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SHARP INEQUALITIES FOR THE COMPLETE
ELLIPTIC INTEGRALS OF THE FIRST AND SECOND
KINDS

Wei-Dong Jiang

By studying the monotonicity properties of (r), £(r) and some combinations
of elementary functions and special functions, some new inequalities for the
complete elliptic integrals of the first and second kinds are established. where
K(r) = Oﬂ/z(l —r%sin?0)"/2d0, E(r) = O”/2(1 —r%5in?0)'/2df denote the
complete elliptic integrals of the first and second kind, r € (0, 1).

1. INTRODUCTION

For 0 < r <1 and 7" =1 — r2. Legendre’s complete elliptic integrals of the
first and second kinds [14, 15] are defined by

K =K(r) = [T?(1 = r2sin® 6)~1/2dp,
K =K'(r) = K(r'),
K00)=r/2, K(1)=oo

and
E=E(r) = foﬂ/Z(l —r2sin” 0)1/24d0,
£ = £'(r) = £(),
E(0) =m/2, E(1) =1,
respectively.
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It is well known that the complete elliptic integrals have many important ap-
plications in physics, engineering, geometric function theory, quasiconformal anal-
ysis, theory of mean values, number theory and other related fields [4, 5, 6, 9, 14,
15, 28, 24, 30, 32, 25, 23, 35].

Recently, the complete elliptic integrals have attracted the attention of nu-
merous mathematicians. In particular, many remarkable properties and inequalities
for the complete elliptic integrals can be found in the literature [1, 2, 3, 7, 8, 10,
11, 17, 18, 19, 20, 21, 36, 41, 46, 22, 47, 37, 38, 39, 42, 27, 40, 43, 44, 45,
33, 29, 48|

In 1992, Anderson et al.[8] discovered that K can be approximated by the
inverse hyperbolic tangent function, and proved that

7 (arthr 1/2 7 (arthr
(1) 2( . ) <IC(r)<2( " )

for r € (0,1).
It is also worth mentioning that the left hand side of inequality (1) was
improved by Alzer and Qiu [2, Thoerem 18]. They proved that the double inequality

() er < ()

holds for all » € (0,1) with the best possible constants & = 3/4 and § = 1 and
proposed an open problem as follows.

Open problem: The double inequality

3) il (arthff“m <K(r) <2 (arthf>3/ o

2 T 2 T

holds for all » € (0,1) with the best possible constants o = 0 and § = 1/4. This
problem has been proved in [18].

Alzer and Qiu [2, Theorem 20] proved that the following double inequality
(4)  a+az(1—7")+log(l+1/r") < K(r) <a+ B3(1 —7r")+log(l+1/r")

hold For a = m/2 —log 2 = 0.2853... and all real numbers r € (0,1) with the best
possible constants

a3 =

—0.2853... and (3 = 3log 2 — g — 0.5086....

DN |

T
4

M. Vuorinen [31] conjectured that inequality

) ew > 5 (M)

2/3
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holds for all » € (0,1). This conjecture was proved by R. W. Barnard et al. in [12].
Later, they also provided an upper bound for £(r) [13]

2\ 1/2
6) 5(r)<”<1+7’) L0<r<l.

2 2

Recently, some bounds for £(r) were discovered in the paper [34]. For exam-
ple, Theorem 1.2 in [34] states that, for r € (0, 1), the following double inequalities
hold.

7 3mr—rarthr T ™ r — r’%arthr
Lot e T (I )y =2
@ 2 16 r <& <3 (2 ) r
(8) g —logr’ — rarthr < £(r) < g - (2 - Z) logr’ — rarthr

In this paper, inspired by the double inequalities (7) and (8), we obtain
several optimal upper and lower bounds for complete elliptic integrals of the first
and second kind, by studying the monotonicity properties of functions, which are
defined in terms of X and €.

2. PRELIMINARIES AND LEMMAS

In order to establish our main results we need several formulas and Lemmas,
which we present in this section.

For real numbers a,b and ¢ with ¢ # 0,—1,—2, ..., the Gaussian hypergeo-
metric function is defined by

(9) F(a,b;c;x) =5 Fi(a,b;cx) = i ij,fcﬂx < 1.

n=0
Here, (a,0) = 1 for a # 0 and (a, b) denotes the shifted factorial function
(a,n) =ala+1)(a+2)(a+3)---(a+n—1)
forn=1,2---.

For 0 < r < 1, the following formulas were presented in [9, 1.20 Exercises
and [9, (3.13)]:
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11
arcsinr = rF (=, =; §; r?)
2°2°2
1
arthr = rF'(=, 1; §; r?)
2 2
T 11
=_F 1 2
Kr) = TF(G, 5 1:77)
™ 1 1 9
5(7") §F(§, 2,1,7" )
Lemma 1. [16, 24] If n > 1, then
1 1 4
(10) n+<[ (n Jrl)] <n+771
4 [P(n+3)
Lemma 2. [2, 26/ Let a,, and b,(n = 0,1,2,---) be real numbers, and let the
power series A(t) = >0 ant"™ and B(t) = Z _Ob t" be convergent for |t| < R.
Ifb, >0 forn =20,1,2,---, and if ‘;—: is strictly increasing (or decreasing) for
n = 0,1,2,---, then the function % is strictly increasing (or decreasing) on

(0, R).

3. MAIN RESULTS

Theorem 1. The function fi(r) = r[x/2—&(r)]/(r—r'? sinhr) in strictly increasing

from (0,1) onto (3w/20,7/2 — 1). Moreover, the double inequality
™ ™ r —r'?sinhr 7 3mr—rsinhr

11 77(771)7 T _omrmr SHAr

() 2 \2 N

holds for all r € (0,1).
Proof. Using series expansion

[eS)
x2n+1

sinhz = —_,
— (2n+1)!
and
T 1 1
=-F(z 1;r?
g(’r) 2 (27 27 7T )7
we have
T_¢ 0 " 2n
(12) filr) = —2 =8 T L Fur

1— (1 —r2)simhe = 3 575 g p2n
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_ (3.n)(3,n+1) _ (2n+3)(2n+2)—1
where R,, = =Sy e and S, = W

Let T, = R,,/Sy,. Then

(13) Tnt1  (2n+5)(2n 4+ 3)(2n + 1)(4n® + 100 + 5)
T, 2(4n? + 18n + 19)(n + 2)

simple computations lead to

(2n +5)(2n + 3)(2n + 1)(4n? + 10n + 5) — 2(4n” 4 18n + 19)(n + 2)
= 224n* 4+ 57613 + 648n2 + 32n° +270n — 1 > 0

for all n > 1. This implies that

Tn+1
14 — > 1
(14) T

Inequality (14) implies that T;, is strictly increasing for n = 1,2,--- , there-
fore, from (12) and Lemma 2 we clearly see that fi(r) is strictly increasing in
(0,1). Moreover, making use of I'Hopital’s rule we have f1(0%) = 37/20 and
fil7)==n/2-1. O

Theorem 2. The function fy(r) = [Sarthr —r&(r)]/(r*arthr) in strictly increasing
from (0,1) onto (Tm/24,7/2). Moreover, the double inequality

m arthr 9 m arthr T,

holds for all r € (0,1).
Proof. Using series expansion we have

Tarthr —r€(r) 7w 07 R,r*"

(16) falr) = r2arthr ) oo Spr?n’

( 1

2n—1"

2
731?’)7(17)“)2 and S, =

where R,, = 2n1+1 + @

2
_ Rn _ 2n—1 1 (T(n+1/2)
Let Tn = g = 9ntl =+ P ( F(n+1) ) . Then

2
(17) Tn+1 - Tn ==

4 _ 4n+3 <F(n+§))
2n+1)2n+3) 4dn(n+1)2 \D(n+1)

We only need to prove T,,+1 — T;, > 0 ,which is equivalent to

(18)

167 (n + 1)2 U(n+ 3)
(2n+1)(2n+3)(4n+3) (F(n+1))
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By Lemma 1, we only need to prove

16m(n + 1)? 4
2n+1)2n+3)(4n+3) =~ 4dn+1

(19)

Since m > 3, we only to prove

12(n+1)2 - 1
2n+1)2n+3)(4n+3) =~ 4dn+1

(20)

easy calculation gives

12(n +1)*(4n +1) — (2n + 1)(2n + 3)(4n + 3)
=323 4+ 64n? +36n+3 >0

foralln > 1,n C N.

Thus T,,41 > T}, which implies that T, is strictly increasing for n = 1,2, - |
therefore, from (16) and Lemma 2 we clearly see that fo(r) is strictly increasing
in (0,1). Moreover, using 'Hopital’s rule we have fo(0") = 77/24 and fo(17) =
/2. O

Theorem 3. The function f3(r) = [5 arcsinr — r&(r)]/(r? arcsinr) in strictly in-
creasing from (0,1) onto (57/24,1/2(m — 4/7)). Moreover, the double inequality

(21) garcsmr [1(1 4)7“2] < &) < m arcsinr (1 5r2>

r w2 2 r 12
holds for all r € (0,1).

Proof. Using series expansion we have

Tarcsinr —r&(r)  wY 07| R,r*"

(22) fa(r) =2 =

r2 arcsinr S 2) 0 S
where
. (ém)(é,n){ 1 1 }
" n! (1+2n)(3,n) (2n—1)n!
and
o _mGm 2

n! (3,n)(2n —1)2’

Let T, = R/ =21 2ol (%@} = 23;1 [32;1 + \/1%(;(;?1)} Then
12n2 +8n — 3 (2n +3)I'(n+1/2)

" 2n(2n+3)2n+ 1) (n+1)  4yan(n+ DI'(n+1) > 0.
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Inequalities (22) and (23) together with Lemma 2 lead to the conclusion that f3(r)
is strictly increasing in (0,1). Moreover, making use of 'Hopital’s rule we have

f3(01) = br/24 and f3(17) = g<1—;g>. 0

Theorem 4. The function f4(r) = [Farthr —rK(r)]/(r®arthr) in strictly increasing
from (0,1) onto (w/24,7/2 — 1). Moreover, the double inequality

7 arthr 2, m arthr 1 5

holds for all r € (0,1).

Proof. Using series expansion we have

garthr —rK(r) —m S Ry

25 - _
( ) f4(r) r2arthr 2 220:1 SnTgn
where R, = 5 — (1(/3!7)2‘)2 and S, = 57
2
_ Ry, _ 2n-1 _ 2n-1 (T(n+1/2)
LetTn—ﬁ—%_‘_l— = (F(n+1)) . Then
1 2
T T On 4+ D)(2n+3)  4dn(n+ 12 \D(n+1)

We only need to prove T,,+1 — T;, > 0 ,which is equivalent to

)

(27) 167(n+ 1) (F(n—i— i)

>
(2n+1)(2n+3)(6n +5)
By Lemma 1, we only need to prove

167(n +1)? 4

(28) @nt D(2n+3)6n15) ~ dntl

Since ™ > 3, we only to prove

12(n+1)2 1

(29) @n+ D2n+3)6n+5) ~ dn+l

easy calculation gives

12(n +1)*(4n +1) — (2n + 1)(2n + 3)(6n + 5)
= 24n® +40n* 4+ 14n -3 >0
forallm>1,n C N.
This means that the sequence T, is strictly increasing for n = 1,2, --- | there-

fore, from (25) and Lemma 2 we clearly see that f4(r) is strictly increasing in (0, 1).
Moreover, using ’'Hopital’s rule we have f4(07) =7/24 and f4(17) =n/2-1. O



Sharp Inequalities for the Complete Elliptic Integrals of the First and Second Kinds 395

Theorem 5. The function f5(r) = [§ — K(r) —rarthr]/(log(r")) in strictly decreas-
ing from (0,1) onto (2,7/4 + 2). Moreover, the double inequality

™

2
holds for all r € (0,1).

(30) (2+ E) logr’ — rarthr < K(r) < g — 2logr’ — rarthr.

4

Proof. Making Use of series expansion one has

Z —rarthr — K(r) 207, R, r?"

1 _ 2 — n=1""n
(31) f5(r) $log(1 —r?) Yoo Spr?n

where R, = W(1(/5{)7;)2 + g7 and Sy = .

_ R, _ (1/2,n) 2 ) _ T(nt1/2))> 2
Let T, = g =n (77 w2t 1) =n {( T(n+1) ) + 2n—1:|' Then

1 T(n+ 1)\’ 2
(32) O TP} E <I‘(n + 1)) T a2 -1

We only need to prove T;, 11 — T;, < 0 ,which is equivalent to

(33) (F(n+1))2 an? — 1

—_ > J—
I(n+ 1) 8(n+1)2
By Lemma 1, we only need to prove

4dn +1 4n? — 1

(34) 1 8t

Simple calculation gives

dn+1  4n®—1  8n®+14n® +12n+3
4 8(n+1)2 8(n+1)2

>0

foralln>1,n C N.

Hence, the sequence T, is strictly decreasing for n = 1,2, --- , therefore, from
(31) and Lemma 2 we clearly see that f5(r) is strictly increasing in (0, 1). Moreover,
using 'Hopital’s rule we have f5(07) =2+ F and f5(17) =2 O
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4. CONCLUDING REMARKS

Remark 1. The upper bound for K(r) in Theorem 4 is sharper than the corre-
sponding one in (1).

Remark 2. Moreover, based on numerical experiments, we note that our upper and
lower bounds from Theorem 5 are better than the corresponding upper and lower
bounds from (3). Indeed, we consider the functions u,l: (0,1) — R defined by

u(r) =

)

h 3/4+r/4
—2logr’ — rarthr — g (art r)

o1

T

T T 7w (arthr 3/4
l(r)_2—(2—|—4)logr'—rarthr—2< . ) .

Then Figure 1 shows that the upper and lower bounds in (30) for K(r) are better
than the upper and lower bounds in (3).

0

-0.5

0 T T T T 1
0 0.2 0.4 0.6 0.8 1
r

-2.54

(a) The graph of the functions u(r) (b) The graph of the functions I(r)
Figure 1: The graph of the functions u(r) and I(r)

Remark 3. Consider the functions zu, zl : (0,1) = R defined by

zu(r) = g — 2logr’ — rarthr — [g —log2+ (3log2 — g)(l —1') +log(1 + 1/r’)} :

2l(r) = g —(2+ g)logr’ — rarthr — [g —log2+ (

T 1

1 2)(1—r/)+10g(1+1/r’)} .

The plots presented in Figure 2 demonstrates that the upper and lower bounds in
(30) for KC(r) are better than the upper and lower bounds in (4).
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(a) The graph of the functions zu(r) (b) The graph of the functions zI(r)

Figure 2: The graph of the functions zu(r) and zI(r)
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