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NEW SHARP INEQUALITIES OF
MITRINOVIC-ADAMOVIC TYPE

Wei-Dong Jiang

In this paper, new sharp Mitrinovié-Adamovié inequalities for circular func-
tions are established.

1. INTRODUCTION

The following inequality

sinx 2+ coszx T

1 < O<e< -

(1) . 3 5
is known as the Cusa-Huygens inequality. This inequality has been extended and
sharpened in many different ways. In this regard, we may refer to [3, 4|. For
example, in [4], the authors find the necessary and sufficient conditions such that

the inequalities

sinx

>a+bcos‘z,z € (0,T)
x

and

sinx

<a+bcos®z,z € (0,T)
x

where a,b,c € Rand T € (0,7/2].
Recently, Bagul et al. [5] drew two conclusions about the improvement of
inequality (1).

2 2 sinx 2-+cosx 2 2
R ey ) — — ===
(3 w) @) < x 3 < (3 7r> 2(2),
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where ®(z) = (7/2 — 1)~ }(z — sinz) and ®3(z) = (7/2 — 1)"%(z — sinz)?.

2 2 i 2 2 2
3 <_) W, (2) < sn;x _ 2+4cosz - (3_> Wa(2),

3 7 3 T

where W1 (x) = (sinz — z cosx) and Wy(z) = (sinz — z cos x)?.
In literature, the inequality

sinz\® s
cosz < ( ) , O<zx< —.
T 2

is known as Mitrinovié-Adamovié inequality (see[17, 18]).
In recent years, many researchers have paid attention to the improvements
of the above-mentioned inequality.

In [11, 21, 26], a better lower bound for (%)3 was given as follows:

cos4m< sin 0<:U<7T
2 ’ 2’

T

Mortici[19] gave the following double inequality

1, 23 4 (snz\® 1, ™
(2) cosr+ —2" — ——a° < <cosr+ —z°, O<z< .
T 15 2

15 1890~

Chouikha [10] proved the following double inequality

2 . . 3 3 .-
x*\ sinz sin x x°sinx
(3) cosx+x3<1> << > <cosx+7,0<x<g.
x

63/ 15

In [33, Lemma 7], Zhu proved the following results: the double inequality

-8 sinz 1

(4) 1-— = sin2x<( . > <lf§sin2:c.
holds for all = € (0,7/2), the constants (7% — 8)/7® and 1/2 are best possible.

For more information on this topic, please see [7, 8, 9, 21, 22, 12, 24, 20,
25, 27, 28, 34, 29, 30, 31, 32] and closely related references therein.

The aim of this paper is to obtain some new upper and lower bounds of
(%)3, which improve several known results.

Our main results can be formulated in details as the following theorems.

Theorem 1. The function
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is decreasing on (0,7). In paprticular, we have
(i) The double inequality

3

(5) N x3sinx - (sinx>3 - N r3sinx
COS T cosx + —
15+ 2 @ R

holds for all x € (0, %), the constants 2 and ”16 960 ure the best possible.

(ii) The double inequality

3

(©) +21 x3sinz - sin x 3< +772x sinz
cosx cosx ==
5 63 + 22 x 15 72 — 22°

holds for all x € (0,7), and the constants 21 and ”2 are the best possible.

15

Theorem 2. For z € (0,7/2), we have

1 7-16 . L sinz ) ® 17 L
(7) 1—(2+ p— msmaz)sm x<< . ) <1l- —l—mmsmx sin® x.

and ”37:416 are the best possible.

The constants 120

2. LEMMAS

In order to establish our main results we need several lemmas, which we
present in this section.

Lemma 3. For |z| < 7, Ba, be the even-indexed Bernoulli number. Then we have
the following power series formulas

22n 1 _ 1)|BQn|
8
(®) sin x +Z (2n)!
22| By,
9) cotx—f—z | 2|2" L
1 1 = 22"(2n —1)|Ban| o0
10 == gt
(10) sinz 22 — (2n)! v
cos 1 = 2(2n —1)(22"71 = 1)|Bay| o,
) o 1oy (= Bl o)
sin“z @ (2n)!

n=1
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1 1 1227 —)(2n—1)2n—2
:7+7Z( )( )( )|BQn|x2n_3

sin®z 2% 24~ (2n)!
1 1L 22m—2
12 - - B n 2”—1-
(12) +2x+2n§ @yt 1Bl
cos T 1 — (2n —1)(n — 1)22"|Bs,| 5, _3
13 == - .
(13) i > 2n)! v

Proof. The power series formulas (8) and (9) can be found in [1, p. 75, 4.3.68] and
[1, p. 75, 4.3.70], and the power series formulas (10) and (11) can be obtained from
(8) and (9) together with the facts that

1
—— =csc®z = —(cotz),
sin® x

i
cosT 1
sin? z sinx )

(12) can be obtained from (8) and (11) together with

1 _ 1 1/ cosz\’
sinz  2sinz 2\sin?z/

(13) can be obtained from (10) together with the facts that
cosz 1 ( 1 )l
sin®z 2 \sin’z/

Lemma 4. 2, 6] Let a, and b, (n = 0,1,2,...) be real numbers, and let the
power series A(t) = Y o2 ant™ and B(t) = Y7, byt™ be convergent for |t| < R.
If b, >0 forn =20,1,2,..., and if Z—: is strictly increasing (or decreasing) for

n=20,1,2,..., then the function % is strictly increasing (or decreasing) on (0, R).

and

O

The next lemma gives the sharp lower and upper bounds for a ratio involving
absolute Bernoulli numbers, which was established in [23].

Lemma 5. Forn € N, the Bernoulli numbers satisfy

20 —1(2n42)2n+1) _ |Bongo| _ 2" =1 (204+2)(2n+1)
22n+1 -1 7T2 ‘BQnI 22n+2 —1 71-2
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3. PROOF OF THEOREM 1

Proof. Consider

1 3 g
a? (822)° — cosx
2f L 1523582 15

_ sinZ sind z

)

= O<z<m.

where

By (10) and (13), we have

o0

2n _
fl(x) — {EG (1 + nzz:l 2 (2722n)1')|B2n|x2(n_1)>

E (2n 1)(77‘ 1)22n‘B2 | —
3 nl_2n—3
+ 15z ( ( )' T 15

n=2

_ io: 22n(2n — 1)|32n|x2n+4 _ i 15(2n _ 1)(71 _ 1)22n|B2"‘x2n
(2n)! (2n)!

- i 22n=2(2n — 3)2n(2n — 1)|Bap_a|  15(2n + 1)n22"%2| By, |
B (2n)! (2n +2)!

n=3

:| x2n+2

and

o0

2 1 2n — 1)(n — 1)22"|Bay| o,
fole) = —x5(—z( )((M) |Bau 3)

n=2

_ i (2n —1)(n — 1)22"\an|$2n+2
(2n)!
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where
227-2(2n — 3)2n(2n — 1)| Ban—2|  15(2n + 1)n22" 2| By,
an = -
(20 — 1)(n — 1)227| By |
b, =
(2n)!
Let
U n(2n —3) |Ban-a| 30n | Ban+2| n> 9

by 2(n—1) |Ba,| (2n—1)(n2—1) |Ba,| ’

A direct computation gives co = 25—1, c3 = 0, and therefore, co — c3 > 0.
For n > 3, using Lemma 5 yields

e > plm? — I
n n 2
Cn+1 < pZWQ - %,
where
o= 2n—3 22m—1  ,  30n(2n+1)(2n+2) 22" —1

An-D@n-D22—1"" Ton_1)m2—1) 2221’

s (n1)@n—1) 221 1 30(n+1)(2n + 3)(2n + 4) 227 — 1

"Toam@n+ D)(2n+2) 22— 1T T p@n+ D(n+2) 2248 — 1
Then
O —
Cn = eng1 > (P = pp)m” —
Since
22n -1 22n+1 -1 3 % 22n—2
- = > 0,
92n—2 1 91 _] (221 _1)(22n-2 _ )
22n -1 22n+1 -1 7 3 x 22n 0
922n+2 _ 1 92n+3 _ 1 (22n+3 — 1)(22n+2 — 1) <U
we have
Coa o —3 22 _ | (n+1)(2n—1) 2241 1
Do =P = g~ )2n 1) 222 1 20(2n+ 1)(2n 1 2) 221 — 1
< 2n —3 (n+1)2n—1) 22t -1
An—-1)2n—1) 2n@2n+1)(2n+2) 221 -1
4n? —8n+1 22+l

an(2n —1)2n+1)(n — 1) 2271 — 1’



82 Wei-Dong Jiang

J g = 30n(2n+1)(2n+2) 22" —1  30(n+1)(2n + 3)(2n +4) 227+ —1

T 2n-1n2-1) 2221 an+1)(n+2) 221
30n(2n+1)2n+2)  30(n+1)(2n+3)(2n+4)] 22 —1
(2n—1)(n*—1) n(2n +1)(n + 2) 2243 _

B 60(8n? + 4n — 3) 22ntl
S n(2n—1)(2n+1)(n —1) 2203 — 1"

In view of 7*/60 = 1.623--- > 8/5, it follows that

/ 2

n = Cnt1 > (g, _p/n)WQ - qnﬂ_gqn

- 4n? — 8n +1 22n+l 1, 60 (8n? + 4n — 3) 22n+l _q
dn(2n —1)2n+1)(n—1) 221 -1 m2n(2n—1)2n+1)(n — 1) 22713 — 1

. 60 | <4n2—8n+1 1 88n2+4n—3)
mn(n—1)2n-1)(2n+1) 4 22n=1_ 15 22n+3 — 1

_ 12 | (88n% — 276n + 47)22" + (64n? + T2n — 34) =0
m2nn—1)2n—-1)(2n+1) (22n+3 —1)(22n — 2)

for n > 3, where the inequality holds due to the coefficient of 22"
88n? — 276n 4 47 = 88(n — 3)* +252(n — 3) + 11 > 0

for n > 3. which means that the sequence ¢, is decreasing. By Lemma 4, we deduce
the function F(x) is decreasing on (0,7). Moreover, it is easy to obtain

. 5 70 —960 15
L Fla)=ex=gp, lim Fl)= g lim F@)=-5.
The proof of Theorem 1 is thus completed. O

4. PROOF OF THEOREM 2

Proof. Consider the function

(%)3 + %sian -1
xTr) =
/(@) zsin® z
1 1 1

24 zsin®z  2xsinz’
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By (8) and (12)

22n

10 = %~ (5 3 30 S Balon = 12— 22

1 1 22n _ 9
- - Bn 2n—2
T o +QZ Gy Penle )

1 i 22” t- >|B2n| 2n—2
2 — (2n)!
== Z |B2 |(2n —1)(2n — 2)22"* — 1 i i u;e2 |22 2
n=2 ! 2 n=1 (27’l) !
c- (22n . 1)|B%‘ 2n—2
* n; el
1 22n -9 2n—4
! [Banl(2n — 1)(2n — 2)2
277.:2 ( )
o
— Z anl'2n_4,
n=2
where
2271 —1)(2n — 1)(2n — 2)| By,
(14) an = = J@n = D)@ = 2|Ban] -, 5 o
(2n)!
It follows from (14) that the function f(x) is strictly decreasing on (0, 7/2). More-
over, it is not difficult to obtain lim, ¢+ f(z) = as = — 145 and lim, ,=- f(z) =
16 ’T . the proof of Theorem 2 is thus completes. O

5. REMARKS

Remark 6. The left-hand side of (5) is stronger than the one of (2). since

23 sinz xt 2328
15 + % 15 1890

23(7983 sinz — 7938z + 132323 + 232°)

1890(63 + x2)
23(7983 (2 — —) 7938z + 132323 4 232°)
1890(63 + 2)
2328
- ..

1890(63 + 2)
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Remark 7. The left-hand side of (5) is stronger than the one of (3). since
3 sinx 5 (4 z? sinz
15 4 a2 63) 15

27 sinx

~ 945(63 + 22)

> 0.

Remark 8. The left-hand side of (7) is better than the right-hand side inequality

of (4). since
1 16 —x3 3-8
1—(=+ il xrsinz | sin®z — 1_7r sin® x
2 4 3

sin? x(7* — 167 — 32 + 27%)
= > 0.
274

Remark 9. Now let us compare graphically the lower and upper bounds of (%)3
given in 5 and 7 on the same interval (0,7/2) , respectively. Consider the functions
E4, Es defined by

23 sinx 1 w3-16
Fi(x)=cosx+ ———|1—| =+ zsinz ) sin® x|,
(=) 15+ 22 { (2 71'4 ) }
Fa(x) n 3 sinx 1 1 n T .9
r)=cost+ ——F—— — |1 — [ =+ —xsinx | sin” x| .
2 15 4 759602 2 120

The plots of E1 and Es are shown in figurel(a) and figurel(b), respectively.

0.05 0 ‘
I
16
0.04 E1(x)
0.03 1 -0.057
0.02
0014 -0.10
0 T . . . . . . :
X =® 3z =z 5% 3m Tn R
6 8 16 4 16 8 16
x -0.154
(a) The graph of the functions F1(x) (b) The graph of the function E2(z)

Figure 1: The graph of the functions F;(z) and Fs(z)
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Based on Figure 1(a) and a numerical analysis, we see that, for allx € (0,04),
where 8, & 1.5451, the lower bound in (5) is stronger than the lower bound in (7).
It is weaker for x € (8,,7/2).

Also, based on Figurel(b), it shows that for all x € (0,7/2), the upper bound
in (5) is stronger than the upper bound in (7).

6. FUTHER IMPROVEMENTS

Using a method developed and applied in [13, 14, 15, 16], the results of
Theorem 1 and Theorem 2 can be futher improved. For this, in the following, we will
present an overview of the results related to double-sided Taylor’s approximations.

Let us consider a real function f : (a,b) — R, such that there exist finite
limits f*) (a+) :wl_igl_i_ f® (z), for k=0,1,...,n.

TAYLOR’s polynomial

7i @) = 30 L2000 e,

and the polynomial
T () =

are called the first TAYLOR’s approzimation for the function f in the right neigh-
borhood of a, and the second TAYLOR’s approximation for the function f in the
right neighborhood of a, respectively.

Also, the following functions:
R “* () = f(x) = T]9"(2), neN
and
R) T (2) = f(z) = T340 (@), neN

are called the remainder of the first TAYLOR s approximation in the right neighbor-
hood of a, and the remainder of the second TAYLOR’s approximation in the right
neighborhood of a, respectively.

In our applications, of special interest is the following theorem:

Theorem 10. ([13], Theorem 4) Consider the real analytic functions f : (a,b) —
R:

f@) =Y ale ),
k=0
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where ¢, ER and ¢, > 0 for all keNy. Then,

T (z) <...<THot(z) <ThA (@) < ...
< fla) <.

L S TESEY (@) < THeH (@) <. < TP ()

)

for all x € (a,b). If e, €R and ¢, < 0 for all k €Ny, then the reversed inequalities
hold.

Based on theorem 10, we have

Theorem 11. For every z € (0,0),0 < b < § and m € N,m > 4, the following
inequalities hold:

IN

TP (@) < S T (2) < TG ()
(15) < fx) <

L ST () < T (@) < .. < T (2)

)

where

m—1 m—1

. _ B 1 - o

Tg;r?jéb (SC) = Z A(k)l'zk 2 + b27m (f(b) — A(k)bzk 2) I2 4
k=4

where Ay = 15, A3 = % and An(n > 4) satisfies the recurrence relation

Z ApCr_j42 =0,
=2

and

22k B -1 k22k+1
o - PHBul | (1)
@0 T (2k+2)!

sin )3—cosz

Proof. Let g(x) = (%

3 sin

, using power series expansions , for 0 < x < g, we
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have
() (%)3 —cosx 1 —cos2x 1 cot
pu— - [ — x
g\* z3sinx 226 3
1 = (—1)k2k %1 1 [1 L
S [ ot e L a3
6 ] 3 ]
2x [ pors (2k)! Rt (2k)!
oo -1 k22k71 e 22k B
_ Z ( )Qk ' 22k—6 | Z 2|k 2'k|x2k74
k=2 (2k)! k=1 (2k)!
_ i (—1)k22k+1 g2k=4 i 22k|B2k|x2k—4
| |
po (2k +2)! — (2k)!
x 22k sz -1 k22k‘+1 _
= n L2k—4
= (2k)! (2k + 2)!
1 1 5 - 2k—4
=— - —zx‘+ Z Crx ,
15 945 =
where Cp = £,C3 = —5k= and
O = 22k|BQk| (71)k22k+1 -
P (2k)! Qk+2)) @ =T

It is well known [1, p.805] that Bernoulli numbers with even indexes satisfy the
following double inequality

| |
(16) (22(7?;2),6 < |Bax| < (277)2]@2((125).21—214)'
By (16), we find that for k > 4
9225| Byy | - 92k+1 . 92k 9(2k)! - 92k+1 _ 2241 [(2k 4 2)1 — (27) 2]
(2k)! (2k+2)! 7 (2k)! (2m)%F  (2k +2)! (2m)%* (2k + 2)!

By induction on k, it is easy to see that
(2k +2)! > (2n)%*, k> 4.

Hence Cy, > 0 for k& > 4.
Let

then

1 o0
11 .2 ZOO 2k—4 Z ’
9451' + k=4 Ckx b2
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thus we have

1 IR 2k—4 5 N 2k—4
—_ - — 15+ — A =1
(15 o5 ® —|—kZ:40kx 5+21x +kZ:4 kT

which lead to the conclusion that A = 15, A3 = % and A, (n > 4) satisfies the
recurrence relation

(17) ZAkCn—k+2 =0,
k=2

Since C > 0 for k > 4, by the monotonicity of g(z), we can conclude that A; <0
for all £ > 4. O

Based on theorem 10 and theorem 2, we have

Theorem 12. For every x € (0,0),0 < b < § and m € N,m > 4, the following
inequalities hold:

IN

, 0+, b— 04, b— ,04,b—
(18) S flr) <
S Tét;'r?jQ(x) < Tg;r?:i(l') <. < Tg;m'(z),

where
(sn2)3 4 Lgin®y — 1
J@) = 2 |
zsin® x
T4 0% (2) = Z D(k)z2—4
k=2
m—1 1 m—1
H ,b— L B B
Tgn?jz (z) = D(k)xz?*=2 + b (f(b) - D(k)b%* 2) L2m—4
k=2 o
where

(2271 —1)(2n — 1)(2n — 2)| Bay|

D, =— > 2.
" (2n)! "=
Let m =4 and b = 5 in Theorem 11, we have
x3sinz sinz\® 23 sinx
(19) cosx + < <cosr+——mrF—.
15+ Za? — 1024 x 15+ Za? — Azt
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where
N\ 20160 + 8072 — 2178
N 8474
Let m = 4,b = 5 in Theorem 12, we have
(20)

. 3
7 1 7 31
(ul‘2 — 120) rsin®z < (5125(:) -1+ isin2x < = (120 + 1512x2) zsin®z

where

1920 — 12073 + 77t
B 3070
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