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EULER SUMS OF GENERALIZED HARMONIC
NUMBERS AND CONNECTED EXTENSIONS

Miimiin Can*, Levent Kargin, Ayhan Dil and Gultekin Soylu

This paper presents the evaluation of the Euler sums of generalized hyper-
harmonic numbers H"'?
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in terms of the famous FEuler sums of generalized harmonic numbers. More-
over, several infinite series, whose terms consist of certain harmonic numbers
and reciprocal binomial coefficients, are evaluated in terms of the Riemann
zeta values.

1. INTRODUCTION
The classical Euler sum (g (1) is the following Dirichlet series
o0 Hn
CH (7") - 712::1 nr’

where H,, is the nth harmonic number. This series is also known as the harmonic
zeta function. The famous Euler’s identity for this sum is [14, 22, 30]
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where ¢ (r) is the classical Riemann zeta function (for more details, see for instance
[40]). Many generalizations of the Euler sums (the so called Euler-type sums) are
given using generalizations of harmonic numbers (see [2-4,7,8,10,21,26,36,37,41,
43,45-49]). Evaluation of the Euler-type sums and construction of closed forms are
active fields of study in analytical number theory. Furthermore [3,7,10,16,17] are
some of the studies that make this area interesting in the sense that the Euler sums
have potential applications in quantum field theory and knot theory, especially in
evaluation of the Feynman diagrams.
Euler actually considered also the more general form [5,19,22,30]

= H,
(2) Carr (m) =~ =,
n=1

where Hr(lp ) defined by

11 1
HP =14 —+ — 4+ —

5 T 3 o (peZ,neN),

is the nth partial sum of ¢ (p) and is called the nth generalized harmonic number
for p > 1. In particular, H(()p) = 0 and H,(Ll) = H,, the nth harmonic number.
When p <0 it is called the sum of powers of integers.

One of the most important issues here is to write the Euler-type sums as
combinations of the Riemann zeta function as in (1). This problem has remained
important for various Euler-type sums from the era of Euler to the present day. It’s
shown by Euler himself that, the cases of p =1, p = ¢, p + ¢ odd, and for special
pairs (p,q) € {(2,4),(4,2)}, the sums of the form (2) have evaluations in terms
of the Riemann zeta function (see [5,19,22,30]). There is a very comprehensive
literature on this subject, both theoretical and numerical ( [1,6,7,10,14,19-21,29,
36,41-45,48]). One of these results; the Euler identity (1) was further extended in
the works of Borwein et al. [6] and Huard et al. [24]. For odd weight N > 3 and
p=1,2,...,N — 2, we have [24, Theorem 1] (or [6, p. 278])

(N—p—1)/2] .
N-27-1
(B) Gy (N=p)=(-1)" Y ( e
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wer Y (I )ew -2ice - corem).
j=0
Moreover, these so called ”linear Euler sums” satisfy a simple reflection formula

(4) Caw (1) + e (p) =Cp+7)+C(p)C(r).

Considering nested partial sums of the harmonic numbers, Conway and Guy
[18] introduced hyperharmonic numbers for an integer r > 1 as

W) =3 "hIY, neN,
k=1
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with Ay, O~ /n, hy, D = = H, and hér) = 0. Hyperharmonic numbers are also im-
portant because they build a step in the transition to the multiple zeta functions
(see [26,42]). Dil and Boyadzhiev [20] extended Euler’s identity (1) to the Euler
sums of the hyperharmonic numbers:

> pl@)
(5) Cpear (7 Z e (r>aq),
1 q
® 0= 2yl

q—1
X Ca(r—k+1)=Hya((r—k+1)+ Y plr—k+1,5) ¢,
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where [z] is the Stirling number of the first kind and

o) r—1 k;fl 1H'
noonni) = = Cor+1—k)+ (-1 =L,
™) > i) > ( )+ )

Formula (6) was the general form of the results obtained for some special values of
¢ and 7 in the study of [29].

Studies on evaluating the Euler sums (2) and (5) in terms of the Riemann zeta
values ¢ (m) have motivated researchers to find representations harmonic number
series of the forms

r(n+m+1\’ n+q\’
n=1(n +m) ( ) n=1 n( )
! q

It has been shown that some families of these type of series can be evaluated in
terms of the Euler sums and Riemann zeta values (see for example for m = 0,
p=1,r € {0,1} [32,34,38], for m = r = 0 [33], for m = 0 [32,44], for m > 0,
r=1, pe{l,2} [35,39] and for the series involving hyperharmonic numbers [20]).
We would like to emphasize that in some studies these type of series have been
expressed in terms of hypergeometric series [13,14,29,35, 36, 39].

In this work we mainly concentrate on the generalized hyperharmonic num-
bers defined as (see [21])

® 2D =3 BT, (pezZren),
k=1

with HP? = 1 /nP. These are a unified extension of the generalized harmonic
numbers and hyperharmonic numbers:

HPY = HP and HM) = "),
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The main objective of this study is the evaluation of Euler sums of generalized

hyperharmonic numbers
)

n
nT‘

S Hpiq
Cawa (1) = Z
n=1

A step towards the solution of this problem is taken in [21]. However, the recurrence
used by the authors did not return a closed formula. Without an available closed
formula, they listed only the following few special cases

Caw (1) = Cgo-1 (p) = Cgor (P — 1) + (g (p),
20w (1) = 2Cxo () + 3Cxe—1 (P) + (-2 () — 3(gm (P — 1)
+ e (p—2) = 2(ye-n (p—1).

Later, Goral and Sertbag [23] showed that the Euler sums of generalized hyperhar-
monic numbers can be evaluated in terms of the Euler sums of generalized harmonic
numbers and special values of the Riemann zeta function. However, their method
does not determine the coefficients explicitly. This gap is filled in this study. The

following recurrence relation for Hr(lp ) depending on the index g,
(¢g—1) Hy(f’vq) =(n+qg-1) Hy(Lp,qfl) _ HT(Lpfl,qfl)

is obtained. Thanks to this recurrence relation, it is managed to obtain a closed
formula for Hff’ ) in terms of H7(Ip ) in Theorem 2. This enables the evaluation of
the Euler sums of generalized hyperharmonic numbers in terms of the Euler sums
of generalized harmonic numbers as

0 1) AT

A demonstration of this formula is the following example:

CH(p q+1)

905 393778
— 2 _—
2 pearn (6) = —1925¢ (11) + (175 TRy 320> ¢(9)

24572 3574 31710 4 5p6 g1qi2
+< AR SRl ><(7)+<1+ a 7r)g(5)

12 18 46 656 1134~ 6123600
76 710 1406712
1134C (3) + 29160 + 638512875

35 , 1
— 2 (6) - (3O +

In addition, a counterpart of the reflection formula (4) is obtained in the following
form:

CH(p,q-f—l) (T) + CH(T«H—U (p) .

Section 2 completes with this formula which serves to calculate sums similar to the
foregoing example with less computational cost.
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In the last section we further extend our results. In this direction we establish
new and more general identities for the series whose terms are generalizations of
harmonic numbers and reciprocal binomial coefficients. For instance,

i Hr(Lp q)
= (n+m) ()

is evaluated in terms of the Riemann zeta values. This leads to several new evalu-
ation formulas for particular series involving the generalized harmonic and hyper-
harmonic numbers. We point out special cases of these formulas which match with
several known results in the literature.

2. EULER SUMS OF GENERALIZED HYPERHARMONIC
NUMBERS

In this section we present an evaluation formula for Euler sums (pep.q) (1)
under certain conditions. To state and prove our result we need some preliminaries.
Firstly, recall the polylogarithm defined by

oo

7 iIp> an <lip
Lp t<1f 1, d |t lifp<1).

The generating function of the numbers Hﬁp D in terms of the polylogarithm is [21]

LZ ()
9 E H(p’q)t"— P |t| <1, p,q€Z.

Our first result presents the following reduction formula for H,(Lp ),

Lemma 1. Let p and q be integers with ¢ > 1. Reduction relation for H,(@p’q) in the
index q s

(10) (¢—1) HPD = (n+q— 1) HPa—D - g=ta=D),

Proof. We define the polynomial H,(Lp 2) (2) as

H(znq) ZH(p ,q) S

Considering (9), we obtain the ordinary generating function of H*? (2) as

oo

Li, (2t)
(11) HP:a) = ——Fr
nz:o (1—1t)(1—=zt)
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From (11), it can be seen that

d -
HPD (2) = HP M0 (2) + g2, (7).

e
dz= "

On the other hand, we utilize (8) twice to find that

HT(LP,Q) — i H]guq—l) _ i iH](p7q—2)
k=1

k=1 j=1

(12)

=(n+1) HT(Lp,qfl) _ ZjH](p7Q—2)

j=1
= (ot HPD = LHPN ()
z=1

or equivalently

d _ _ (8) _

2 p.a-2) — (pa-1) _ gpa) & (p.g—1) _ g(P:a)
(13) dzH" (2) T (n+1)H) HPY = nHY H™T.
Therefore, (12) and (13) yield the desired formula. O

The objective here is to express H&*? in terms of H. In [21] this relation
is listed for at most ¢ = 4 due to the complexity of the process. However, the next

result provides a general solution to this problem where the numbers H,Sp 9 are
expressed in terms of the numbers H¥) and [?]T. Here [‘;]T denotes the r-Stirling
number of the first kind defined by the ”horizontal” generating function [11,12,28]

(14) (J:+7")(ac—|—r+1)~-~(x+r+q—1):Z[3] xd

J=0

The essence of the proof is based on the relationship between r-Stirling numbers and
symmetric polynomials. The kth elementary symmetric polynomial ey, (X7, ..., X,)
in variables X7, ..., X, is defined by (see for example [27])

60(X17~-~7Xq) :17

k
er (X1,...,X,) = > [[X5.. 1<k<q

1<j1 <j2 << <q1=1

ek(Xl,...,Xq):O, k>q,

and possesses the identity

q q _ ‘
(15) (= X;) =) (1) eqj (X1,...,Xq) 2.
-1 §=0

J
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The comparison of (14) with (15) obviously leads to the following relationship [28,
Theorem 4.1]

(16) eq_j(n+1,n+2,...,n+q){q} ,
J n+1

Theorem 2. Let p and q be integers with ¢ > 0. Then,

q
(17) q!Hq(lp,q+1) — § :(_1)k [CI} Hqufk).
k
k=0 n+1

Proof. We employ (10) on the right-hand side of
(q—1)gHPI) = (n+q) (g — 1) HPD — (¢ — 1) HP~19),
and see that

(=1 gHP = HP ™D {(n+q) (n+q-1)}
—HP M {(n4q) + (n+q—-1)} + HP2Y

2
Z ezknJrqfl n+q)H(P k.q+1-2)
=0
These initial steps suggest that the following equality should hold:
(18) (CI+ 1—r)(g+1—(r—1))--(q—1)gHPtY

_Z ek (n4+q—(r—1),n4+q—(r—2),...,n+q) Hpkari=r,

To prove this by induction we show that it is also true for r + 1 < ¢q. We multiply
(18) by (¢ — r) and then use (10). Hence we find that

(q_r)(Q+1—T)(q+1—(r_l))...(q_l)qHT(Lp,qul)

_Z €rkn+q—(r—l) ,n—|—q)(n+q_r)H(p k,q—r)

+Z(_1)k+1 er—r(n+q—(r—1),...,n+q) HPF-ta=r)
k=0
:er(nJrq—(rf1),...,n+q)(n+q—r)H(”’q )
+ 3D HP R (it g = 1) er i (nt g — (r—1),...,n +q)

terpi—k(n+q—(r—1),...,n+q)}
+ (=) eg(ntqg—r...,n+q) HP- D)
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r+1
=Y (-Derpik(ntg—r,... ,n+q) HPFatI=HD)
k=0

The case r = ¢ in (18) gives

q

QHPTD =3 (1) eqp (n+1,...,n+q) HF™,
k=0
which combines with (16) to give the statement. O

Now, we are ready to state and prove our evaluation formula for (g (7).
Thanks to this formula the evaluation of the Euler sums of generalized hyperhar-
monic numbers reduces to the evaluation of the Euler sums of generalized harmonic
numbers.

Theorem 3. Forp,q>1 andr > q+ 1, we have

1 q m +1
Goaen ()= 33 SV [ (4 [ o

Proof. From (17) and the following identity [31, p. 1661]

R A

1 q
Hpa = L Z (—1)* m HO
q' n+1

S e e

k=0 m=k

we have

Multiplying both sides with n~" and summing over over the positive integer values
on n, we deduce the desired result. O]

As mentioned in the introductory section the sums (g .o (1) were listed up
to ¢ = 3 in [21]. With the help of Theorem 3 these sums can be evaluated for
further choices of ¢. For instance for ¢ = 4 one can obtain:

Cawa (1) = Cuw (r) + %Cmp) (r—1)+Cgwm (r—2)+ %CH(F) (r—3)

= o= () = Ko (= 1) = 5Carom (7 = D) + G (1)

1 1
+ §CH(P*2> (r—1)— ECH(P*?’) (r).
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Hence, with the use of some values of (g (7) listed in forthcoming Remark 5, a
few concrete expressions of (g4 (1) are:

1 d 76

11 11 1
o G (6) = 96(5)~ (1= 57 €0) — 5 (€ - oo = T B

™

4
e 6) = -10¢(0)+ (22 - 2 e+ (4 2w e B ) o)

11 o Tmt 5576
+ 7 €O+ 1555 ~ 13608
o G (5) = Gy )+ 5+ (5 = 02 ) ¢9) -2 )

2 1lxt 4 76
_(18+270>C(3) 540 324
o G (5) = g G (9) = 22 0) + (2~ 03) ¢ (1)

35 4 mt T 7 14378
+(67T +18>C()+30<() 1944 " 680400

o Con (5) = 231¢ (9) + (21—31885 2><(7) (é(l) 4+§W2>C<S)

ﬂ.S 7r10

1 2
F O +CIC6) — BC®) — Foo 4 s

The following corollary gives the reflection formula for the Euler sums of
generalized hyperharmonic numbers. Combined with (3), this corollary shows that
Crw.a+n (1) + (et (p) can be written as a combination of the Riemann zeta
values. In this way, particular the Euler sums of type (.o (p) can be evaluated
with less computation.

Corollary 4. Letp>q+1,r>q+ 1 and p+ r be even. Then

CH(p,qul) (T) + CH(NHl) (p)

et d 3Bt [0St sam

moda" =0
1\~ v mtk |4+ 1] (m
+an;kzzo(—1) [mHKk)C(p—kz)g(Hk—m).

Proof. Let (p+ ) be even. It is obvious from Theorem 3 that
Caw.a+n (1) + Crirary (p)

qg m +1 o HT(pfk) . ) H(r+k7m)
B LGSR g

m=0 n=1 n=1
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We write the right-hand side as

q m +1 00 Hv(zp_k) o] HT(Lr+k—m)
Z Z (71)k |:731 + 1:| (T]:L) {Zl n7'+k—7n - Zl np—k }
n= n=

2m o (p—k) (r+k 2m)
k|l g+1 2m Hy,
: o [ OO e - 2

By the reflection formula (4) we have

0o H’r(zp_k) 00 H£r+k—2m)
ZW‘FZWzg(p‘F’l“—Qm)—|—C(p—/€)§(’l“+k‘—2m).
n=1 n=1

Moreover, for odd m, it can be seen from (3) that

oo HT(Lp—k) [eS) H(r+k—m)

Z nr+k—m N Z nnp_k = QCH(pfk) (T + k — m) — C (p +r— m)

n=1 n=1
—Clp—k)C(r+k—m).

Hence, we obtain the desired equation. O

Remark 5. For interested readers we would like to list some values of (g (1),
used in the evaluations of (gw.a (5),1 < p <5, and (g5 (6). These are calculated
with the help of (1), (3) and (4).

o Crro (2) = 2¢(3), o Crrw (6) = ¢ (9) — B¢ (7) - C (5),
o Cum (3) =13, o Che (2) = —C2(3) + 2,
o Cuon () =3C(5) = C(3),  ® Cun (3) = —17¢(7) + Z-¢ (5) + 53¢ (3),
o Cyo (5) = =32 (3) + &y, * Cun (4) = 1i3%oo
. Cn (2) = ;ﬁ o Cire (5) = —122¢ (9) + B¢ (7) + o (5),
o Cuen (3) = ~3C(5) + TC(3), o (e (2) = 11(T) = 22¢(5) — ¢ (3),
. Cu (4) = <2 (3) - 2, o G (4) = L (9) — B22¢(7) — 2 (5),
o Cy (5) = =10 (T) + Z2°¢ (5)  ® (o (5) = £¢2 (5) + 18115+
+22(3), o Cu (6) = 483¢ (11) — 21w2<< ) — (7).
© Cuo ()= HC0) - FCE). o Caw (8) = 5N~ FCO) + ¢ (65)
* o (3) = 3¢% (3) + 15gp +945¢< )
o (e (4) =18 (T) = 22-C(5), Cyew (5) = 212 (9) — 48L¢ (11) + Z2¢ (7)

+2C(5).
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3. SERIES INVOLVING HARMONIC NUMBERS AND
RECIPROCAL BINOMIAL COEFFICIENTS

In this section we introduce evaluation formulas for some series involving the
harmonic numbers and their generalizations.

Theorem 6. Let p > 1 and q, Il > 0 be integers with | > q. For m > 1,

) H7(lp,q)
(19) >

n+m) (")

=g , )il BTl pyitRl

3

Il

_
—~

i=o N/ im1 (m+17)
and
S H7(LP’Q)
(20) —
n=1 n( ;Fl)
4 - _1ytr g R (Cq)itE
=((p+1)— (jq>{( )jp J+Z( j)k C(p+1—k)}.
j=1 k=1

Proof. Using the formula (see [25, p.909])

1
(TL + m) (7L+7ln+l) ?

1
/t”“’“l (1—t)dt=
0

we can write
Hflp,q)
(n+-m) ("7

1
= /ng’q)t“m*l (1—t)at.

With the help of (9), we get

1

oo H(pﬂl)

Z n+m+l /tm 1 l qup( ) dt
0
-

n:l
(50
7=0

Then (19) follows from (7). If m = 0, then we have

oo
an’ n—i—m—i—j)

n=1

o H7(lp,q) l—q I—g s 1
=0+ () Y e
n=1 n( ;H) j=1 J ;np (n+J)

which is equivalent to (20). O
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Now, we deal with some special cases of Theorem 6. Setting ¢ = [ gives

i (p,q) (_1);)—1 H p—1 (_1)1'—1
21 = uu _ —
(21) (n+m) n+m+q) mpP +Z mi Clp+1—1)
n=1 q =1
and
H(P ,q)
(22) Z Gl Clp+1).

Note that the variable ¢ does not appear in the right-hand sides and all these series
converge very slowly.
For p =1, (21) and (22) give Proposition 5 and Proposition 6 in [20]

0 h;‘]) 1 o h(Q)
Zl (T = g™ and Z n+q
n= q

respectively. (21) also yields [44, Eq. (2.30)] for ¢ = 1. Additionally, when p = 1
in Theorem 6, we reach at

= (n+m) (" §=0 J
and l
N - I —q\ H;
Z o 67T2 + (-1) ( . q) =
n=1 n( l ) j=1 J J

i (71)16 m HnJrk _ Hn+m - Hm
ki n—l—k: n(n:’-:n)

and [9, Eq. (9.4b)]

J

n
St (1) 5 =
i=1 J

gives the following closed forms for series involving hyperharmonic numbers with
reciprocal binomial coefficients.

Corollary 7. Let q,1 > 0 be integers with | > q. For all integers m > 1

i (‘I) _ Hm+l7q _ Hlfq
ot () () m ()
d
" = 1,
2 i 6T e
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For p = ¢ = 1, Theorem 6 gives [39, Eq. (2.31)]

= — Hn+q—1 - Hq—l
o (ntm) ”*””q) (")
and [38]
= H, 1, e
nz::l n(nlﬂ) T 6 Hl—l

-1 B NP gy Pl NGtk
—<<p+1>z(lj1){< ALy <<p+1k>},

which is also given by Sofo [33, Theorem 2.2] in a slightly different form.

Setting ¢ = 1 in (19) yields the following corollary involving generalized
harmonic numbers.

Corollary 8. For all integers m,p,l > 1,

H"gp)

= (ntm) (M)

RSV AN A m+y e (p*! B
_j_o( ; >( 1) { T +Z Clp+1 k)}.

1

NE

(24)

Il
~

The following particular cases can be deduced setting p =2 and p = 3:

0o (2) -1
HY : j
(25) Z (TL +m) (YL+7L+1) = m+l 1 ( - ) ( 27

6m (" FO m+j)

z-1 ( 1) Hoss
. — 3
=o J (m + j)
1 72

m("7) {5 s —m}

-1

M

hE
=
_|_
2=
if’i
~3
X
M

_|_

It is worth noting that the special case with choices m = 6 and | = 3 in (25)
is recorded in [35, Remark 1] despite a misprint. The correct form is as follows

= HY 1 (o) - 31073
(n+6) ("3%) 168 7902720

n=1
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For our final results, we deal with the special case ¢ = 2 of Theorem 6. By
the aid of (17), [{] =r(r+1)---(r+¢—1) and [Z]T =1, we have

o HT(Lp) e H(P,z) e H(Pfl) o H(P)

2 T (T T (T T 2 e

n=1 l n=1 l

where [ is any integer greater than 1. From (20), (23) and some arrangements we
obtain

S o S (o1 (1 2)uma

n=1 l j=1

~—

where i (p, j) is given in (7). A slightly different form of the equation above is given
in [33, Theorem 2.1]. Similarly

© nH(p) s ,2) s (p 9]
; n+m n+m+l g n+m n+m+l Z n+m n+1ln+l)
i H(P)
— (n+m) "“ﬁ“)

Then exploiting (20) and (24) in the last equation yields the following corollary.
Corollary 9. Letl > 1 be an integer. Then
(p)

oo
Z n+m n+7ln+l)

n=1

-1

M(pl,m)Jr;(l)j{(ljl)u(p17m+j) <;_21)u(p7m+j)},

where p(p,j) is given in (7).

For [ = 2 this formula can be read as

; (n+m)(n+m+1)(n+m+2)
+ 2 H
("M g B Y i
( ) 9 (m ¥ l)p m+1 + ( ) 2mp,1
p—2 p—1 k—1
_ 1 1 (-1)
+Z<—1)’“{ - k}c(p—mz FCp+1-k).
e 2m* - 2(m+1) 2= 9 (m+1)"
The first few cases of this formula are listed below:
> nH,, 1
Z = (Hm+1 + 1) )

m+m)(n+m+1)(n+m+2) 2(m+1)

n=1
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Z nH? w2 (m+2

= ) H +LH
(n+m)(n+m+1)(n+m+2) 12(m+1) 2(m+1)* LT o

=1

3

o0
(o9}

) (
Z nHY ¢(3) w2
—(nt+m)n+m+1)(n+m+2) 2(m+1)  12m(m+1)°
m+ 2 1
o(m+1)7° " 2 -
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