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INTEGRAL CAYLEY GRAPHS OVER SEMI-DIHEDRAL
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Tao Cheng, Lihua Feng*, Guihai Yu and Chi Zhang

Classifying integral graphs is a hard problem that initiated by Harary and
Schwenk in 1974. In this paper, with the help of character table, we treat
the corresponding problem for Cayley graphs over the semi-dihedral group
SDs,, = {a,b | a*™ = b* = 1,bab = a*" '), n > 2. We present several
necessary and sufficient conditions for the integrality of Cayley graphs over
SDsn, we also obtain some simple sufficient conditions for the integrality of
Cayley graphs over SDg,, in terms of the Boolean algebra of (a). In particular,
we give the sufficient conditions for the integrality of Cayley graphs over
semi-dihedral groups SDan (n > 4) and SDs, for a prime p, from which we
determine several infinite classes of integral Cayley graphs over SDs» and
SDgp.

1. INTRODUCTION

We only consider simple undirected graphs throughout this paper. For a
graph X, the adjacency matriz of a simple graph X of order n is A(X) = (ai;)nxn,
whose entries satisfy a;; = 1 if vertices ¢ and j are adjacent in X, and a;; =
0 otherwise. Since A(X) is real and symmetric, all eigenvalues of X are real.
The eigenvalues of A(X) are called the eigenvalues of X, they attract tremendous
amount of attention in the literature. For more details, one may refer [18, 21, 25]
and the monograph [35].

We call a graph X integral if all eigenvalues of A(X) are integers. The notion
of integral graphs dates back to Harary and Schwenk in [19], and they proposed
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Problem 1. Classifying all integral graphs.

Recently, Ahmadi et al. [3] proved that only a fraction of 272" of the
graphs on n vertices have an integral spectrum. Therefore this number is negligible
compared to the total number of graphs. This further impulses people to study
Problem 1. Although Problem 1 seems easy at first glance, it indeed is extremely
difficult and still far away from being solved completely. Thus, mathematicians try
to investigate special classes of graphs, such as trees [34, 38, 39, 36, 37|, graphs
with bounded degrees [34] and regular graphs [24]. In particular, Csikvéri [14]
constructed integral trees with arbitrarily large diameter. It has recently been dis-
covered that integral graphs may be of interest for designing the network topology
of perfect state transfer networks, see for example [30].

Given a finite group G and a subset 1 ¢ S C G with S = S~ the Cayley
graph X (G, S) has vertex set G and two vertices a,b are adjacent if a='b € S.
If S generates G, then X(G,S) is connected. The spectrum of Cayley graphs is
concerned with the interplay between spectral graph theory and group representa-
tion theory, it is very fruitful for both areas recently, and leads to some new and
emerging interdisciplinary field.

In the present paper, we treat integral Cayley graphs. From the outstanding
paper of Babai [7], many mathematicians studied various classes of graphs over
certain finite groups. Further, in 2009, Abdollahi and Vatandoost [1] proposed the
following problem:

Problem 2. Which Cayley graphs are integral?

This problem was also studied extensively in the literature, such as cubic
integral Cayley graphs [1], integral graphs over abelian groups [8, 33], normal
Cayley graphs over symmetric groups [11]. In 2010, Klotz and Sander developed a
Boolean algebra theory [23] in order to study integral graphs. They proved that,
for an abelian group G, if the Cayley graph X (G, S) is integral, then S belongs
to the Boolean algebra B(G) generated by the subgroups of G. Moreover, they
conjectured that the converse is also true, which has been confirmed by Alperin
and Peterson [5]. For more details in this area, one may see [6, 4, 17, 28] and the
exhaustive survey paper [26].

It is unexpected that, although plenty of works were obtained for abelian
groups, few papers were found for integral Cayley graphs over nonabelian groups,
and there is no one unified approach to tackle this problem as far as we know.
Therefore people have to deal with nonabelian groups one by one. From this point,
Lu et al. [27] considered the problem for dihedral group of order 2n given by
Dy, = (a,b | a® = b%> = 1,b7tab = a~!), and obtained several elegant criteria for
integral Cayley graphs over Ds,,. Cheng et al. [12, 13] studied the integral Cayley
graphs over dicyclic group Ty, = (a,b | a®® = 1,a" = b%,b~1ab = a~!) of order 4n.

In this paper, we consider the integral Cayley graphs over the semi-dihedral
group given by

SDg,, = (a,b | a*™ = b* = 1,bab = a*" 1),
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for n > 2, which is a non-abelian group of order 8n. This group is well studied in
group theory [9, 10], and also attracts much attention by combinatorists [2, 29].

This paper is organized as follows. At first, by using the expression of spectra
of Cayley graphs, we obtain a necessary and sufficient condition for the integrality
of Cayley graphs over SDg,, (see Theorem 14). By using of atoms of Boolean algebra
of cyclic group, we obtain a simple sufficient condition (see Theorem 21), we also
obtain the necessary and sufficient conditions for the integrality of Cayley graphs
over SDg,, (see Theorems 23 and 26). At last, we also give the sufficient condition
for the integrality of Cayley graphs over two special semi-dihedral groups SDgn
(n > 4) and SDg,, for a prime p (see Theorems 29 and 31), and determine some
infinite families of connected integral Cayley graphs over SDon and SDg,,.

2. PRELIMINARIES

In this section, we will present some basic knowledge in representation theory
[22] and several lemmas which will be used later.

Let G be a finite group and V' an n-dimensional vector space over the complex
field C. A representation of G on V is a group homomorphism p : G — GL(V),
where GL(V) denotes the group of automorphisms of V. The degree of p is the
dimension of V. Two representations p; and ps of G on V7 and V5 respectively are
equivalent if there is an isomorphism T : Vi — V5 such that Tpi(g) = p2(g)T for
all g € G.

Let p : G = GL(V) be a representation. The character x, : G — C of
p is defined by setting x,(g) = Tr(p(g)) for g € G, where Tr(p(g)) is the trace
of the representation matrix of p(g) with respect to some basis of V. The degree
of the character x, is just the degree of p, which equals to x,(1). If W is a
p(g)-invariant subspace of V for each g € G, then we call W a p(G)-invariant
subspace of V. If we restrict each p(g) to W, we will get pw : G — GL(W), which
is a representation of G on W, called the subrepresentation of p on W. Obviously,
{1} and V are always G-invariant subspaces, which are trivial. If V has no non-
trivial p(G)-invariant subspace, we call p an irreducible representation of G and
the corresponding character x, an irreducible character of G. For a group G,
we denote by IRR(G) and Irr(G) the complete set of non-equivalent irreducible
representations of G and the complete set of non-equivalent irreducible characters
of G, respectively.

The characters of cyclic group are needed in this paper.

Lemma 1 ([22]). Let C,, = (a) be a cyclic group of order n. Then the irreducible
representations of Cp, are ¢;(a*) =&* (j,k=0,1,2,...,n — 1), where e = e s
the primitive nth root of unity.

We denote the group algebra of G over C by CG. That is, CG is the vector
space over C with basis G, and the multiplication is defined by extending the
group multiplication linearly. Therefore, CG is the set of the forms ) 9eG g9
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where a;, € C. We assume 1 - g = ¢g. The multiplication of the elements in CG is
followed by

> agg (Z bhh> =Y "> agbugh.

gea REG g€G heG

The left reqular representation prey of G on CG is defined by

Preg : G — GL(CG), Preg(9) (Z ahh> = Z apgh.

heG heG
Then we have

Lemma 2 ([32]). If IRR(G) = {p1,...,pk} is the complete set of non-equivalent
irreducible representations of G, then

Preg = @lemipiv
where m; is the degree of p;.

By Lemma 2, we obtain the following lemma, which might be served as bridges
between spectral graph theory, representations and characters of finite groups.

Lemma 3 ([7]). Let G be a finite group of order n, let S C G\ {1} be such
that S = S71, and Irr(G) = {x1,.--,xn} with xi(1) = d;(i = 1,...,h). Then the
spectrum of the Cayley graph X (G, S) can be arranged as

Spec(X(G,8)) = {Au]™, ... aa ™o Pl ™, - a )™

Furthermore, for any natural number t, we have

t
Myt M+t M = Y <H5l>'
=1

S1,...,8tES

Let G be a finite group, and Fg the set of all subgroups of G. Then the
Boolean algebra B(G) of G is the set whose elements are obtained by arbitrarily
finite intersections, unions, and complements of the elements in F5. The minimal
non-empty elements of B(G) are called atoms, we denote the set of atoms of B(G)
by [B(G)]. Apparently, distinct atoms are disjoint. Alperin and Peterson [5] show
that each element of B(G) is the union of some atoms, and each atom of B(G)
has the form [g] = {z | () = (¢9),x € G}, where g € G. For cyclic group (a) of
order n, the atom of B((a)) containing a? € (a) (where d | n) can be presented as
[ad] = {a' | (I,n) = d}, where (I,n) is the greatest common divisor of [ and n.

Lemma 4 ([1]). Let G = {(a) be the cyclic group of order n, and [a?] one atom of
Bla). Then [a]~! = [a?]. Furthermore, if S € B({(a)), then S = S~L.
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We call a subset S C G an integral set if x(S) = Y .4 x(s) is an integer for
every character x of G. From Lemma 3, it follows that S must be an integral set
if the Cayley graph X (G, S) is integral.

Using the integral sets and atoms of B(G), Alperin and Peterson obtained
the following criterion for integral Cayley graphs over an abelian group.

Lemma 5 ([5, 16]). Let G be an abelian group. Then, S C G is integral iff
S € B(Q) iff S is a union of atoms of B(G) iff X(G,S) is integral.

Let S be a subset of G. A multi-set based on S, denoted by S™, is defined
by a multiplicity function mg : S — N, where mg(s) counts how many times s € S
appears in the multi-set. We further denote m(s) = 01if s ¢ S. The multi-set S™ is
called inverse closed if mg(s) = mg(s™1) for each s € S, and S™ is called integral
if x(S™) =3 cgm X(5) = D cg ms(s)x(s) is an integer for each character x of G.

For S € B(G), we have S = [g1] U [g2] U - -+ U [gk], denote by S™91.92:.9k
the multi-set with multiplicity function mg, g,,...,
for each s € [g;], then S™9192:-298 = my x [g1] U ma * [ga] U -+ - U my * [gr]. We
define C(G) = {8™M9r:029x | § = [g1] U [g2] U--- U [gk], 9: € G,k € N} to be the
collection of all multi-sets like S™91:92:-9x  which is called the integral cone over
B(G). Following the above notations, it is obtained that

Lemma 6 ([8]). Let G be an abelian group, and T™ be a multi-subset of G. Then
T™ is integral if and only if T™ € C(G), where C(G) is the integral cone over
B(G).

Our focus in this paper is on the semi-dihedral group SDg,=(a,b | a*"=b*=
1,bab = a®>*~1) for n > 2, all the 8n elements of SDg,, may be given by

SDg,, = {1,a,a?,...,a*™ * ba,ba?, ... ba"" "1}
Lemma 7 ([20]). For the semi-dihedral group SDgy,, n > 2, we have
(1) ba* = an=Dkp;
(2) a*b = ba*n—DF,
(3) a=F = 'k, gk = g4tk p = b1,
(4) (ba*)~! = ba(2n+ Dk,

In order to classify the conjugacy classes and the irreducible characters of
SDs,,, we need the following definition.

Definition 8 ([20]).We denote C1:={0,2,4,...,2n}. Let C§¥*":={1,3,5,...,n—1}
and C§¥°" := {2n+1,2n+3,2n+5,...,3n—1} for even n; C94 := {1,3,5,...,n}
and C§% .= {2n 4+ 1,2n +3,2n +5,...,3n} for odd n. Then we define
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o COUOM = O UCEY™™ U CSY™™ and C°% .= Cy U C5% U 05%;

o (O

even

= C1\{0,2n} and C} ;= C5ve" U C5ven, O34l = €9 U ¢34,

o Coven .= Cever\{0,2n} and C2% .= C°4\{0,n,2n,3n}.

Remark. From above, we have |CJ, . |=n—1, |C’ldd| =n, and [C9%| =n+1.

Lemma 9 ([20]). For n > 2, the conjugacy classes of SDg,, are as follows:
e If n is even, there are 2n + 3 conjugacy classes. Precisely,

— 2 classes of sizes one being |1] = {1} and [a®"| = {a®"},

— 2n — 1 classes of sizes two being |a”| = {a”, a7}, where r € CCVe"
and

— 2 classes of sizes 2n being |b| = {ba®' |t =0,1,2,...,2n — 1} and |ba] =
{ba**t1 |t =0,1,2,...,2n — 1}.

e Ifn is odd, there are 2n + 6 conjugacy classes. Precisely,

— 4 classes of sizes one being |1] = {1}, [a"] = {a"}, |a*"] = {a®"} and
@) = {a™),

— 2n —2 classes of sizes two being |a” | = {a”, a7} where r € C2% and

— 4 classes of sizes n being |b] = {ba* | t = 0,1,2,...,n — 1}, |ba] =
{ba**t1 |t =0,1,2,...,n — 1}, [ba®| = {ba**? |t =0,1,2,...,n — 1}
and [ba3| = {ba**3 |t =0,1,2,...,n —1}.

Now, with the aid of Definition 8 and Lemma 9, we tabulate the character
table for SDg,,, n > 2 as follows.

Lemma 10 ([20]). The character table of semi-dihedral group SDs,, n > 2 is given
in Table 1 if n is even, and in Table 2 if n is odd, x},s (h =1,2,3,4 if n is even
and h =1,2,...,8 if n is odd) are irreducible characters of degree one, g; and i,
are irreducible characters of degree two, where w = e™/?" and 2 = —1.

la");reC | la;reCl | b ] |ba)
X1 1 1 1 1
X2 1 1 -1 -1
X3 1 -1 1 -1
X4 1 -1 -1 1
j ECCJ'% wIT 4w IT wIT 4w IT 0 0
l e%} wlr + wflr wlr _ wflr O 0
odd

Table 1: Character table of SDsg, for n even.
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[a"[;reC [ [a"];re CO% | [b] | [ba] | [ba®] | [ba®]
X1 1 1 1 1 1 1
X2 1 1 -1 -1 -1 -1
X3 1 -1 1 -1 1 —1
X4 1 -1 -1 1 -1 1
X5 (—1)z ir 1 i -1 —i
X6 (-1)2 i 1] — 1 i
X7 (-1)% (—i)" 1| —i | -1 i
Xs (-1)2 (—i)" -1 i 1 —i
Cj’ Jr —Jr Jr —gJr
) w4+ w W+ w 0 0 0 0
] G Cl‘?)e?l»
wh Ir —lr Ilr _ , —lr
L e Cg%d\{n,?m} w4 w w w 0 0 0 0
Table 2: Character table of SDg,, for n odd.
Lemma 11. Let w = e™/?" where i* = —1. Then, for all 0 < m < 4n, we have

. 4n—
(i) Zk:11°~’ =
(ii) Syt wm = 0;

(i) S iyt wkthm — .

Proof. The proof is straightforward.

Lemma 12 ([15]). A graph is bipartite if and only if the spectrum of its adjacency

matriz is symmetric with respect to 0.

3. THE SPECTRA OF CAYLEY GRAPHS OVER SDg,

In light of Lemmas 3 and 10, we can get the spectrum of Cayley graphs over

SDsg,, immediately.

Theorem 13. Let SDg,(n > 2) be the semi-dihedral group and S C SDg, \{1}

satisfying S = S™1. Then
Spec(X(SDsn,S)) = LDl g [gal o2, o))
and
Ah = ses Xn(8),
L+ g2 = 2 ses5i(8),
(1) N?l + %2‘2 = 231,5265 Sj(s152),

v+ v =

Zses wl(5)7

Vi v = Zsl,sges Yi(s152),
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where h =1,2,3,4,5 € CI . andl € Cldd ifn is even; orh =1,2,...,8, 7€ Cl
and | € C§%"\{n,3n} if n is odd.

For convenience, we need some symbols. Let A, B be two subsets of a group
G. For any character x of G, we denote x(A4) = > .4 x(a) and x(AB) =
Y acapep X(ab). Particularly, x(A%) =37, . -, x(a1az). Then we have

Theorem 14. Let SDg,(n > 2) be the semi-dihedral group and let S = S; U Sy C
SDs, \{1} be such that S = S, where S1 C {a) and Sz C b{a). Then X (SDsy,S)
is integral if and only if the following conditions hold:

(i) s;(S1),5;(S?) +;(S3) are integers;

(i) Aj(S) = 2[s;(52) +;(53)] — [5;(S1)]> is a square number;
(i) P1(S1), ¥i(ST) +¥u(S3) are integers;
(iv) Ai(S) =2 [i(S?) +¢u(S3)] — [a(S1)]? is a square number.

Here j € Cl,,, and | € Cond if n is even; or j € Cl,., andl € C§%\{n,3n} ifn
1s odd.

Proof. First we have that S1.52 = {s152 | s1 € S1, 82 € S2} C b{a) and S257 C b{a),
then by Lemma 10, g;(S152) = 0 = ¢;(5251). Thus,

G(S) = D> Gls1)+ Y gils2) = (),

s1E€S51 S$2E€S2
G(S%) = D lsis)
S1,52€8

= G(57) 46 (5152) 4 6;(5251) 4 6;(53)
= (S} +4(53).

Similarly, we have
Di(S) = i(S1),  ¥i(S?) = u(ST) +vu(S3).
Hence, the spectrum of X (SDsg,,, S) presented in (1) should satisfy

A =D ses Xa(8) = xn(9),
i1+ 2 = g5(
(2) 151 + 13 = g5 (

vin + vz = i(Sh),

v + vy = i(S7) 4+ i(S3),

Sl)a
ST) 45 (53),

where h = 1,2,3,4,j € Cl . andl € C!  ifniseven;or h=1,2,...,8,j € Cl .
and [ € C9%\{n,3n} if n is odd.
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Now we suppose that X (SDs,,S) is integral. Hence, by (2), ¢;(51) and
6;(5%)+¢;(S53) must be integers, and thus (i) holds. Since p1;1 and ;2 are integers,
and they are also the roots of the following quadratic equation:

3) 22 — (S + % ([6;(S1))? = (;(S7) +;(53))) =0,

we have that the discriminant A;(S) = 2 [¢;(S7) +¢;(53)] — [gj(Sl)]2 must be a
square number, thus (i7) follows. In the same way, we can get (i), (iv) hold.
Next we suppose that (i) and (iz) hold. Then, the solutions ;1 and pjs of
(3) must be rational. This implies that p;1 and p;o must be integers because they
are algebraic integers. And if (#4i), (iv) hold, we can get that v; and v must be
integers in the same way. We at last need to verify \;’s are integers. Note that
A = Xa(S) = > .cq x(5). Since xx(s) € {£1,£i}, A, = a + bi for some a,b € Z.
It implies that A\;, = a € Z since it is real. Thus the eigenvalues A\;’s are always
integers too. Hence, X (SDg,, S) is integral. O

By Theorems 13 and 14, we obtain the explicit formula of X (SDg,,.S) in the
following way.

Corollary 15. Let SDg,(n > 2) be the semi-dihedral group and let S = S1 U Sy C
SDsg,, \{1} be such that S = S~'. Then,

Spec(X(SDgn, S)) = {[Mnl'; i), (w2l )%, (2]}
L (S1)E/Bs (S S1)tr/Br (S
where Ay, =Y cg Xn(S), i1, o = Si(S1)EV4(5) ) 1(5) LACNESVEO)] 5 u ),for

allh=1,2,3,4, j € C! andlECde if n is even; or h=1,2,....8,j € Cl

even even

and | € C§%"\{n,3n} if n is odd.

and vi1, V2 =

As an application of Theorem 14, we obtain a class of connected, integral,
bipartite Cayley graphs over SDg,,.

Corollary 16. Let SDg,(n > 2) be the semi-dihedral group and let S =51 U Sy C
SDg, \{1} be such that S = S, where S; = a{a?) and Sy = {ba®*™} for some
m € {0,1,...,2n — 1}. Then X(SDs,,S) is connected, integral and bipartite.

Proof. Tt is apparent that S = S~! generates SDg,,, so X(SDg,, S) is connected.
Firstly we have S? = 2n * (a?), S3 = {1}. By Lemmas 10 and 11, we have

2n—1 2n—1
G;(S1) = Z Cj(a2k+1) _ Z (wj(2k+1) n wfj(2k+1)) —040=0,
k=0 k=0
2n—1 2n—1 ) ]
G(ST) = 2 Ga*) =20 Y (@™ 4+ W) =2n(040) =0,

k=0 k=0
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and
G(93) = (1) =2
Similarly, we have
2n—1 2n—1
hi(Sy) = Z Di(a 1) = Z (Wl @R+ w—l(2k+1)) —0-0=0,
k=0 k=0
2n—1 2n—1
i(S?) = 2n Z i(a®*) = 2n Z (W?k + w2k = 2n(0 4-0) = 0,
k=0 k=0
and

So we have that

G(SH +¢j(S2)=0+2=2, (S} +(S3) =0+2=2,
are integers. And

Aj(8) =2 [6(53) +;(83)] = [55 (SO =2 (0+2) —0 =14,

A(S) =2 [n(ST) + u(SD)] — [u(S)" =2+ (0+2) —0 =4
are square numbers. So X (SDg,,,.S) is integral by Theorem 14.
By Corollary 15, the spectrum of the graph X (SDsg,, S) can be obtained as

Spec(X (SDgy, S))
= {2n+1,2n—1,-2n+1,—-2n — 1,[1]*" 72 [-1]*"2[1)*", [-1]*"}
= {-2n—1,-2n+1,[-1*" 2 [1]*" 2 2n — 1,2n + 1}
for even n, and
Spec(X (SDgy, S))
= {2n+1,2n—1,-2n+1,-2n—1,-1,1,-1,1,[1]*"2,
[_1}27172[1]271727 [_1]27172}
= {-2n—1,-2n+1,[-1*" 2 "2 2n - 1,2n + 1}
for odd n. Thus the graph X (SDg,,,S) is bipartite by Lemma 12. O

Corollary 16 implies

Corollary 17. For any natural number n > 2, there is at least one connected
(2n + 1)-regular integral graph with 8n vertices.
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4. TESTING THE INTEGRALITY USING BOOLEAN ALGEBRA

In this section, we aim to simplify the result of Theorem 14 and provide infi-
nite classes of integral Cayley graphs over X (SDg,, S) in terms of Boolean algebra
on cyclic groups.

Firstly, for cyclic group (a) of order 4n, recall that the atom of B{a) has
the form [a?] = {a' | (I,4n) = d}, then [a?] € [B({a?))] C (a?) if d is even, and
[a?] € [B({a))\[B((a®))] € a{a?) if d is odd.

Let ¢, be the irreducible representations of (a), then ¢y (a*) = w"* for all
h,k=0,1,...,4n—1 by Lemma 1. Using the irreducible characters of cyclic group
of order 4n, we have

Lemma 18. Let SDg,(n > 2) be the semi-dihedral group. If T € B({a)), then
6;(T) is an integer and 25;(T?) = [;(T)]? is a square number for all j € CJ,.,,.

Proof. Since T € B((a)), by Lemma 4, we have T'= T~!. So we may suppose that
T = {a® | d € ®}, where ® = —® is a set of integers, then ¢, (T) = Y .4 w"? is
an integer by Lemma 5. It is easy to see T? = {a*** | 5,t € ®}. By Lemma 10, for
each j, we have

ZCJ Z‘Jﬂd"‘w 7 —QZde—QZ¢] ) =2¢;(T).

ded ded ded ded

Thus ¢;(T) is an integer since ¢;(7T') is an integer. Therefore

2G(I%) = 2 ) @)
s,ted
= 2 Z (wI(H0) 4 y=3(sH0))
s,ted

— 4 Wit

s,ted

= Zijs ZQwﬁ

sed ted

= Z(sz—&—w_js)Z(wjt—i—w_jt)

sed ted

= ) gla)d glah)

s€ED ted
= [N

This completes the proof. O

Lemma 19. Let SDg,(n > 2) be the semi-dihedral group. If T € B((a?)), then
i(T) is an integer and 2 (T?) = [Yi(T)]? is a square number; and if T €
B({a))\B({(a?)), then ¥(T) = 0 and ¢, (T?) is an integer for all | € Cldd if n
is even, orl € Cg%d\{n,?)n} if n is odd.
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Proof. 1If T € B({a?)), by the similar method as in Lemma 18, we have ¢;(T) is an
integer and 2v;(T?) = [;(T)]? is a square number.

If T € B({a))\B({(a?)), then T = T~! by Lemma 4. We may suppose that
T = {a?| d € U}, where ¥ = —V is a set of integers. Thus, by Lemma 10, we have

() = Y e = Y = L 3 (@ - w4 @ ) =0,
dev dev d,—dev

Note that T? € C((a?)), by Lemma 6, we have ¢;(T?) is an integer. Since

T is inverse-closed, T2 is inverse-closed, i.e., there exists a multi-set Q = —Q of
integers such that T2 = {a? | p € Q}. Therefore

Gi(T?) =) ha?) =D (WP +w ) =2 WP =2 ¢i(aP) = 26,(T7),

peEQ peQ PEQ PeEQN
which is an integer for each . O

Lemma 20. Let SDg,(n > 2) be the semi-dihedral group, and T™ be an inverse-
closed multi-set with T C (a®) C SDg,,. For all j € CJ,.,., | € C’de if n is even, or
ject ., l¢e C8%N\{n, 3n} if n is odd, we have ¢;(T™) and 1 (T™) are integers if
and only if T™ € C((a?)). In particular, <;(T) and ¢ (T) are integers if and only
if T € B((a?)).

Proof. By Lemma 6, it suffices to show that ¢;(7™) and ¢;(T™) are integers if and
only if ¢, (T™) is an integer for h € {0,1,2,...,2n—1}. Since T™ is inverse-closed,
there exists a multi-set U = —U of integers such that 7™ = {a®* | u € U}.

If n is even, then we have

{0,1,27,2n—1}:{0}ucl UCQCUCnu{4n_k | kec«g’uen}

ven

Note that ¢o(T™) is always an integer.
For all j € Cf

even?’

GI™) =Y Gla®™) =) (¥ +u ™) =23 W =23 ¢;(a™) =20;(T™).

uelU uelU uelU uelU

we have

For all [ € C§¢™ C Cldd, we have

wl(Tm) _ Z wl(a2u) _ Z(wﬂu +w72lu) -9 Z W2 — 9 Z ¢l(a2u) _ 2¢I(Tm)~

uelU uelU uelU uelU

For all [ € C§¥e" C ngd, we have dn — [ € {4n — k | k € C§V"}, therefore

"/Jl(Tm) — Z wl(CLZu) — Z(wﬂu +w—2lu) — Z(w2(4n—l)u + w—2(4n—l)u)

uelU uelU uelU

23 WD =23 641 (0%) = 2640 (T™).

uelU uelU
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Notice that ¢;(T™), ¥ (T™) and ¢, (T™) are algebraic integers, therefore the
fact that ¢;(T™), ¥y (T™) are integers (j € CI,,,,, | € Cldd) is equivalent to the fact
on(T™) is an integer (h € {0,1,...,2n — 1}).

If n is odd, in a similar way, the result follows. O

Equipped with Lemmas 18 and 19, we have

Theorem 21. Let SDg,(n > 2) be the semi-dihedral group, and let S = S; U Sy C
SDg, \{1} be such that S = S=', where S1 = Hepen U Hoga C (a), Hepen C
(a®), Hoaq C a(a®) and Sy C b{a). If S1 € B({a)) and 25;(S3), 2[t1(H}yq) +1(S3)]
leC’gdd if n is even, or j € CI l e

even’

are square numbers for all j € CI,.,,

C3%N\{n,3n} if n is odd, then X (SDsy,S) is integral.

Proof. Since S = S~!, we have S; = Sfl, Hepen = H,L, and Hygq = H(;db. Thus
we have

Sl2 = H2 U HevenHodd U HoddHeven ) H2dd7

even O

where H?2 szd C (a®) and HepenHoaq = HogaiHeven € ala®). By Lemma 19,

even’ O e =
we have

wl(Hodd) =0 and wl(HevenHodd) = wl(HoddHeven) =0.
Therefore, we have

'(/)l(sl) = wl(Heven) + wl(Hodd) = wl(Heven)

and
¢l(sf) = ’(/}l(Ht?ven) + le(He'uenHodd) + wl(Hgdd) = wl(HeQUen> + wl(Hgdd)'

If S; € B({a)), then Heyepn, € B((a?)) and Hogq € B({a))\B({(a?)). By Lemma
18, both ¢;(S1) and 2g;(S?) are integers for each j. By Lemma 19, 1;(Heyen),
Vi (HZ,.,) and ¢ (H2,,) are integers. Therefore, 1;(S1) and v;(S7) are integers.
And 9;(S3) is an integer for each [ because 2[¢;(HZ2,;,) +%1(S3)] is a square number
and ¢ (H2,,;) is an integer. Note that 2¢;(S%), 2¢;(S3) are integers and ¢;(S%),
6;(S3) are algebraic integers, we have ¢;(S7), ¢;(S5) must be integers. Therefore,
6;(5%)+¢;(S2) is an integer. Similarly, we have 1;(S?)+1;(S3) is an integer. Since
Sy € B({a)), we have 2¢;(S?) = [s;(S1)]? by Lemma 18. Since Heyen, € B({a?)), we
have 2y (HZ,,,,) = [Vi(Heven)]? = [¥1(51)]? by Lemma 19. Then, A;(S) = 2¢;(5%)
and A;(S) = 2[¢(H2,,;)+1:(53)] are square numbers. Thus, X (SDs,, S) is integral
by Theorem 14. O

Theorem 21 provides a sufficient condition for the integrality of X (SDg,,.S).
The following example reveals that this sufficient condition is not necessary.
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Example 22. Let SDay = (a,bla'? = b? = 1,bab = a®) be the semi-dihedral group
of order 24 and S = Sy U Sy where S; = Hoqq = {a,a''} and Sy = {b}. It is
clear that X (SDay, S) is connected and S = S=1. By direct computation, we have
S? ={1,1,a%,a'®} and S3 = {1}. Therefore, by Table 3, we have

@(S) =1+1=2, «(S)=(-1)+(-1)=-2

and
G(ST) +6i(83) =4+ (=1) + (-1) +2 =4

are integers, where j = 2,4. And
Ay(S)=2-4-22=4, Ay(S)=2-4—(-2)?=4

are square numbers. Similarly, we have ¥;(S1) = 0 and ¥;(S?) + ¢;(S2) = 8
are integers, Ay = 16 is a square number, where | = 1,7. Therefore, by The-
orem 14, X(SDay,S) is integral, and the spectrum of the graph X(SDay4,S) is
{=3,[-2]%,[-1]3,[0]*, [1]3, [2], 3}, which is bipartite from Lemma 12. However,
51 ¢ B((a)).

1| [@®] [ [a] | [a®] | [a] [ [a®] | [a"] | [a”] | [b] | [ba] | [ba®] | [ba]
x1 |1 1 1 1 1 1 1 1 1 1 1 1
x2 | 1 1 1 1 1 1 1 1 -1 -1 -1 -1
x3 |1 1 1 1 -1 -1 -1 -1 1 -1 1 -1
xe |1 1 1 1 -1 -1 -1 -1 | -1 1 -1 1
xs | 1] —1 1 -1 7 —1 —1 1 1 1 -1 —1
xe6 | 1| —1 1 -1 1 —1 —1 1 1| — 1 1
x7 | 1] -1 1 -1 —1 1 ) —1 1 —1 -1 1
xs | 1] —1 1 —1 —1 ) ) —i | —1 ) 1 —1
& 2| -1 -1 2 1 -2 1 -2 0 0 0 0
u |2 -1 -1 2 -1 2 -1 2 0 0 0 0
Py | 2 1 -1 -2 1 2 —1 -2t | 0 0 0 0
vy | 2 1 -1 -2 | =i | =2t 1 27 0 0 0 0

Table 3: Character table of SDoy.

In the remainder of this section, we will provide two necessary and sufficient
conditions for the integrality of X (SDs,,S) by adding certain restrictions over Si.

Theorem 23. Let SDg,,(n > 2) be the semi-dihedral group, and let S = S U Sy C
SDg,, \{1} be such that S = S=!, where S; = Hepen U Hoga € {(a), Heyen C
(a?), Hoqa C ala®) and Sz C bla). If S; € B({(a)), then X(SDs,,S) is integral if
and only if 2¢;(53), 2[i(H2,,) + ¥1(S3)] are square numbers, for all j € CI,..,
le C’ldd if n is even, or j € C le C’é’%d\{n,?m} if n is odd.

even’
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Proof. If S1 € B({a)) and 2¢;(S3), 2[¢i(H2,,) + 11(S3)] are square numbers for
each j, 1, by Theorem 21, X (SDs,, S) is integral.

Conversely, assume that S; € B({a)) and X (SDs,, S) is integral. In the proof
of Theorem 21, we have A;(S) = 2¢;(S3) and A;(S) = 2[¢y(HZ,,) +¢1(S3)]. Thus,
by Theorem 14, 2¢;(S3) and 2[y;(HZ2,,) + 1 (S3)] are square numbers.

O

Next we present another necessary condition for the integrality of X (SDg,,, S).

Corollary 24. Let SDg,(n > 2) be the semi-dihedral group, and let S = S;USy C
SDs,, \{1} be such that S = S~', where S; C (a), and Sz C bla). If S1 € B({a))
and X (SDsg,,, S) is integral, then S3 € C({(a)).

Proof. 1f S1 € B({(a)) and X (SDsg,,S) is integral, then 2g;(S3) and 2[¢;(HZ2,,) +
¥ (S3)] are square numbers for all j, ! stated Theorem 23. Then ¢;(S3) and 1;(S3)
must be rational numbers because wl(Hgdd) is an integer by Lemma 19. Thus, we
conclude that ¢;(S3),1;(S3) are integers because ¢;(5%) and 1;(S3) are algebraic
integers. By Lemma 20, we get S5 € C((a)). O

However, the following example reveals that the necessary condition given in
Corollary 24 is not sufficient yet.

Example 25. Let SD1g = {(a,b | a® = b* = 1,bab = a®) be the semi-dihedral group
of order 16, and Sy = (0, S = Sy = {b,ba,ba*}. It is clear that X (SDyq,S) is
connected. By direct computation, we have

S%={1,1,a* a* a* a,a® a® a"} =2x {1} U3 *[a*] U[a] € C((a)).

Therefore, from Lemma 10, we have

3
2¢1(52) =2 <2<1(1) +3a(a*) + > <1(a2’“+1)> =2(2-243-2+40) = 20,
k=0

which is not a square number. By Theorem 14, X(SDg,,,S) is not integral.

Theorem 26. Let SDg,(n > 2) be the semi-dihedral group, and let S = S1USs
C SDg, \{1} be such that S = S=', where S; C (a®), and Sy C b{a). Then
X (SDgy, S) is integral if and only if S1 € B({a?)) and 25;(S3), 2¢1(S3) are square
numbers for all j € CI,.,., | € Cldd if n is even, or j € Cl,.,, | € C3%4"\{n,3n} if
n s odd.

Proof. First we suppose that X (SDg,, S) is integral. By Theorem 14, ¢;(S1) and
1 (S1) are integers. By Lemma 20, we have S; € B((a?)). By Lemmas 18 and 19,
we have 2¢;(S57) = [5;(51)]% and 2¢;(S?) = [¢1(S1)]?. Therefore,

Aj(S) =2 [5(SD) +(S3)] — [5(S1))* = 2;(S3)

and

A(S) =2 [ (ST) + vu(S3)] — [Wi(S1)]? = 2¢1(S3).
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Again by Theorem 14, 2¢;(S%) and 2¢;(S3) are square numbers for each 7, [.
Conversely, by Theorem 21, it is easy to see that X(SDs,, S) is integral. [

By Theorem 26, we give another class of integral Cayley graphs over semi-
dihedral group SDsg,,.

Corollary 27. Let SDg,, = (a,bla?™ = b? = 1,bab = a®>"~ 1) be the semi-dihedral
group and let S = S1 U Sy C SDg, \{1} be such that S = S=1, where Sy = {a*"}
and Sz = ba{a?) U {b}. Then X(SDg,,S) is connected and integral.

Proof. Tt is easy to see that S = S~! generates SDg,, and so X(SDg,,S) is con-
nected. Firstly, we have S; = {a®"} = [a®"] € B({(a?)), then S = {1}. By direct
calculation, we have S3 = 2n x (a?) U2 * a(a®) U {1}. By Lemmas 10 and 11, we
have, for each j

2(83) = 2 <2n i G(a®) +2 i G(a® 1) +<j(1)>
k=0

k=0
2n—1 2n—1
= 92 <2n Z (kaj +w—2kj) +2 Z (w(2k+1)j +w—(2k+1)j) + 2)
k=0 k=0

= 2(2n(0+0)+2(0+0)+2)
4
is a square number. Similarly, we have 2¢;(S3) = 4 is a square number for each .
By Theorem 26, X (SDsg,,.S) is integral.

Thus, we have A;(S) = 26;(53) = 4, Ay(S) = 2¢(S3) = 4 and g;(S1) =
Gj(a®™) = w?™ + W™ = 2, ;(S1) = i (a®) = —2. Therefore, by Corollary 15,
the spectrum of the graph X (SDg,,,S) can be obtained. If n is even, we have
Spec(X(SDsy, S)) = {2n+2,—2n,—2n+2,2n, [2]**7% (0" 2, [-2]*", [0]*"}

= {-2n,—2n+2,[-2>",[0]*" 2, [2]*""?, 2n, 2n + 2} .

And if n is odd, we have

Spec(X(SDgn, S)) = {2n+2,—2n,—2n+2,2n,0,-2,0,—2, [2]>"~2,[0]>"~2,
[_2]211—27 [O]Zn—Q}
= {-2n,—2n+2,[-2>", [0]*""2,[2]*""2,2n, 2n + 2} .

This completes the proof. O

The Corollary 27 implies

Corollary 28. For any natural numbern > 2, there is at least a connected (2n+2)-
regular integral graph with 8n vertices.



350 Tao Cheng, Lihua Feng, Guihai Yu and Chi Zhang

5. TWO SPECIAL SEMI-DIHEDRAL GROUPS

In this section, we will consider two special semi-dihedral groups.
5.1 Integral Cayley Graphs over SDjn

At first, we study the integral Cayley graph over semi-dihedral group SDan
for n > 4, where

SDgn = (a,b | a®" =42 =1,bab=a2" V).

In Bertram Huppert’s book Endliche Gruppen, this group is called a Quasidieder-
gruppe. In Dummit and Foote’s book Abstract Algebra, it is called the quasi-dihedral
group. In Daniel Gorenstein’s book Finite Groups, this group is called the semi-
dihedral group [31], we adopt this name in this section.

For cyclic group (a) of order 2"~ ! the set of atoms of the Boolean algebra

B((a)) is [Bla)] = {[a], a2, [a4), ..., [aQH]}. It is easy to know that the set of

atoms of the Boolean algebra B({a?)) is [B{a?)] = {[aZ], [a%],..., [a2n_2]} and thus
[B((a))]\[B({a?))] = {[a]}. Under these symbols, we have

Theorem 29. Let SDgn(n > 4) be the semi-dihedral group, and let S = S1 U Sy C
SDon \{1} be such that S = S~t, where S; C {(a) and Sy C b(a). If Sy € B({a)) and
26;(53), 2u,(S3) are square numbers for all j € CI,,,., | € C;de, then X (SDan, S)
is integral.

2). Since

Proof. Let S1 = Hepen U Hogq, where Heper, € (@) and Hoqq C ala
2))]. Thus,

51 € B(a)), we have Hepen € B((a?)) and Hoaa € [B((a))\[B({a
Hyqq = 0 or Hoqq = [a].

If Hogq = 0, then obviously ¢, (H2,,) = 0.

If Hoqq = [a], then HZ,, = 2" x (a?), so, for each [ € ngd, we have

2n72

Gi(Hiag) =272 Y- (@ 0T =220 =0,
k=1

Therefore,

2 (Yu(Hoaa) +11(93)) = 200+ $u(S5)) = 201(S3).
By Theorem 21, X (SDax, S) is integral. O

According to Theorem 29, we can derive infinite classes of integral Cayley
graphs over SDan .

Corollary 30. Let SDon(n > 4) be the semi-dihedral group, and let S = S; U Sy C
SDox \{1} be such that S = S~', where Sy C (a) and Sy C bla). If S1,bSy €
B({a)), then X(SDan,S) is integral.
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Proof. By Theorem 29, it suffices to show that 2¢;(S3), 2¢;(53) are square numbers
for all j € Clyop, I € Cluy Let bSo = Heyen U Hogg, where Hepen, C (a?) and

even’

Hoaq C ala?). Since bSy € B((a)), we have Heper, € B((a?)), and Hyqq = 0 or [a).

Case 1: If Hygq = 0, then bSy = H.yper, € B((a?)). By Lemma 4, bSy =
(bS3)~!, without loss of generality, suppose that bS, = {a?*|k € ®}, where ® is a
set of integers satisfying ® = —®, then Sy = {ba?* | k € ®}. Therefore, by Lemma
7, we have

(bS5)? = {a®*1¥k2) | |y ky e ®) and 82 = {a?1712) | ¢yt € BY.

Note that ® = —®, we have (bS2)? = S2. Since bS, € B((a?)), by Lemmas 18 and
19,

26i(93) = 25((b52)*) = [j(bS2)]* and  2¢(S3) = 2¢((6S2)?) = [ (bS2)]*

are square numbers.

Case 2: If Hy,qq = [a], then bSs = Heyen U [a] and Sy = bHeyen U blal,
where Hepen € B((a?)) and [a] = {a®*71 | k = 1,2,...,2"72}. By Lemma 4,
Heyen = HZL.. Suppose that He,en, = {a?|l € Q}, where  is a set of integers

even'*

satisfying Q = —(, then bHye,, = {ba® | I € Q}. Thus, we have

(bS9)* = H2,.,, U Hepenla] U [a] Hepen U [a]?,

even

and
S5 = (bHeven)* U (bHeven) (b]a]) U (bla]) (bH even) U (bla])*.
Next we will prove (bS3)? = S3. By Lemma 7, we have
(bHeven) (bla]) = (bHevenb)[a] = Hepepla] = Hevenlal.
Similarly,

(b[a])(bHeven) = [a]Hefuen and (b[a])2 e [a]2,

Further, by the same method as in Case 1, we have (bHeyen)? = H2,.,,.-
we conclude (bSs)? = S3.

Since bSy € B((a)), by Lemma 18, for each j € C

even’

Therefore

26;(53) = 26;((b52)*) = [5;(bS2)]?
is a square number. Note that
Heven[a] = [a]Heven = |Q| * [CL] = |Q‘ * {a2k71 | k= 1,2,.. .72n72}7

and
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We have
211,72
wl(Heven[a]) = wl([a]Heven) = ‘Q| Z M(a%_l)
k=1
271,72
= |9 Z (W ZE=D) _ = l2k=1))
k=1
= |Q‘(O — O) =0,
and
2n72
wl([a]2) — 2n—2 Z (w2kl + w—2kl> _ 2n—2 .0=0.
k=1

Therefore, combining the above expressions, we obtain

1/11(53) = ¢l((b52)2) = ’L/}l(Hgven) + i(Hevena]) + Yi([a] Heven) + ¢l([a]2)
= wl(Hgven)+0+0+0:wl(Hgven)'

Moreover, by Lemma 19, we have
21/”(5%) = 21/’l((bs2)2) = 27/}l(He2ven) = wl(Heven)]Q

is a square number too, for each [ € C’gdd. O

Remark. We would like to point out that the condition in Corollary 30 is
not necessary. Let S; = a(a?) and Sy = {ba?}, by Corollary 16, X (SDan,S) is
connected, integral and bipartite, but Sy = {a?} ¢ B({(a)).

5.2 Integral Cayley Graphs over SDg,

For an odd prime p, let SDs, = (a,b | a®? = b*> = 1,bab = a*~') be the
semi-dihedral group of order 8p.

Firstly, for cyclic group (a) of order 4p, the set of atoms of the Boolean algebra
B({a)) is [B((a))] = {[a], [a?], [a*], [a?], [a®"]}. It is casy to find the set of atoms of
the Boolean algebra B((a%)) is [B((a))] = {[a2), [a"], [a>"]} and [B((a))\[B((a?))] =
{0,[a], [a?], ala?)}, where, by easy calculation from the lines before Lemma 4,
[a?] = {a?,a®"} and [a] = {a®**1 | k = 0,1,2,...,2p — 1} \ {a?,a®"}. Thus, we
have

Theorem 31. For an odd prime p, let SDs, = {a,b | a*? = b? = 1,bab = a?P~1),
and let S = S U Sy C SDg, \{1} be such that S = S™', where S1 € {a) and S €
bla). If S1 € B({(a)) and 25;(S32), 2¢1(S3) are square numbers for all j € CI,.,,
1 € C8%"\{p,3p}, then X (SDsp, S) is integral.

Proof. Let S1 = Heypen U Hoqq, where Heyen, € (a?) and Hogq C a{a?). Since S; €
B({a)), we have Hepen € B((a?)) and Hoaa € [B((a))\[B((a*))] =10, [a], [a?], a(a®)}.
Thus we distinguish into the following four cases.
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Case 1: If H,qq = (), then obviously ¢;(H2,;;) = 0.
Case 2: If H,qq = [a] = a(a®)\{a?,a’"}, then

Hyyy = ((ala®) - a(a®)\2* (a(a®) - {a”,a’"})) U ({a, a’"} - {aP,a’"})
= 2px (@®)\4* (a®) U2x{1,a’"}
= (2p—4)*(a®)U2x{1,a*"}.

Thus, by Lemma 10, we have

2p—1
i(Hygg) = (2p—4) > i(a®) +2(eu(1) + ¢ (a®))
k=0
= (2p—4) pz_: (W 4 w2k 1 2. (2 - 2)
k=0
= (2p—4)-(0+0)+0

= 0
Case 3: If H,qq = [a?] = {a?,a®"}, then H2,, = 2% {1,a*’}. So we have
Yi(Hoga) = 2(i(1) + 1 (a®)) =2+ (2 - 2) = 0.
Case 4: If H,qq = a{a?), then H2,, = 2p = (a*). So we have
2p—1 2p—1

Gi(H2g) =2p Y (@) =2p Y (™ +w ) =2p- (040) =0.
k=0 k=0

Therefore, for each | € C§%\{p, 3p},

2(i(Higq) +¥1(53)) = 2(0 + 1(53)) = 244 (S3).
By Theorem 21, X (SDs,, S) is integral. O
Theorem 31 implies

Corollary 32. For an odd prime p, let SDs, = (a,b | a*? = b? = 1,bab = a?~1),
and let S = Sy U Sy C SDg, \{1} be such that S = S™1, where S; C (a) and
S Cb(a). If S1,bS2 € B({a)), then X(SDsg,,S) is integral.

Proof. The proof is similar to that of Corollary 30. O

Remark. Let SDg,(n > 4) be the semi-dihedral group, where n = 2t=3 (¢t > 4)
or n = p for odd prime p. For S; € B({a)), by Theorems 23, 29 and 31, if we want
to keep the integrality of X(SDg,,S), we just need to make sure that So = S5 !
and 2¢;(S53), 21,(S3) are square numbers.
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If |Sy| = 1, since Sy = S;', then we must have Sy = {ba®*} for some
k €{0,1,2,...,2n — 1}. Thus we have S3 = {1}. Therefore 2;(53) = 2¢,(53) = 4
is a square number.

If |Sy| = 2, since Sy = S5 !, then we must have So = {ba?*t1, (ba?*+1)~1} for
some k € {0,1,2,...,2n—1}. Thus we have S3 = 2x[a®"] = 2% {1,a?"}. Therefore,
for each j,1, since j is even and [ is odd, we have

265(53) =4 (5;(1) + (@) =4 2+ (W +w ™)) =4(2+2) = 16
and
200(83) =4 (Yi(1) +¢(a®)) =4 (2+ (W +w ) =4(2-2)=0

are square numbers.

Thus, for these two special semi-dihedral groups in this section, if S; € B((a))
and |S3| < 3, then X (SDsy,, S) is integral if and only if S5 € {0, {ba®*}, {ba? T,
(ba* 1)~} } for some k € {0,1,2,...,2n — 1}.
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