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WEIGHTED HERMITE-HADAMARD-TYPE
INEQUALITIES FOR GENERALIZATIONS OF
STEFFENSEN’S INEQUALITY VIA THE EXTENSION
OF MONGOMERY IDENTITY

Josip Pecarié, Anamarija Perusi¢ Pribani¢ and Ksenija Smoljak
Kalamar*

In this paper, we obtain some new weighted Hermite-Hadamard-type inequal-
ities which involve generalizations of Steffensen’s inequality obtained by using
the extension of Montgomery identity via Taylor’s formula. Further, we show
that by using the extension of Montgomery identity via Fink’s identity we
can obtain some other weighted Hermite-Hadamard-type inequalities.

1. INTRODUCTION

Convexity is one of the most important notions in mathematical analysis.
Although it is very simple in nature, it is very powerful. It has many applications
in various areas of pure and applied sciences, such as in economics, medicine, op-
timization theory, etc. A great role in the popularization of the subject of convex
functions was played by the famous book “Inequalities” [6] which assembled almost
all important inequalities. Many inequalities are direct consequences of the appli-
cations of the convexity property of functions. One of the most interesting results
relating to convexity is Hermite-Hadamard’s inequality (see [5] and [7]). It gives us
an estimate of the integral mean value of a continuous convex function. Precisely,
if f:[a,b] — R is convex function, then
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In this paper we will use the weighted Hermite-Hadamard inequality for convex
functions given in the following theorem (see [10], [14], [17]):

Theorem 1. Let p: [a,b] — R be a nonnegative function. If f is a convex function
on [a,b], then we have

b—m m—a

b
W PO < [ s < P0) [T @ + 5

o).

t b
P(t):/a p(z)dx and mz%/ﬂ p(z)x dz.

In 1918 Steffensen proved the following inequality (see [16]):

Theorem 2. Suppose that [ is nonincreasing and g is integrable on [a,b] with
0<g<1land\= f:g(t)dt. Then we have
b

b a+X
Fj@ﬁgéﬂm@ﬁél f(t)dt.

The inequalities are reversed for f mondecreasing.

Since its appearance many papers have been devoted to generalizations and
refinements of Steffensen’s inequality and its connection to other important inequal-
ities such as Gauss-Steffensen’s, Holder’s, Jenssen-Steffensen’s and other inequal-
ities. A complete overview of the results related to Steffensen’s inequality can be
found in monographs [8, 15].

Now, let us recall the well known Montgomery identity from ”Inequalities for
Functions and their Integrals and Derivatives” by Mitrinovié¢, Pecari¢ and Fink (see

[9]):
Theorem 3. Let f:[a,b] = R and [’ : [a,b] — R be integrable on [a,b], then
1 b b
f@) = = [ f0it+ [ Ties)rs)ds

where the Peano kernel is

Ty(z,s) = {

=, a<s<ux;
=b  r<s<hb.

b—a’

In [1], the authors obtained the following extension of Montgomery identity
using Taylor’s formula:

Theorem 4. Let f : I — R be suct that =V is absolutely continuous for some
n>2, I CR an open interval, a,b € I, a < b. Then the following identity holds

b n—2 g +2 a—
) = bia/a f(t)dt—;f(iﬂ) () & (¢)+ 2)1(2_@

m)i+2

(2)
1

b
—_— z,8) ) (s)ds
ot | D@ 1 ) s
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where

=1 (4 _ " < o< -
T’I’L(x) 5) = n(gja) <a S)n A== Z‘,
m — S) , TS S .

In [2], the authors used the identity (2) to generalize Steffensen’s inequality
for n—convex functions. Also, the following identities related to generalizations of
Steffensen’s inequality for n—convex functions are proved in [2].

Theorem 5 ([2]). Let f : I — R be such that f"=Y is absolutely continuous

for some n > 2, I C R an open interval, a,b € I, a < b. Let g,u : [a,b] = R
be mtegmble functions such that u is positive and 0 < g < 1. Let fa+>\ (t)dt =
f g(t)u(t)dt and let the function Gy be defined by
1— t)ydt, x € la,a+ A,
5 oo f( O > €foa )
f g(t z € [a+ A Dbl
Then

a+\ b
/ f@mquf/'ﬂwmwwwﬁ

3

b f) = fla) = ey, (b—2) " = (a—2)'"
0 o (B e,

_ mlau/</‘* nax@m>ﬂMUd

Theorem 6 ([2]). Let f : I — R be suct that f=V) is absolutely continuous
for some n > 2, I C R an open interval, a,b € I, a < b. Let g,u : [a,b] = R

be integmble functions such that u is positive and 0 < g < 1. Let fbb_/\ u(t)dt =

f g(t)u(t)dt and let the function Gy be defined by
[ g(t)u(t)d x € a,b— A,
5) Ga() = {f b1 — (t))u(t)dt, z€b—A\b.

Then

b b
/)ﬂwmwwwM— f(yu(t)dt

b—A
F(b) — f ) = sy, (=) = (a—2)P
(6) ( - Z%f* O P Tl

b b
,/ ( G2(2)Tn-1(z, s)dx) M (s)ds.
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Let us also recall the identity obtained by Fink in 1992 (see [4]):
1 n—1 1 b
— F - t)dt
m (f(x) 3 km) = | 1
_ / b(x — )" k() fO (¢)dt
nl(b—a) J, ’ ’

where
n—k f* (@) (@ —a)k — fED(0)(z )"

Fie(w) = = b—a

and

t—a, a<t<xz<hb,
(8) k(t’x)_{t—b, a<z<t<b.

In [12] (see also [15]) some generalizations of Steffensen’s inequality were ob-
tained using an extension of weighted Montgomery identity via Fink’s identity. Us-
ing the identity (7) some new generalizations of Steffensen’s inequality for n—convex
functions were obtained in [13] using different reasoning from the one used in [12].

By Ti(x) we will denote
o1k ) - O - b
k! b—a '

In [13] the authors proved the following identities which were used to obtain
generalizations of Steffensen’s inequality for n—convex functions.

Theorem 7 ([13]). Let f : [a,b] — R be such that {1 is absolutely continuous
for some n > 2 and let g,u be integrable functions on [a,b] such that u is positive

and 0 < g <1 on [a,b]. Let f:+/\ u(t)dt = f;g(t)u(t)dt and let the function Gy be
defined by (3). Then

(9) Ti () =

k=0"?%

b
:7m / ( / Gl(x)(xt)“k(t,x)dx) £ ()t

Theorem 8 ([13]). Let f : [a,b] — R be such that f™~Y is absolutely continuous
for some n > 2 and let g,u be integrable functions on [a,b] such that u is positive
and 0 < g <1 on [a,b]. Let fbb_)\ u(t)dt = ffg(t)u(t)dt and let the function Gy be
defined by (5). Then

a+A b n—2 b
/ F(yu(t)dt - / Faumit -3 [ Tu@)Gi(x)da
(10) a a b

b n—2 .p
fOu)dt =" [ Ti(x)Ga(z)dx

k=0"9

b b
:_m/ (/ Gg(x)(x—t)”_zk(tgr)dx) £ (8)t.

b—A\

b
/ F(O)g(tu(t)dt —
1y 7
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The aim of this paper is to use the identities related to generalizations of
Steffensen’s inequality for n—convex functions by the extension of Montgomery
identity via Taylor’s formula or via Fink’s identity to obtain new weighted Hermite-
Hadamard-type inequalities for (n + 2)—convex functions.

2. MAIN RESULTS

The purpose of this section is to establish some new weighted Hermite-
Hadamard-type inequalities for (n 4+ 2)—convex functions. Motivated by results
proved in [11] using Theorem 5 we obtain the following result.

Theorem 9. Let I C R be an open interval and let a,b € I be such that a < b.
Let the function f : I — R be such that f"=V is absolutely continuous and f is

(n + 2)—convex on I for n > 2. Let g,u : [a, b] — R be integmble functions such
that u is positive and 0 < g < 1. Let faJr)‘ f g(t)u(t)dt, let the function
G1 be defined by (3) and let T,,—1 be defined by
1 _ n—1 < < g
(12) T y(2,s) = { (D00 (a s)ﬂf1 , a<s<ua;
m (b — S) 5 r<Ss S b.
If
b
(13) - / Cr(2) Ty (2, 8)dz > 0, s € [a,0]
then
Pi(b) - f™) (my) <
a+A b
(n—2)! [ [ st - / F(t)g(t)u(t)dr
(14) b Fb) - f n—3 i+2 i+2
+2)(y —z)" " —(a—x)
+/a Gl(z)( b— Zf (i+2)!(b—a) da
h— _
<A | ) + f“”(b)} ,
—a
where
1 P = _ n _ _ n
15 RO= g [ G (-0 e
and
(16)

1
(n=1)-n-(b-a) Pi(b)

/ Cr(x ( ‘x)nt;(l“‘x)nﬂ +x~((b—a:)”—(a—a:)”)> da.

my =
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Proof. The function f satisfies the conditions of Theorem 5, so the identity (4)
holds. Now, let us define the function p; on [a, b] by

b
(17) p1(s) = / G1(x)T—1(x,s)dx, s € a,b],

where G; and T,,_; are defined by (3) and (12). Under the assumption (13) it is
obvious that p; is a non-negative function.

Notice that, for odd number n > 2, we have T,,_1(z,s) < 0, for s € [a,b].
Therefore, for odd numbers n > 2 the condition (13) is always satisfied.

Since f is an (n + 2)—convex function, the function f(™ is convex. Applying
Theorem 1 with non-negative function p; and convex function f() we obtain the
following inequality

Pi(B) - ™) (my) < / (/ G ()T (3, s)dx> £ (s)ds

b mi n n
L) + B 0]

(18)
< P)- [

where the expressions P;(b) and m; are given by

Pub) = — / ’ ( / ‘e, (:U)Tn_l(x,s)dx> ds

and

my = _%(b) /ub (/ab Gl(ac)Tnl(x7s)dx> sds.

By calculating the above expressions we obtain the following:

Pi( / (/ G1(x)T,,— 1acsdx>ds- /G1 (/ o 1(x7s)d5>dm
= (n—llb—a/ Gi(x) (/I(a — )" ds + /:(b— s)"lds> dx

:(n—l b /G1 (b—2)" —(a—2x)")dx
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and

my =

p?(lb) /ab (/ab Gl(x)Tn_l(x,s)dx> sds
- ij) /ab Gt (/b Tra(@,5) - sds> da

=50 _11) 0—a) /: Gi(x) (/: s(a—s)""'ds+ /: s(b— s)"‘lds> dx

C(n—1)-n (b—a) Py (b)

/ Gi(x ( _x)n+;1(1a—x)n+1 er-((ba:)”(aa:)”)) dz.

Using the identity (4) for the middle part of the inequality (18), the inequality (18)
becomes the inequality (14). This completes the proof. O

Similarly, using Theorem 6 we obtain the following new weighted Hermite-
Hadamard-type inequality.

Theorem 10. Let I C R be an open interval and let a,b € I be such that a < b.
Let the function f : I — R be such that f"~Y is absolutely continuous and f is
(n + 2)—convex on I for n > 2. Let g,u : [a,b] = R be integrable functions such

that u is positive and 0 < g < 1. Let fbb—,\ u(t)dt = f:g(t)u(t)dt , let the function
G2 be defined by (5) and let T,,—1 be defined by (12). If

(19) _ / o) T (2. 8)de > 0, s € [ab],

then

Py(b) - [ (mg) <

b
-2 Vf par— [ sout)
b ) 1+2 a .IH_Q
/G2 ( z)) Z: me (z)+2) (l()—a)) )dx]
< Pa)- [ 1 @)+ )

where
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and
1
m =
>“(n=1)-n-(b—a)- Pb)
b _ n+1 _ _ n+1
< [ et (P ST e @ - o)) e
Proof. Similar to the proof of Theorem 9 using the identity (6). O

Remark 1. If f is an (n+ 2)—concave function, then the inequalities in (14) and
(20) are reversed. This follows from the fact that if f is (n+ 2)—concave function,
then — f() is convex, so applying the inequality (1) on —f(™) we obtain the reversed
inequalities in (14) and (20).

Remark 2. Let us show that Theorems 9 and 10 can also be proved by different
method, introduced in [3]. Using the idea from the mentioned paper the expressions

Py (b) and my can be calculated as follows.

The value Py (b) can be obtained from the identity (4) taking f(t) = % Then

f(t) =1, and by simple calculation we get

b pr — g™ n—3 .,L,n—z'—2 (b _ x)i+2 _ (a _ ZC)H_?
+/a Gl(m)(n!(ba)_, i)l G+dl—a) )™

at+X 4n byn
=(n-2) l/ t—'u(t)dt —/ %g(t)u(t)dt

a+\ yn b n
Pu(b) = (n — 2)! V L (t)dt—/ Egltyultyit

b b — gn n—1 i (b—l') —(a—ZE)l

AR (ma)—a)‘;( 0 - )dx]
a+X in byn

=(n—2)! [/ %u(t)dt—/ Eg(t)u(t)dt

b b — an " —a”  2"! (a—a)"—(b—a)"
* a (=) (n'(b—a) <n'(b—a) ~ (n—1)! nl(b—a) >> dl‘}
I N G e Ol
= ; Gl(.’ll) (n—l)n(b—a)dx

tn—i—l

To calculate my we take the function f(t) = since its n—th derivative

(n+1)!
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is f™(t) = 1 and from the identity (4) we get

(/Gl nlxs)dx)d

b
_ (n=2)! atX  yn+tl byt
IR0 Va CES i / Gy otu)dt

N e N L T e
/Gl ( + Db —a) ;W—i—l)! iroio—a )"
B n_2) a+A tntl b gl

T P(b) Va ot = /a AR

e = BN e VR
/Gl ( + Db —a) & (n—i) (i + 1) (b—a) du

my =

(]

i=1

(n—2)! atA  yn+l boyn+1
Y0 [/a (n+ 1)'u(t)dt—/a mg(t)u(t)dt

b prtl _ gntl prtl _ gntl " (a o m)n . (b o x)n
+/a (@) <(n+ Db—a) ((n+ D!(b—a) n! e nl(b—a)

+ (gijln!agb—af)m >) dx}

O N e e Ui

= B0 / Gl”m—l)-n-(b—a)d
_ )n+1 (a_x)nJrl

/Gl —1 (n+1)-(b—a)dx]'

Now using Theorem 7 we obtain the following new weighted Hermite-Hadamard-
type inequalities for (n 4 2)—convex functions related to generalization of Stef-
fensen’s inequality by the extension of Montgomery identity via Fink’s identity.

Theorem 11. Let the function f : [a,b] — R be such that f~1) is absolutely
continuous and f is (n + 2)—convex on [a,b] for n > 2. Let g,u : [a,b] — R be

integmble functions such that w is positive and 0 < g < 1. Let faH‘ t)dt =
f g(t)u(t)dt, let the function Gy be defined by (3) and let k(t,z) be defined by (8).

b
(21) —/ Gi(x)(x — )" 2k(t,2)dx >0, t€ [a,b]
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then
(22)
Py(b) - f™) (ms) <

a+A b n=2 .p
(n~2)!(b—a) [ [ st~ [ fog@utd- Y- mw)Gl(m)dx]

k=0"?%

< Pa) - | @)+ TR ).

where
b
@ PO = | G (@b - -
(24)
1
s (n—1)-n- P;(b)
_ B\n+1 _ T —a n+1
/ Gi(z ( b - +(1 ) + bz —b)" —a(zr — a)")) dx

and T, is defined by (9).

Proof. Let us define the function ps : [a,b] — R by

b
(25) pa(t) = — / Cr () (z — )" 2k(t, )da.

From the condition (21) we have that the function ps is non-negative.

Further, for (n 4 2)—convex function function f we have that f(™) is convex.
Hence, we can apply Theorem 1 on functions (") and ps to obtan

b b
Py(b) - £ (mg) < — / ( / G (2)(x — t)“k(t,z)dx) F(t)dt
(26) a a
b—ms ms —a

(n) (n)
@)+ B )

From Theorem 1 we see that Ps5(b) and ms can be calculated as follows

P3(b) = /bps( /b (/ Gi(z)(x —t)"2k(t, x)da:> dt
/ Gi(x (/b )2 k(1 x)dt> dx
/ G1(x (/ — )2 t—a)dt—i—/:( —t)"2(t—b)dt> da

b
G1 ((x=b0)"—(z—a)")dx

< Ps(b) - [

n—l -n
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and

b _ b b
" Psl(b) / po(t)tdt = Py(b) / (/ Ga(z)(@ — t)nzl‘f(ﬂfE)dx) tdt
- — bGl(@ (/b(x — )" 2k(t, ) ~tdt> dz

P5(b)
—1 b x Ly b o
=50 /. Gi(x) (/a t(x —t) (t—a)dt+/m tx —t) (t_b)dt> da
1
T R®-m-1-n
b T — n+l _ .’17—&"""1
X G]((E) (2 . ( b) n+(1 ) + (b({L‘ _ b)n _ a((E _ a)n)) dz.

Since the function f satisties the conditions of Theorem 7 we can apply the identity
(10) for the middle part in (26), i.e. we have

(27)
_ / ' ( / ' Gl(x)(x—t)“k(t,m)dx> £ (1) dt

a+A b n—2 b
= (-9 (b 0) ( [ st~ [ sog@utn- Y n<x>cl<w>dax>.

k=0"9

Thus we have proved the desired assertion (22). O

Similar using Theorem 8 we obtain the following weighted Hermite-Hadamard-
type inequalities .
Theorem 12. Let the function f : [a,b] — R be such that f™=Y is absolutely
continuous and f is (n + 2)—convezx on [a,b] for n > 2. Let g,u : [a,b] = R
be integrable functions such that u is positive and 0 < g < 1. Let fbbf/\ u(t)dt =
f: g(t)u(t)dt and let the function Gy be defined by (5) and let k(t,x) be defined by
(8). If

b
(28) f/ Go(z)(z — )" 2k(t,z)dz >0, tE€ [a,b]

then
(20)
Pyb) - £ (ma) <
b
(n—2)(b—a) [ / F(t)g(t)u(tydt ~

b

n—2 b
F@yu(t)dt = Tk(w)Gz(x)dﬂ:]

b—X k=0“a
< Pi0) - | )+ TR 0.
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where
1 b n n
(30) Pilb) = g [ Gale) (@ =0 = (@ =)y d,
()
my = 1

(n—1)-n- Py(b)

b T — nl_x_anl
X/Gg(x)(2~( b) +n+(1 i +(b(xb)”a(xa)”)>dx

and Ty, is defined by (9).
Proof. Similar to the proof of Theorem 11. O

Remark 3. As in Remark 1 we have the following:
If f is an (n + 2)—concave function, then the inequalities in (22) and (29) are
reversed.

Remark 4. Theorems 11 and 12 can also be proved by different method, introduced
in [3] as showed in Remark 2.

3. CONCLUSION

The Hermite-Hadamard inequality is very important in mathematics since
it can be used in many different studies in pure and applied mathematics. As
a result, the aim of this article is to use weighted Hermite-Hadamard inequality
on some generalizations of Steffensen’s inequality which were obtained by using
the extension of Montgomery identity via Taylor’s formula in [2] or by using the
extension of Montgomery identity via Fink’s identity in [13]. In this way we obtain
new weighted Hermite-Hadamard inequalities for (n 4+ 2)—convex functions which
have identities related to generalizations of Steffensen’s inequality as a middle part
of the inequality.
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