the adjugate matrix of the matrix λI −B.

In [3] we consider a total reduction of a linear system of operator equations
with the system matrix in the companion form, by finding the adjugate matrix
of the characteristic matrix of the system matrix. We also indicated how this
technique may be used to connect differential transcendence of the solution with
the coefficients of the system.

Here we expand our research to nonhomogeneous linear systems of operator
equations with constant coefficients involving more than one operator.

The paper [2] deals with the total reduction of the systems of this form in
two or three variables. Some applications of the total reduction method for solving
systems of differential equations also can be found there.

Partial reduction of nonhomogeneous linear systems of operator equations
involving more than one operator with the system matrix in the companion form
is considered in [4]. The obtained equivalent system consists of linear operator
equations having only one or two variables. Homogeneous part of the equation in
one unknown is obtained using generalized characteristic polynomial of the system
matrix.

The paper is organized as follows. In Section 2 total reduction of linear
systems with commuting operators will be presented. As a consequence of the
method, in Section 3 we will obtain a connection between differential transcendence
of the solution of a linear system of first-order differential equations where exactly
one nonhomogeneous part is a differentially transcendental meromorphic function,
and the values of the sums of the principal minors of submatrices of the system
matrix.

2. THE TOTAL REDUCTION OF A LINEAR SYSTEM WITH
COMMUTING OPERATORS

2.1. The generalized characteristic polynomial

The matrix

B(~λ) =


λ1 − b11 −b12 . . . −b1n
−b21 λ2 − b22 . . . −b2n

...
...

. . .
...

−bn1 −bn2 . . . λn − bnn

 = diag(λ1, λ2, . . . , λn)−B

is called the generalized characteristic matrix of B ∈ Kn×n. The determi-
nant ∆B(~λ) = ∆B(λ1, λ2, . . . , λn) of the matrix B(~λ) is called the generalized
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characteristic polynomial . This construction generalizes the bivariate case of
generalized characteristic polynomial from [16]. If the generalized characteristic
polynomial is considered as a polynomial in variables λ1,λ2,. . . ,λn, then the co-
efficient of the term λψ1

λψ2
. . .λψr , 1 ≤ r ≤ n, ψ1 < ψ2 < · · · < ψr, is equal

to the principal minor of B corresponding to the set {ψr+1, ψr+2, . . . , ψn} multi-
plied by (−1)n−r. Let Sn denote the set of all permutations of {1, 2, . . . , n} and
let p(φ) denote the number of inversions in the permutation φ ∈ Sn. Then we

have ∆B(~λ)=
∑
φ∈Sn(−1)p(φ)(λ1δ1φ1 − b1φ1)(λ2δ2φ2 − b2φ2) . . . (λnδnφn − bnφn), for

δiφi =

{
1, i = φi
0, i 6= φi

. The coefficient of the term λψ1λψ2 . . . λψr in the polynomial

∆B(~λ) is the expression

(−1)n−r
∑
φ∈Sn

(−1)p(φ)δψ1φψ1
δψ2φψ2

. . . δψrφψr bψr+1φψr+1
bψr+2φψr+2

. . . bψnφψn .

The sum in the above expression is the determinant of a matrix obtained from the
matrix B by replacing rows ψ1, ψ2, . . . , ψr with rows ψ1, ψ2 . . . , ψr of the n × n
identity matrix. Using the row operation which involves replacing a row with a
multiple of another row added to itself, we can use the ones to annihilate everything
above them and below them, obtaining a modified matrix which has determinant
equal to the principal minor of the order n − r of B corresponding to the set
{ψr+1, ψr+2, . . . , ψn}.

We write adj(B(~λ)) for the adjugate matrix of the generalized characteris-

tic matrix B(~λ) of B and Bψr+1ψr+2...ψn ∈ Kn×n for the coefficient of the term

λψ1
λψ2

. . . λψr in adj(B(~λ)), where ψ1 < ψ2 <· · ·< ψr, ψr+1 < ψr+2 <· · ·< ψn. For

the matrix B(~λ) it holds B(~λ) = λ1E11 + λ2E22 + · · · + λnEnn − B, where Eii is
the n× n binary matrix containing zeros in all positions except for the one in the
(i, i)-th position. Exponents of the variables in each term of the generalized charac-
teristic polynomial are zeros or ones. Comparing the coefficients on the both sides
of the equations B(~λ) · adj(B(~λ)) = ∆B(~λ)I and adj(B(~λ)) · B(~λ) = ∆B(~λ)I,
we conclude that Eψiψi · Bψr+1ψr+2...ψn = 0 and Bψr+1ψr+2...ψn · Eψiψi = 0 for
1 ≤ i ≤ r ≤ n. Hence, we get that all entries of rows and columns ψ1, ψ2, . . . , ψr of
the matrix Bψr+1ψr+2...ψn are equal to zero. The remaining coefficients of the matrix
Bψr+1ψr+2...ψn we obtain by determining the coefficient of the term λψ1

λψ2
. . .λψr

in the cofactors of the matrix B(~λ). The cofactors of matrix B(~λ) are linear in
each row. Therefore, the (i, j)-th entry of the matrix Bψr+1ψr+2...ψn is equal to the
(j, i)-th cofactor of the matrix obtained from the matrix −B by replacing columns
ψ1, ψ2, . . . , ψr with columns ψ1, ψ2, . . . , ψr of the n×n identity matrix. The cofactor
of the (j, i)-th entry of the given matrix containing rows and columns ψ1, ψ2, . . . , ψr
is equal to the cofactor of the (j − l, i − k)-th entry of matrix obtained from the
matrix −B by deleting rows and columns ψ1, ψ2, . . . , ψr. The numbers k and l are
the number of rows, respectively columns from the set {ψ1, ψ2, . . . , ψr} for which

ψs < i and ψt < j hold, 1 ≤ s, t ≤ r. Thus, if the matrix adj(B(~λ)) is considered as
a polynomial with matrix coefficients in variables λ1, . . . , λn, then the coefficient of
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the term λψ1λψ2 . . . λψr is formed by expanding the adjugate matrix of the subma-
trix of −B corresponding to rows and columns ψr+1, ψr+2, . . . , ψn, with zero rows
and columns ψ1, ψ2, . . . , ψr.

2.2. The main result

In this subsection we will derive explicit formulas for transformation of
a linear system of operator equations with distinct commuting operators into a
totally reduced system.

Let K be a field, V a vector space over K and Ai : V → V a linear operator
on the vector space V , 1 ≤ i ≤ n. We will consider nonhomogeneous linear system
of operator equations of the form

(1)

A1(x1) = b11x1 + b12x2 + · · ·+ b1nxn + ϕ1

A2(x2) = b21x1 + b22x2 + · · ·+ b2nxn + ϕ2

...
An(xn) = bn1x1 + bn2x2 + · · ·+ bnnxn + ϕn,

under the assumption that A1, A2, . . . , An are commuting linear operators, i.e.,
Ai ◦Aj = Aj ◦Ai, where bij ∈ K and ϕi ∈ V , for 1 ≤ i, j ≤ n. The system (1) can
be rewritten in the following matrix form

(2) ~A(~x) = B~x+ ~ϕ,

where B = [bij ]n×n is the system matrix, ~x = [x1 x2 . . . xn]T is the column of

unknowns, ~ϕ = [ϕ1 ϕ2 . . . ϕn]T is the nonhomogeneous term and ~A is the vector

operator defined componentwise ~A(~x) = [A1(x1) A2(x2) . . . An(xn)]T .

Theorem 1. Suppose that the linear system of operator equations is given in the
matrix form

~A(~x) = B~x+ ~ϕ,

and that the matrix Bψr+1 ψr+2 ... ψn is the coefficient of the term λψ1 λψ2 . . . λψr in

the adjugate matrix adj(B(~λ)) of the generalized characteristic matrix B(~λ) of the
system matrix B viewed as a polynomial in variables λ1,λ2,. . . ,λn. Then

∆B( ~A)(~x) =

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

Bψr+1ψr+2...ψnAψ1
◦Aψ2

◦ · · · ◦Aψr (~ϕ).

Proof. Replacing ~λ by ~A in the equation ∆B(~λ)I = adj(B(~λ)) ·B(~λ) we obtain that

∆B( ~A)I = adj(B( ~A)) ·B( ~A)

∆B( ~A)(~x) = adj(B( ~A)) ·
(
B( ~A) · ~x

)
= adj(B( ~A)) ·

(
~A(~x)−B · ~x

)
= adj(B( ~A)) · ~ϕ =

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

Bψr+1ψr+2...ψnAψ1
◦Aψ2

◦· · ·◦Aψr (~ϕ).
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The matrix adj(B( ~A)) · B( ~A) has combined scalar and operator entries, so

we can write either
(
adj(B( ~A)) ·B( ~A)

)
(~x) or

(
adj(B( ~A)) ·B( ~A)

)
· ~x.

This theorem is a generalization of Theorem 4.1. from [10].

We write Bi(~v) for the matrix obtained from B by replacing its i-th column

by the column ~v = [v1 v2 . . . vn]T . We denote by δiψr+1,ψr+2,...,ψn(B;~v), ψr+1 <

ψr+2 < · · · < ψn, the principal minor of the matrix Bi(~v) containing columns
ψr+1, ψr+2, . . . , ψn and for which there is j, 1 ≤ j ≤ n − r, such that i = ψr+j . If

i 6= ψr+j , for each j, 1 ≤ j ≤ n− r, then we define δiψr+1,ψr+2,...,ψn(B;~v) to be zero.

In the following lemma we give a correspondence between the coefficients
Bψr+1, ψr+2, ..., ψn of the matrix polynomial adj(B(~λ)) and the principal minors

δiψr+1, ψr+2, ..., ψn(B;~v).

Lemma 2. Given an arbitrary column ~v = [v1 v2 . . . vn]T ∈ Kn×1, it holds

Bψr+1,ψr+2,...,ψn · ~v = (−1)n−r−1


δ1
ψr+1,ψr+2,...,ψn(B;~v)

δ2
ψr+1,ψr+2,...,ψn(B;~v)

...

δnψr+1,ψr+2,...,ψn(B;~v)

 .

Proof. The adjugate matrix of the (n−r)× (n−r) submatrix of −B is equal to the
adjugate matrix of the corresponding submatrix of B multiplied by (−1)n−r−1. By
using Laplace expansion along the i-th column we can conclude that the product of
the adjugate matrix of B and an arbitrary column ~v is equal to the column whose
i-th entry is the determinant of the matrix obtained from B by replacing its i-th
column by the column ~v. The matrix Bψr+1ψr+2...ψn is equal to the adjugate ma-
trix of the matrix obtained from −B by deleting columns and rows ψ1, ψ2, . . . , ψr.
Therefore, the i-th entry of the product Bψr+1,ψr+2,...,ψn · ~v is equal to the deter-
minant of the submatrix of B which contains columns and rows ψr+1, ψr+2, . . . , ψn
and where the i-th column is replaced with the column obtained from column ~v by
deleting rows ψ1, ψ2, . . . , ψr, multiplied by (−1)n−r−1. Hence, the i-th component

of the product Bψr+1,ψr+2,...,ψn ·~v is the product of the minor δiψr+1,ψr+2,...,ψn(B;~v)

and (−1)n−r−1.

Remark 1. Taking λ1 = λ2 = . . . = λn we have that the sum of the coefficients of
the monomials of the total degree r of the adjugate matrix adj(B(~λ)) is equal to the
coefficient Bn−r−1 of λr of the adjugate matrix of the characteristic matrix λI −B
of the system matrix B. Thus, we can conclude that Theorem 3.3. from [10] is a
special case of this lemma.

Theorem 3. For the linear system of operator equations given in the matrix form

~A(~x) = B~x+ ~ϕ,
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it holds

∆B( ~A)(~x) =

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

(−1)n−r−1~δψr+1,ψr+2,...,ψn

(
B;Aψ1◦Aψ2◦· · ·◦Aψr (~ϕ)

)
,

where
~δψr+1,ψr+2,...,ψn

(
B;Aψ1

◦Aψ2
◦ · · · ◦Aψr (~ϕ)

)
=

δ1
ψr+1,ψr+2,...,ψn(B;Aψ1 ◦Aψ2 ◦ · · · ◦Aψr (~ϕ))

δ2
ψr+1,ψr+2,...,ψn(B;Aψ1

◦Aψ2
◦ · · · ◦Aψr (~ϕ))

...

δnψr+1,ψr+2,...,ψn(B;Aψ1
◦Aψ2

◦ · · · ◦Aψr (~ϕ))

 .

Proof. It is an immediate consequence of Theorem 1 and Lemma 2 as follows

∆B( ~A)(~x)

=
Theorem 1

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

Bψr+1ψr+2...ψnAψ1 ◦Aψ2 ◦ · · · ◦Aψr (~ϕ)

=
Lemma 2

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

(−1)n−r−1~δψr+1,ψr+2,...,ψn

(
B;Aψ1 ◦Aψ2 ◦ · · · ◦Aψr (~ϕ)

)
.

We can now rephrase the previous theorem.

Theorem 4. The linear system of operator equations

A1(x1) = b11x1 + b12x2 + · · ·+ b1nxn + ϕ1

A2(x2) = b21x1 + b22x2 + · · ·+ b2nxn + ϕ2

...
An(xn) = bn1x1 + bn2x2 + · · ·+ bnnxn + ϕn,

can be reduced to the totally reduced system

∆B( ~A)(x1) =

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

(−1)n−r−1δ1ψr+1,ψr+2,...,ψn

(
B;Aψ1

◦Aψ2
◦· · ·◦Aψr (~ϕ)

)
∆B( ~A)(x2) =

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

(−1)n−r−1δ2ψr+1,ψr+2,...,ψn

(
B;Aψ1 ◦Aψ2 ◦· · ·◦Aψr (~ϕ)

)
...

∆B( ~A)(xn) =

n−1∑
r=0

∑
1≤ψ1<···<ψr≤n

(−1)n−r−1δnψr+1,ψr+2,...,ψn

(
B;Aψ1

◦Aψ2
◦· · ·◦Aψr (~ϕ)

)
.
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Next we illustrate Theorem 4 by means of an explicit example.

Example 1. Consider the system of second-order linear differential equations

x′′1(t) = cos t

x′′2(t) + 2x′2(t) = −4x1(t) + et,

with the initial conditions x1(0) = 1, x′1(0) = 2, x2(0) = 0, x′2(0) =−1, examined in

[18]. The system matrix is B=

[
0 0
−4 0

]
. The generalized characteristic polynomial

is ∆B(λ1, λ2) =

∣∣∣∣ λ1 0
4 λ2

∣∣∣∣ = λ1λ2. The operator ∆B(A1, A2)(u) = (A1 ◦ A2)(u)

is equal to the composition of the differential operators A1(u) = u′′ and A2(u) =
u′′ + 2u′, so we have ∆B(A1, A2)(u) = u(4) + 2u′′′. By applying Theorem 4, the
totally reduced system of the previous system is

∆B(A1, A2)(x1(t)) = x
(4)
1 (t) + 2x′′′1 (t)

=

 A2(ϕ1(t)) 0

A2(ϕ2(t)) 0

−
 ϕ1(t) 0

ϕ2(t) 0


= A2(ϕ1(t)) = ϕ′′1(t)− 2ϕ′1(t) = − cos t− 2 sin t

∆B(A1, A2)(x2(t)) = x
(4)
2 (t) + 2x′′′2 (t)

=

 0 A1(ϕ1(t))

−4 A1(ϕ2(t))

−
 0 ϕ1(t)

−4 ϕ2(t)


= A1(ϕ2(t))− 4ϕ1(t) = ϕ′′2(t)− 4ϕ1(t) = et − 4 cos t.

Only the framed minors are taken into consideration. Furthermore, the adjugate

matrix of the generalized characteristic matrix is adj(B( ~A)) =

[
A2 0
4 A1

]
and the

nonhomogeneous term is ~ϕ =

[
ϕ1(t)
ϕ2(t)

]
=

[
cos t
et

]
. Another approach for calculating

the nonhomogeneous term of the totaly reduced system is to multiply adj(B( ~A)) by
~ϕ. In this fashion we obtain two higher-order nonhomogeneous differential equations
which differ only in nonhomogeneous terms. We need to add two more initial
conditions for each of the equations x′′1(0) = 1, x′′′1 (0) = 0, x′′2(0) = −1 and x′′′2 (0) =
−5. After a short computation we obtain the solution

x1(t) = 2 + 2t− cos t

x2(t) = −2t− 2t2 + 7
15e
−2t + 1

3e
t − 4

5 cos t+ 8
5 sin t.

The system could also be solved by a method proposed in [10], but this method
requires the substitution of the derivatives x′1 and x′2 by the new functions x3 and x4,
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and the transformation of the system into a linear system of first-order differential
equations

x′1(t) = x3(t)

x′2(t) = x4(t)

x′3(t) = cos t

x′4(t) = −4x1(t)− 2x4(t) + et.

The totally reduced system of the obtained system consists of four higher-order
nonhomogeneous differential equations, so the calculation is far more complex.

3. THE DIFFERENTIAL TRANSCENDENCE AND THE TOTAL
REDUCTION OF A LINEAR SYSTEM OF DIFFERENTIAL

EQUATIONS

In this section we are dealing with linear systems of first-order differential
equations in variable z with constant coefficients in the complex field C over the
vector space of meromorphic functions M of the form

(3)

dx1

dz
= b11x1(z) + b12x2(z) + · · ·+ b1nxn(z) + ϕ1(z)

dx2

dz
= b21x1(z) + b22x2(z) + · · ·+ b2nxn(z) + ϕ2(z)

...

dxn
dz

= bn1x1(z) + bn2x2(z) + · · ·+ bnnxn(z) + ϕn(z),

where exactly one coordinate of the nonhomogeneous term ~ϕ(z)=[ϕ1(z) . . . ϕn(z)]T

is a differentially transcendental function over C. According to Theorem 4 the
system can be reduced to the totally reduced system

(4)

∆B( ddz )(x1(z)) =

n−1∑
r=0

(−1)n−r−1δ1
n−r
(
B; ~ϕ (r)(z)

)
∆B( ddz )(x2(z)) =

n−1∑
r=0

(−1)n−r−1δ2
n−r
(
B; ~ϕ (r)(z)

)
...

∆B( ddz )(xn(z)) =

n−1∑
r=0

(−1)n−r−1δnn−r
(
B; ~ϕ (r)(z)

)
,

where ∆B

(
d
dz

)
(x(z)) = x(n)(z)−δ1(B)x(n−1)(z)+ · · ·+(−1)nδn(B)x(z), δk(B) is

the sum of the principal minors of the order k of the matrix B, δin−r
(
B; ~ϕ (r)(z)

)
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is the sum of the principal minors of order n− r of the matrix obtained by substi-

tuting ~ϕ (r)(z) = [ϕ
(r)
1 (z) ϕ

(r)
2 (z) . . . ϕ

(r)
n (z)]T for the i-th column of B.

3.1. Transcendental and differentially algebraic extensions

This subsection is concerned with the standard concept of algebraic independence,
preliminary results in differential algebra, such as differential rings, differentially
algebraic independence, differential polynomials, as well as certain properties of
extensions of differential fields. For the proofs and more details please refer to
[5, 17].

Let F be an extension of a field K and let S be a subset of F . A set S
is called algebraically dependent over K if there exists a nonzero polynomial
p(x1, x2, . . . , xn) with coefficients in K such that p(s1, s2, . . . , sn) = 0 for some
distinct elements s1, s2, . . . , sn ∈ S. We call a set S algebraically independent
over K if it is not algebraically dependent over K.

A differential ring R is a commutative ring with identity equipped with a
map D : R→ R such that

1. (∀x, y ∈ R)D(x+ y) = D(x) +D(y);

2. (∀x, y ∈ R)D(x · y) = D(x) · y + x ·D(y).

A map D : R→ R satisfying these properties is called a derivation . If the ring R
with the derivation D is a field we say that R is a differential field .

If R0 is a subring of the ring R with the property that (∀x ∈ R0)D(x) ∈ R0,
then D becomes the derivation of R0 and R0 is a differential ring. We say in
this case that R0 is a differential subring of R, and that R is a differential
overring of R0. In the case of fields we use the terms differential subfield and
differential extension , respectively.

If S is any set of elements of R, and R0 is a differential subring of R, there
exists the smallest (with respect to set inclusion) differential subring of R containing
all the elements of R0 and S. This ring is called the differential ring generated
by S over R0 and is denoted by R0{S}. If ΘS denotes the set of all elements
Dn(s) with s ∈ S and n ∈ N0, then R0{S} coincides, as a ring, with the ring
R0[ΘS] generated by ΘS over R0.

From now on, we assume that K is a differential field. We say that a set S of
elements of a differential extension of K is differentially algebraically depen-
dent over K if the set {Dn(s) | n ∈ N0, s ∈ S} is algebraically dependent over
K. Otherwise, the set S is differentially algebraically independent over K.
In the special case when the set S consists of a single element x, we say that x
is, respectively, differentially algebraic or differentially transcendental over
K. The smallest (with respect to set inclusion) differential field containing x and
all the elements of K, is denoted by K〈x〉. An extension F of K is said to be
differentially algebraic over K if each element of F is differentially algebraic
over K.
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Let x be differentially transcendental over K. The derivation D : K → K
can be extended to a unique derivation of the ring K[{Dn(x)}n∈N0

] mapping Dn(x)
ontoDn+1(x). Therefore, the ringK[{Dn(x)}n∈N0

] becomes a differential ring. The
elements of K{x} = K[{Dn(x)}n∈N0

] are called differential polynomials over
R in x.

Let K be a differential field of characteristic zero. In this case the notions
“differentially separable” and “differentially algebraic” coincide. Therefore, we can
rephrase Proposition 8 and its Corollary from [5, pp. 101-–102], as follows.

Proposition 5. Let F be a differential extension of a differential field K and
α, β ∈ F\K. If β is differentially algebraic over K〈α〉 and α is differentially
algebraic over K, then β is differentially algebraic over K.

Corollary 6. Let F be a differential extension of a differential field K. The set
F0 of all the elements of F that are differentially algebraic over K is a differential
field.

3.2. Differential transcendence and total reduction of a linear system of
differential equations

After reviewing some of the standard facts on differentially algebraic
extensions, we turn back to an examination of differential transcendence of the
solution of a linear system of first-order differential equations in variable z with
constant coefficients in the complex field C over the vector space of meromorphic
functions M where exactly one coordinate of the nonhomogeneous term ~ϕ(z) =
[ϕ1(z) . . . ϕn(z)]T is a differentially transcendental function over C.

Lemma 7. Let x0(z) ∈M be a solution of the differential equation

x(n)(z) + d1x
(n−1)(z) + · · ·+ dn−1x

′(z) + dnx(z) = ϕ(z),

for d1, d2, . . . , dn ∈ C and ϕ(z) ∈ M. Then x0(z) is differentially transcendental
over C if and only if ϕ(z) is differentially transcendental over C.

Proof. This follows easily from Corollary 6.

Remark 2. An interesting generalization of the previous lemma is Theorem 2.8
from [14]. Various applications of this theorem can be found in [6, 7, 8, 13, 15].

Lemma 8. Let ψ1(z), ψ2(z), . . . , ψn(z) ∈ M be differentially algebraic over C.
Then ϕ(z) ∈M is differentially transcendental over C if and only if the value of
some differential polynomial in n + 1 variables with coefficients in the field C at
(ϕ(z), ψ1(z), ψ2(z), . . . , ψn(z)) is differentially transcendental over C.

Proof. This follows from Proposition 5 and Corollary 6.
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Theorem 9. Let the entries of the nonhomogeneous term of the system (3)

ϕ1(z), . . . , ϕi−1(z), ϕi+1(z), . . . ϕn(z) ∈M

be differentially algebraic over C and let ϕi(z)∈M be differentially transcendental
over C. Then the j-th coordinate of the solution ~x0(z) of the totally reduced system
(4) is differentially algebraic over C if and only if the function ϕi(z) does not appear

in the sum

n∑
k=1

(−1)k−1δjk
(
B; ~ϕ (n−k)(z)

)
.

Proof. This is an immediate consequence of Theorem 4 and Lemmas 7 and 8.

We will now consider assumptions under which the function ϕi(z) ∈M does
not appear in the sum

n∑
k=1

(−1)k−1δjk
(
B; ~ϕ (n−k)(z)

)
, for n ∈ N.

By applying linearity of δjk
(
B; ~ϕ (n−k)(z)

)
with respect to the j-th column ~ϕ (n−k)(z)

we obtain δjk
(
B; ~ϕ (n−k)(z)

)
=
∑n
s=1 ϕs

(n−k)(z)δjk
(
B; ~es

)
, where ~es denotes the

column whose only nonzero entry is 1 in the s-th position. Each nonzero minor in

the sum δjk
(
B; ~es

)
necessarily contains the j-th and s-th row and column. Hence,

it holds δjk
(
B; ~es

)
= −δj

′

k−1

(
[Bj(B↓s)]ŝ

)
, where [Bj(B↓s)]ŝ is the (n− 1)× (n− 1)

matrix obtained from B by interchanging the j-th and s-th column and by deleting

the s-th row and column, j′ =

{
j, j < s

j − 1, j > s
. So we have the following theorem.

Theorem 10. The function ϕi(z) ∈M does not appear in the sum

n∑
k=1

(−1)k−1δjk
(
B; ~ϕ (n−k)(z)

)
, i 6= j,

if and only if the sums of all principal minors of order k, 1 ≤ k ≤ n−1, containing
the j-th column for j < i, respectively the (j− 1)-st column for j > i, of the matrix
obtained from B by interchanging the j-th and i-th column and by deleting the i-th
row and column, are equal to zero.

An important point to note here is that if more than one component of the
nonhomogeneous term of the system (3) is differentially transcendental over C we
need to examine their differential independence, see [11].

An interesting consideration of differential transcendence of the coordinates
of the state vector of a time-invariant linear control system depending on differential
transcendence of the input matrix can be found in [1, 12].

We illustrate Theorem 10 using the following two examples.
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Example 2. Consider the system of first-order linear differential equations

dx1

dz
= x1(z) + x2(z) + 2x3(z)

dx2

dz
= x2(z) + x3(z) + u(z)

dx3

dz
= x1(z),

where u is differentially transcendental over C, discussed in [1]. The characteristic
polynomial of the system matrix is ∆B(λ) = λ3− 2λ2−λ+ 1. Applying Theorem 4
we obtain the totally reduced system of the given system

∆B( ddz )(x1) =
d3x1

dz3
− 2

d2x1

dz2
− dx1

dz
+ x1

=

∣∣∣∣∣∣∣∣
0 1 2

d2u
dz2 1 1

0 0 0

∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣

0 1 2

du
dz 1 1

0 0 0

∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
0 1 2

u 1 1

0 0 0

∣∣∣∣∣∣∣∣ =
du

dz

∆B( ddz )(x2) =
d3x2

dz3
− 2

d2x2

dz2
− dx2

dz
+ x2

=

∣∣∣∣∣∣∣∣
1 0 2

0 d2u
dz2 1

1 0 0

∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣

1 0 2

0 du
dz 1

1 0 0

∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
1 0 2

0 u 1

1 0 0

∣∣∣∣∣∣∣∣
=
d2u

dz2
− du

dz
− 2u

∆B( ddz )(x3) =
d3x3

dz3
− 2

d2x3

dz2
− dx3

dz
+ x3

=

∣∣∣∣∣∣∣∣
1 1 0

0 1 d2u
dz2

1 0 0

∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣

1 1 0

0 1 du
dz

1 0 0

∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
1 1 0

0 1 u

1 0 0

∣∣∣∣∣∣∣∣ = u.

Only framed minors are taken into consideration. According to Theorem 10 all x1,
x2 and x3 are differentially transcendental over C.

Example 3. Let us now deal with the system of first-order linear differential
equations

dx1

dz
= x1(z) + 2x3(z)

dx2

dz
= x2(z) + x3(z) + u(z)

dx3

dz
= x1(z),
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where u is again differentially transcendental over C. Here, the characteristic poly-
nomial of the system matrix is ∆B(λ) = λ3 − 2λ2 − λ + 2. By Theorem 4 the
initial system can be transformed into totally reduced system consisting of three
higher-order linear differential equations

∆B( ddz )(x1) =
d3x1

dz3
− 2

d2x1

dz2
− dx1

dz
+ 2x1 = 0

∆B( ddz )(x2) =
d3x2

dz3
− 2

d2x2

dz2
− dx2

dz
+ 2x2 =

d2u

dz2
− du

dz
− 2u

∆B( ddz )(x3) =
d3x3

dz3
− 2

d2x3

dz2
− dx3

dz
+ 2x3 = 0.

By Theorem 10 only the second coordinate x2 is a differentially transcendental
function over C.
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13. Ž. Mijajlović, B. Malešević, Analytical and differential - algebraic properties of
Gamma function, Int. J. Appl. Math. Stat. 11 (2007), pp. 118–129.
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