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MULTI-DIMENSIONAL WEYL ALMOST PERIODIC

TYPE FUNCTIONS AND APPLICATIONS

Marko Kostić ∗ and Vladimir E. Fedorov

In this paper, we analyze multi-dimensional Weyl almost periodic type func-
tions in Lebesgue spaces with variable exponents. The introduced classes
seem to be new and not considered elsewhere even in the constant coeffi-
cient case. We provide certain applications to the abstract Volterra integro-
differential equations in Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

The class of almost periodic functions was introduced by the Danish mathe-
matician H. Bohr around 1924-1926 and later reconsidered by many others. Sup-
pose that Λ is either R or [0,∞) as well as that f : Λ → X is a given continuous
function, where X is a complex Banach space equipped with the norm ∥ · ∥. Given
a real number ε > 0, we say that a positive real number τ > 0 is a ε-period for f(·)
if and only if ∥f(t+ τ)− f(t)∥ ≤ ε, t ∈ Λ. The set constituted of all ε-periods for
f(·) is denoted by ϑ(f, ε). We say that the function f(·) is almost periodic if and
only if for each ε > 0 the set ϑ(f, ε) is relatively dense in [0,∞), which means that
there exists a finite real number l > 0 such that any subinterval of [0,∞) of length
l meets ϑ(f, ε). For further information about almost periodic functions and their
applications, we refer the reader to [6, 13, 21, 22, 23, 25, 39, 41, 45].

In [9], we have investigated various classes of almost periodic functions
of form F : Λ × X → Y, where (Y, ∥ · ∥Y ) is a complex Banach spaces and ∅ ≠
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Λ ⊆ Rn (the region Λ does not generally satisfy the semigroup property Λ + Λ ⊆
Λ or contain the zero vector). The main encouragement for writing our recent
research article [10] (a joint work with A. Chávez, K. Khalil and M. Pinto), which
concerns the multi-dimensional Stepanov almost periodic type functions of form
F : Λ × X → Y, and this research article, which concerns the multi-dimensional
Weyl almost periodic type functions of the same form, was our impossibility to
locate any relevant reference in the existing literature which concerns these classes
of almost periodic functions (here, we would like to mention two recent papers [38]
by D. Lenz, T. Spindeler, N. Strungaru and [42] by T. Spindeler, where the authors
have analyzed the Stepanov and Weyl almost periodic functions on locally compact
Abelian groups).

This paper aims, therefore, to continue the research studies [9]-[10] by de-
veloping the basic theory of multi-dimensional Weyl almost periodic type functions
in Lebesgue spaces with variable exponents. As mentioned in the abstract, the
introduced classes of functions seem to be not considered elsewhere even in the
constant coefficient case (for one-dimensional Weyl almost periodic type functions
and their applications, we refer the reader to [1, 3, 5, 6, 7, 8, 11, 20, 23, 24,
25, 26, 27, 28, 29, 39, 44], as well as the survey article [2] by J. Andres, A. M.
Bersani, R. F. Grande, the pioneering papers by A. S. Kovanko [34]-[37] and the
master thesis of J. Stryja [43]).

The organization and main ideas of this paper can be briefly described as fol-
lows. In Subsection 1.1, we collect the basic definitions and results from the theory
of Lebesgue spaces with variable exponents. In Definition 3-Definition 5 [Definition
6-Definition 8], we continue our recent analysis of Weyl almost periodic functions

[29] by introducing the classes e−W (p(u),ϕ,F)
Ω,Λ′,B (Λ×X : Y ) and e−W (p(u),ϕ,F)i

Ω,Λ′,B (Λ×X :

Y ) [e−W
[p(u),ϕ,F]
Ω,Λ′,B (Λ×X : Y ) and e−W

[p(u),ϕ,F]i
Ω,Λ′,B (Λ×X : Y )] of Weyl almost pe-

riodic functions, where i = 1, 2. We further analyze these classes in Section 1.1.
The main result of this section is Theorem 11 (see also Theorem 12), in which

we investigate the convolution invariance of space (e−)W
(p1(u),ϕ,F1)
Ω,Λ′,B (Rn ×X : Y );

this is a crucial result for our applications to the multi-dimensional heat equation.
With the exception of this result, all other structural results of ours are given in
Section 1.1, in which we investigate the usual concept of (equi-)Weyl-p-almost peri-
odicity and the corresponding class of function (e−)W p

ap,Λ′,B(Λ×X : Y ), with the
constant exponent p(u) ≡ p ∈ [1,∞). In Subsection 3.2, we investigate the Weyl p-
distance and Weyl p-boundedness, while in Subsection 3.3 we investigate the Weyl
p-normality and Weyl approximations by trigonometric polynomials. The main
results of this subsection are Theorem 20, Proposition 21-Proposition 22, Proposi-
tion 30 and Proposition 32. In Subsection 3.4, we analyze the basic results about
the existence of Bohr-Fourier coefficients for multi-dimensional Weyl almost peri-
odic functions. Section 3.4 is reserved for giving some applications of our abstract
theoretical results to the abstract Volterra integro-differential equations in Banach
spaces. The paper does not intend to be exhaustively complete and we present sev-
eral useful conclusions, remarks and intriguing topics not discussed here in Section
3.4. We also propose some open problems.



448 Marko Kostić and Vladimir E. Fedorov

Before explaining the notation used in the paper, the authors would like
to express their sincere thanks to Prof. A. Chávez, M. T. Khalladi, M. Pinto,
A. Rahmani and D. Velinov for many useful comments and observations. Special
thanks go to Prof. Kamal Khalil, who proposed the use of kernel K(t, s, ·, ·) in the
third point of Section 3.4.

We assume henceforth that (X, ∥ · ∥) and (Y, ∥ · ∥Y ) are complex Banach
spaces. By L(X,Y ) we denote the Banach algebra of all bounded linear operators
from X into Y with L(X,X) being denoted L(X). If A : D(A) ⊆ X 7→ X is
a closed linear operator, then its nullspace (or kernel) and range will be denoted
respectively byN(A) and R(A). The convolution product ∗ of measurable functions
f : Rn → C and g : Rn → X is defined by (f ∗ g)(t) :=

∫
Rn f(t− s)g(s) ds, t ∈ Rn,

whenever the limit exists; ⟨·, ·⟩ denotes the usual inner product in Rn. If X, Y ̸= ∅,
then we set Y X := {f | f : X → Y }; χA(·) denotes the characteristic function of a
set A ⊆ Rn.

1.1 Lebesgue spaces with variable exponents Lp(x)

Let ∅ ̸= Ω ⊆ Rn be a nonempty Lebesgue measurable subset and let M(Ω : X)
denote the collection of all measurable functions f : Ω → X; M(Ω) := M(Ω : R).
Further on, P(Ω) denotes the vector space of all Lebesgue measurable functions
p : Ω → [1,∞]. For any p ∈ P(Ω) and f ∈M(Ω : X), we define

φp(x)(t) :=


tp(x), t ≥ 0, 1 ≤ p(x) <∞,

0, 0 ≤ t ≤ 1, p(x) = ∞,

∞, t > 1, p(x) = ∞

and

ρ(f) :=

∫
Ω

φp(x)(∥f(x)∥) dx.

We define the Lebesgue space Lp(x)(Ω : X) with variable exponent through

Lp(x)(Ω : X) :=
{
f ∈M(Ω : X) : lim

λ→0+
ρ(λf) = 0

}
.

Equivalently,

Lp(x)(Ω : X) =
{
f ∈M(Ω : X) : there exists λ > 0 such that ρ(λf) <∞

}
;

see, e.g., [17, p. 73]. For every u ∈ Lp(x)(Ω : X), we introduce the Luxemburg
norm of u(·) by

∥u∥p(x) := ∥u∥Lp(x)(Ω:X) := inf
{
λ > 0 : ρ(f/λ) ≤ 1

}
.

Equipped with the above norm, the space Lp(x)(Ω : X) becomes a Banach space
(see e.g. [17, Theorem 3.2.7] for the scalar-valued case), coinciding with the usual
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Lebesgue space Lp(Ω : X) in the case that p(x) = p ≥ 1 is a constant function.
Further on, for any p ∈M(Ω), we define

p− := essinfx∈Ωp(x) and p+ := esssupx∈Ωp(x).

Set
D+(Ω) :=

{
p ∈M(Ω) : 1 ≤ p− ≤ p(x) ≤ p+ <∞ for a.e. x ∈ Ω

}
.

For p ∈ D+(Ω), the space L
p(x)(Ω : X) behaves nicely, with almost all fundamental

properties of the Lesbesgue space with constant exponent Lp(Ω : X) being retained;
in this case, we know that

Lp(x)(Ω : X) =
{
f ∈M(Ω : X) ; for all λ > 0 we have ρ(λf) <∞

}
.

We will use the following lemma (cf. [17] for the scalar-valued case):

Lemma 1. (i) (The Hölder inequality) Let p, q, r ∈ P(Ω) such that

1

q(x)
=

1

p(x)
+

1

r(x)
, x ∈ Ω.

Then, for every u ∈ Lp(x)(Ω : X) and v ∈ Lr(x)(Ω), we have uv ∈ Lq(x)(Ω :
X) and

∥uv∥q(x) ≤ 2∥u∥p(x)∥v∥r(x).

(ii) Let Ω be of a finite Lebesgue’s measure m(Ω), and let p, q ∈ P(Ω) be such that
q ≤ p a.e. on Ω. Then Lp(x)(Ω : X) is continuously embedded in Lq(x)(Ω : X),
with the constant of embedding less or equal to 2(1 +m(Ω)).

(iii) Let f ∈ Lp(x)(Ω : X), g ∈ M(Ω : X) and 0 ≤ ∥g∥ ≤ ∥f∥ a.e. on Ω. Then
g ∈ Lp(x)(Ω : X) and ∥g∥p(x) ≤ ∥f∥p(x).

We will use the following simple lemma, whose proof can be omitted:

Lemma 2. Suppose that f ∈ Lp(x)(Ω : X) and A ∈ L(X,Y ). Then Af ∈ Lp(x)(Ω :
Y ) and ∥Af∥Lp(x)(Ω:Y ) ≤ ∥A∥ · ∥f∥Lp(x)(Ω:X).

For further information concerning the Lebesgue spaces with variable expo-
nents Lp(x), we refer the reader to [17], [19] and [40]; basic source of information
on generalized almost periodic functions in Lebesgue spaces with variable expo-
nents can be obtained by consulting [10, 14, 15, 16, 29, 31, 32] and the recent
monograph [26].

2. WEYL ALMOST PERIODIC TYPE FUNCTIONS IN RN

In this paper, we will always assume that B is a non-empty collection of
certain subsets of X such that for each x ∈ X there exists B ∈ B such that x ∈ B.
In the first concept, we assume that the following condition holds:
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(WM1): ∅ ≠ Λ ⊆ Rn, ∅ ≠ Λ′ ⊆ Rn, ∅ ≠ Ω ⊆ Rn is a Lebesgue measurable set such
that m(Ω) > 0, p ∈ P(Λ), Λ′ + Λ + lΩ ⊆ Λ, Λ + lΩ ⊆ Λ for all l > 0,
ϕ : [0,∞) → [0,∞) and F : (0,∞)× Λ → (0,∞).

We introduce the following classes of multi-dimensional Weyl almost periodic
functions (the notion can be further generalized following the approach obeyed in
Definition 29; all established results can be slightly generalized in this framework):

Definition 3. (i) By e−W
(p(u),ϕ,F)
Ω,Λ′,B (Λ×X : Y ) we denote the set consisting of

all functions F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there
exist two finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there
exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

F(l, t)ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥
Y

)
Lp(u)(t+lΩ)

< ϵ.(1)

(ii) By W
(p(u),ϕ,F)
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting of all functions F :

Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

F(l, t)ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥
Y

)
Lp(u)(t+lΩ)

< ϵ.

Definition 4. (i) By e −W
(p(u),ϕ,F)1
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting

of all functions F : Λ ×X → Y such that, for every ϵ > 0 and B ∈ B, there
exist two finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there
exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

F(l, t)ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥
Lp(u)(t+lΩ:Y )

)
< ϵ.

(ii) By W
(p(u),ϕ,F)1
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite
real number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′

such that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

F(l, t)ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥
Lp(u)(t+lΩ:Y )

)
< ϵ.

Definition 5. (i) By e −W
(p(u),ϕ,F)2
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting

of all functions F : Λ ×X → Y such that, for every ϵ > 0 and B ∈ B, there
exist two finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there
exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

ϕ
(
F(l, t)

∥∥F (τ + u;x)− F (u;x)
∥∥
Lp(u)(t+lΩ:Y )

)
< ϵ.
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(ii) By W
(p(u),ϕ,F)2
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite
real number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′

such that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

ϕ
(
F(l, t)

∥∥F (τ + u;x)− F (u;x)
∥∥
Lp(u)(t+lΩ:Y )

)
< ϵ.

In the second concept, we aim to ensure the translation invariance of multi-
dimensional Weyl almost periodic functions. We will assume now that the following
condition holds:

(WM2): ∅ ≠ Λ ⊆ Rn, ∅ ≠ Λ′ ⊆ Rn, ∅ ≠ Ω ⊆ Rn is a Lebesgue measurable set such
that m(Ω) > 0, p ∈ P(Ω), Λ′ + Λ + lΩ ⊆ Λ, Λ + lΩ ⊆ Λ for all l > 0,
ϕ : [0,∞) → [0,∞) and F : (0,∞)× Λ → (0,∞).

We introduce the following classes of functions:

Definition 6. (i) By e−W
[p(u),ϕ,F]
Ω,Λ′,B (Λ×X : Y ) we denote the set consisting of

all functions F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there
exist two finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there
exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

lnF(l, t)ϕ
(∥∥F (t+ τ + lu;x)− F (t+ lu;x)

∥∥
Y

)
Lp(u)(Ω)

< ϵ.

(ii) By W
[p(u),ϕ,F]
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting of all functions F :

Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

lnF(l, t)ϕ
(∥∥F (t+ τ + lu;x)− F (t+ lu;x)

∥∥
Y

)
Lp(u)(Ω:Y )

< ϵ.

Definition 7. (i) By e −W
[p(u),ϕ,F]1
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting

of all functions F : Λ ×X → Y such that, for every ϵ > 0 and B ∈ B, there
exist two finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there
exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

lnF(l, t)ϕ
(∥∥F (t+ τ + lu;x)− F (t+ lu;x)

∥∥
Lp(u)(Ω:Y )

)
< ϵ.

(ii) By W
[p(u),ϕ,F]1
Ω,Λ′,B (Λ ×X : Y ) we denote the set consisting of all functions F :

Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

lnF(l, t)ϕ
(∥∥F (t+ τ + u;x)− F (t+ u;x)

∥∥
Lp(u)(lΩ:Y )

)
< ϵ.
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Definition 8. (i) By e −W
[p(u),ϕ,F]2
Ω,Λ′,B (Λ × X : Y ) we denote the set consisting

of all functions F : Λ ×X → Y such that, for every ϵ > 0 and B ∈ B, there
exist two finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there
exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
x∈B

sup
t∈Λ

ϕ
(
lnF(l, t)

∥∥F (t+ τ + lu;x)− F (t+ lu;x)
∥∥
Lp(u)(Ω:Y )

)
< ϵ.

(ii) By W
[p(u),ϕ,F]2
Ω,Λ′,B (Λ ×X : Y ) we denote the set consisting of all functions F :

Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

ϕ
(
lnF(l, t)

∥∥F (t+ τ + lu;x)− F (t+ lu;x)
∥∥
Lp(u)(Ω:Y )

)
< ϵ.

It is clear that the both concepts are equivalent in the constant coefficient
case. Further on, the notion introduced in Definition 3-Definition 5 generalizes the
notion introduced in [29, Definition 2.1-Definition 2.3], provided that Λ′ = Λ = I,
Ω = [0, 1] and I is equal to [0,∞) or R, whilst the notion introduced in Definition 6-
Definition 8 generalizes the notion introduced in [29, Definition 2.7-Definition 2.9]
in the above-mentioned case. Let us also note that, if a function F : Λ×X → Y is
Stepanov (Ω, p(u))-(B,Λ′)-almost periodic in the sense of [10, Definition 2.7], then

F ∈ e−W
[p(u),x,F]
Ω,Λ′,B (Λ×X : Y ) for any function F(·; ·) satisfying F(1, t) = 1 for all

t ∈ Λ. If X = {0} and B = {X}, then we omit the term “B” from the notation.

We continue by providing two illustrative examples:

Example 9. Let us recall that J. Stryja has proved, in [43], that the function
f(t) := χ[0,1/2](t), t ∈ R is equi-Weyl-p-almost periodic for any exponent p ∈ [1,∞)
but it is not Stepanov p-almost periodic for any exponent p ∈ [1,∞) (see e.g.,
[28, Section 3-Section 4] for the notion); in [29, Example 2.12], we have recently
extended this result by showing that for each p ∈ [1,∞) the function f(·) belongs

to the space e −W
(p,x,l−σ)
[0,1],R (R : C) if and only if σ > 0 (in actual fact, this holds

for any p ∈ P(R), as easily approved). A similar consideration shows that for each
compact set K ⊆ Rn with positive Lebesgue measure and for each p ∈ P(Rn) the

function F (·) := χK(·) belongs to the space e−W
(p(u),x,l−σ)
[0,1]n,Rn (Rn : C) if and only if

σ > 0.

Example 10. Let p ∈ [1,∞). In [43], it has been proved that the Heaviside function
f(t) := χ[0,∞)(t), t ∈ R is both Weyl-p-normal (i.e., Weyl-(R,B, p)-normal with
Λ = Λ′ = R, X = {0}, B = {X}, Y = C and R being the collection of all sequences
in R; see Definition 17 below) and Weyl-p-almost periodic as well as that f(·) is
not equi-Weyl-p-almost periodic. In [29, Example 2.13], we have proved that f(·)
belongs to the space W

(p,x,l−σ)
[0,1],R (R : C) if and only if σ > 0 as well as that the

function f(·) cannot belong to the space W
(p,x,[ψ(l)]−1/p)
[0,1],R (R : C), for any function
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ψ : (0,∞) → (0,∞) such that lim supl→+∞[ψ(l)]−1 > 0 (see also [25, Example
2.11.15-Example 2.11.17]).

Suppose now that F (t) := χ[0,∞)n(t), t ∈ Rn as well as that Λ := Λ′ := Rn
and ϕ(x) ≡ x. Then, for every t, τ ∈ Rn and l > 0, we have

∫
t+lΩ

|F (τ + u)− F (u)|p du

=

∫
(t+lΩ)\[0,∞)n

|F (τ + u)|p du+

∫
(t+lΩ)∩[0,∞)n

|F (u)|p du

=

∫
τ+[(t+lΩ)\[0,∞)n]

|F (u)|p du+

∫
τ+[(t+lΩ)∩[0,∞)n]

|F (u)− 1|p du

≤ m
((

τ + [(t+ lΩ) \ [0,∞)n]
)
∩ [0,∞)n

)
+m

((
τ + [(t+ lΩ) ∩ [0,∞)n]

)
\ [0,∞)n

)
.

If l > |τ |, then it is not difficult to prove that the later does not exceed 2nln−1|τ |,
which implies that F ∈ W

(p,x,l−σ)
[0,1]n,Rn (Rn : C) if σ > (n − 1)/p; this is also the best

constant for σ we can obtain here. On the other hand, there is no σ > 0 such that

F ∈ e−W
(p,x,l−σ)
[0,1]n,Rn (Rn : C).

Denote by AX,Y any of the above introduced classes of function spaces.
Then we have the following:

(i) Suppose that c ∈ C and F (·; ·) belongs to AX,Y . Then cF (·; ·) belongs to
AX,Y , provided that there exists a function φ : [0,∞) → [0,∞) satisfying
that ϕ(xy) ≤ φ(y)ϕ(x), x, y ≥ 0.

(ii) Suppose that F ∈ AX,Y , A ∈ L(Y, Z), ϕ(·) is monotonically increasing
function and there exists a function φ : [0,∞) → [0,∞) satisfying that
ϕ(xy) ≤ φ(y)ϕ(x), x, y ≥ 0. Using Lemma 1(iii), Lemma 2 and a simple
argumentation, it follows that AF ∈ AX,Y .

(iii) (a) Suppose that c2 ∈ C \ {0} and F (·; ·) belongs to AX,Y . Then F (·; c2·)
and F (·; ·) belong to AX,Y , where Bc2 ≡ {c−1

2 B : B ∈ B}.

(b) Suppose that c1 ∈ C \ {0}, c2 ∈ C \ {0}, and F (·; ·) belongs to AX,Y .
Define the function Fc1,c2 : Λ/c1×X → Y by Fc1,c2(t, x) := F (c1t; c2x),
t ∈ Λ/c1, x ∈ X. If we assume that ϕ(·) is a monotonically increasing
function and there exists a function φ : [0,∞) → [0,∞) satisfying that

ϕ(xy) ≤ φ(y)ϕ(x), x, y ≥ 0, then F ∈ (e−)W
(p(u),ϕ,F)
Ω,Λ′,B (Λ×X : Y ) [F ∈

(e−)W
[p(u),ϕ,F]
Ω,Λ′,B (Λ×X : Y )] implies Fc1,c2 ∈ (e−)W

(pc1 (u),ϕ,Fc1
)

Ω/c1,Λ′/c1,Bc2
((Λ/c1)×

X : Y ) [Fc1,c2 ∈ (e−)W
[pc1 (u),ϕ,Fc1 ]

Ω/c1,Λ′/c1,Bc2
((Λ/c1) ×X : Y )], where pc1(u) :=

p(c1u), u ∈ Λ/c1 and Fc1(x, t) := F(x, c1t), x ≥ 0, t ∈ Λ/c1. For the



454 Marko Kostić and Vladimir E. Fedorov

class e−W
(p(u),ϕ,F)
Ω,Λ′,B (Λ×X : Y ), this follows from the inequality[

ϕ
(∥∥Fc1,c2(τ + u;x)− Fc1,c2(u;x)

∥∥)]
Lpc1

(u)(t/c1+lΩ/c1:Y )

≤
(
1 + |c1|−n

)[
ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥)]
Lp(u)(t+lΩ:Y )

, t ∈ Λ,

which follows from a trivial computation involving the chain rule, the el-
ementary definitions and the inequality φp(u)(c·) ≤ |c|φp(u)(·) for |c| ≤ 1.
Similarly, if we assume that there exists a function φ : [0,∞) → [0,∞)

satisfying that ϕ(xy) ≤ φ(y)ϕ(x), x, y ≥ 0 and F ∈ (e−)W
(p(u),ϕ,F)i
Ω,Λ′,B (Λ×

X : Y ) [F ∈ (e−)W
[p(u),ϕ,F]i
Ω,Λ′,B (Λ×X : Y )] for i = 1 or i = 2, then Fc1,c2 ∈

(e−)W
(pc1 (u),ϕ,Fc1

)i
Ω/c1,Λ′/c1,Bc2

((Λ/c1)×X : Y ) [Fc1,c2 ∈ (e−)W
[pc1 (u),ϕ,Fc1

]i
Ω/c1,Λ′/c1,Bc2

((Λ/c1)×
X : Y )].

(iv) The use of Jensen integral inequality in general measure spaces [18, The-
orem 1.1] may be useful to state some inclusions about the introduced
classes of functions. The consideration is similar to that established in
the one-dimensional case [29] and therefore omitted.

Regarding the convolution invariance of spaces (e−)W
(p(u),ϕ,F)
Ω,Λ′,B (Rn×X : Y )

and (e−)W
[p(u),ϕ,F]
Ω,Λ′,B (Rn × X : Y ), we will state the following results (the corre-

sponding proofs are very similar to the proof of [29, Proposition 4.12], given in the
one-dimensional case, and we will only present the main details of proof for Theo-
rem 11; the results on invariance of various kinds of (equi-)Weyl almost periodicity
under the actions of convolution products, established in [29, Section 4.1], are not
simply applied in the multi-dimensional setting and we will not reconsider these
results here):

Theorem 11. Suppose that φ : [0,∞) → [0,∞), ϕ : [0,∞) → [0,∞) is a convex
monotonically increasing function satisfying ϕ(xy) ≤ φ(x)ϕ(y) for all x, y ≥ 0,

h ∈ L1(Rn), Ω = [0, 1]n, F ∈ (e−)W
(p(u),ϕ,F)
Ω,Λ′,B (Rn ×X : Y ), 1/p(u) + 1/q(u) = 1,

and for each x ∈ X we have supt∈Rn ∥F (t;x)∥Y <∞. If F1 : (0,∞)×Rn → (0,∞),
p1 ∈ P(Rn) and if, for every t ∈ Rn and l > 0, there exists a sequence (ak)k∈lZd of
positive real numbers such that

∑
k∈lZn ak = 1 and

∫
t+lΩ

φp1(u)

(
2
∑

k∈lZn

akl
−n
[
φ
(
a−1
k lnh(u− v)

)]
Lq(v)(u−k+lΩ)

F1(l, t)
[
F(l,u− k)

]−1

)
du ≤ 1,

(2)

then h ∗ F ∈ (e−)W
(p1(u),ϕ,F1)
Ω,Λ′,B (Rn ×X : Y ).

Proof. Since supt∈Rn ∥F (t;x)∥Y <∞, x ∈ X, it is clear that the value (h∗F )(t;x)
is well defined for all t ∈ Rn and x ∈ X. Furthermore, since we have assumed that
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the function ϕ(·) is monotonically increasing, we have (t ∈ Rn, l > 0; x ∈ X fixed):

ϕ
(∥∥(h ∗ F )(τ + u; x) − (h ∗ F )(u; x)

∥∥
Y

)
Lp1(u)(t+lΩ)

= ϕ

(∥∥∥∫
Rn
h(s)

[
F (τ + u − s; x) − F (u − s; x)

]
ds
∥∥∥
Y

)
Lp1(u)(t+lΩ)

≤ ϕ

(∫
Rn

|h(s)| ·
∥∥∥F (τ + u − s; x) − F (u − s; x)

∥∥∥
Y
ds

)
Lp1(u)(t+lΩ)

= inf

{
λ > 0 :

∫
t+lΩ

φp1(u)

(
ϕ
(∫

Rn |h(s)| ·
∥∥F (τ + u − s; x) − F (u − s; x)

∥∥
Y
ds
)

λ

)
du ≤ 1

}
.

But, since we have assumed that ϕ(·) is convex and
∑
k∈Nn

0
ak = 1, we have

ϕ

( ∑
k∈lNn

0

akxk

)
≤
∑
k∈lNn

0

akϕ
(
xk
)
,(3)

for any sequence (xk) of non-negative real numbers. Using (3), the fact that the
function φp1(u)(·) is monotonically increasing, the above computation, as well as
the Jensen integral inequality and the Hölder inequality (see Lemma 1(i)), we get:

∫
t+lΩ

φp1(u)

(
ϕ
(∫

Rn |h(s)| ·
∥∥F (τ + u − s; x) − F (u − s; x)

∥∥
Y
ds
)

λ

)
du

≤
∫
t+lΩ

φp1(u)

(∑
k∈lZn akϕ

(∫
k−lΩ

a−1
k |h(s)| ·

∥∥F (τ + u − s; x) − F (u − s; x)
∥∥
Y
ds
)

λ

)

≤
∫
t+lΩ

φp1(u)

(∑
k∈lZn akl

−n
∫
k−lΩ

ϕ
(
a−1
k ln|h(s)| ·

∥∥F (τ + u − s; x) − F (u − s; x)
∥∥
Y
ds
)

λ

)

=

∫
t+lΩ

φp1(u)

(∑
k∈lZn akl

−n
∫
k−lΩ

ϕ
(
a−1
k ln|h(u − v)| ·

∥∥F (τ + v; x) − F (v; x)
∥∥
Y

)
dv

λ

)

≤
∫
t+lΩ

φp1(u)

(∑
k∈lZn akl

−n
∫
u−k+lΩ

φ
(
a−1
k ln|h(u − v)|

)
ϕ
(∥∥F (τ + v; x) − F (v; x)

∥∥
Y

)
dv

λ

)
du

≤
∫
t+lΩ

φp1(u)

(∑
k∈lZn 2akl

−n
[
φ
(
a−1
k lnh(u − v)

)]
Lq(v)(u−k+lΩ)

λ

×
[
ϕ
(∥∥F (τ + v; x) − F (v; x)

∥∥
Y

)]
Lp(v)(u−k+lΩ)

)
du

≤
∫
t+lΩ

φp1(u)

(∑
k∈lZn 2akl

−n
[
φ
(
a−1
k lnh(u − v)

)]
Lq(v)(u−k+lΩ)

λ · F(l,u − k)

)
du.

The use of (2) simply completes the proof.

Theorem 12. Suppose that φ : [0,∞) → [0,∞), ϕ : [0,∞) → [0,∞) is a convex
monotonically increasing function satisfying ϕ(xy) ≤ φ(x)ϕ(y) for all x, y ≥ 0,

h ∈ L1(Rn), Ω = [0, 1]n, F ∈ (e−)W
[p(u),ϕ,F]
Ω,Λ′,B (Rn × X : Y ), 1/p(u) + 1/q(u) = 1,

and for each x ∈ X we have supt∈Rn ∥F (t;x)∥Y <∞. If F1 : (0,∞)×Rn → (0,∞),
p1 ∈ P(Rn) and if, for every t ∈ Rn and l > 0, there exists a sequence (ak)k∈lZd of
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positive real numbers such that
∑
k∈lZn ak = 1 and∫

Ω

φp1(u)

(
2
∑

k∈lZn

akl
−n
[
φ
(
a−1
k lnh(k − lv)

)]
Lq(v)(Ω)

F1(l, t)
[
F(l, t+ lu− k)

]−1

)
du ≤ 1,

then h ∗ F ∈ (e−)W
[p1(u),ϕ,F1]
Ω,Λ′,B (Rn ×X : Y ).

The interested reader may try to formulate the corresponding statements
about the convolution invariance of Weyl almost periodicity for the remaining four
classes of functions introduced following our considerations from [29, Section 4].

Concerning the functions ϕ(·) and F(·, ·), the most important case is that
one in which ϕ(x) ≡ x, F(l, t) ≡ m(lΩ)−1∥1∥Lq(u)(lΩ), where 1/p(u) + 1/q(u) = 1,
when we obtain the usual concept of (equi-)Weyl-p(u)-almost periodicity; if this is

the case, the spaces (e−)W
(p(u),ϕ,F)
Ω,Λ′,B , (e−)W

(p(u),ϕ,F)1
Ω,Λ′,B and (e−)W

(p(u),ϕ,F)2
Ω,Λ′,B , resp.

the spaces (e−)W
[p(u),ϕ,F]
Ω,Λ′,B , (e−)W

[p(u),ϕ,F]1
Ω,Λ′,B and (e−)W

[p(u),ϕ,F]2
Ω,Λ′,B , coincide. Further-

more, the use of Hölder inequality enables one to see these spaces are contained in
the corresponding spaces of functions with p(u) ≡ 1.

3. THE CONSTANT COEFFICIENT CASE

In this section, we will always assume that Ω = [0, 1]n, Λ is a general non-
empty subset of Rn satisfying Λ′+Λ+lΩ ⊆ Λ and Λ+lΩ ⊆ Λ for all l > 0, ϕ(x) ≡ x
and p(t) ≡ p ∈ [1,∞), when the usual concept of (equi-)Weyl-p-almost periodicity
is obtained by plugging F(l, t) ≡ l−n/p. The corresponding class of function is
denoted by (e−)W p

ap,Λ′,B(Λ×X : Y ).

Before we switch to Subsection 3.2, we would like to present the following
illustrative example:

Example 13. (see also [9, Example 2.15(i)]) Suppose that the complex-valued map-
ping t 7→ gj(s) ds, t ∈ R is essentially bounded and (equi-)Weyl-p-almost periodic
(1 ≤ j ≤ n). Define

F
(
t1, · · ·, t2n

)
:=

n∏
j=1

[
gj
(
tj+n

)
− gj

(
tj
)]
, where tj ∈ R for 1 ≤ j ≤ 2n,

and Λ′ := {(τ, τ) : τ ∈ Rn}. Then the argumentation from [9, Example 2.13(ii)]
shows that there exists a finite constant M > 0 such that∥∥∥F (t1 + τ1, · · ·, t2n + τ2n

)
− F

(
t1, · · ·, t2n

)∥∥∥
Y

≤M

{∣∣∣g1(tn+1 + τ1
)
− g1

(
tn+1

)∣∣∣+ ∣∣∣g1(t1 + τ1
)
− g1

(
t1
)∣∣∣+ · · ·

+
∣∣∣gn(t2n + τn

)
− gn

(
t2n
)∣∣∣+ ∣∣∣gn(tn + τn

)
− gn

(
tn
)∣∣∣},
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for any (t1, · · ·, t2n) ∈ R2n and (τ1, · · ·, τ2n) ∈ Λ′. Using the corresponding defi-
nitions, the Fubini theorem and an elementary argumentation, it follows that the
function F (·) belongs to the class (e−)W p

ap,Λ′(R2n : Y ). Furthermore, in the case of
consideration of equi-Weyl-p-almost periodicity, when any direct product of finite
number of equi-Weyl-p-almost periodic functions is again equi-Weyl-p-almost peri-
odic, we can show that the function F (·) belongs to the class e−W p

ap,Λ′′(R2n : Y ),

where Λ′′ := {(a, a, · · ·, a) ∈ R2n : a ∈ R}.

3.2 Weyl p-distance and Weyl p-boundedness

In this subsection, we will say a few words about the Weyl p-distance and the
Weyl p-boundedness. Let us recall the following notion from [10]: Suppose that
the function F : Λ×X → Y satisfies that for each t ∈ Λ and x ∈ X, the function
F (t + ·;x) belongs to the space Lp(Ω : Y ). Then we say that F (·; ·) is Stepanov
p-bounded on B if and only if for each B ∈ B we have

sup
t∈Λ;x∈B

∥∥∥F (t+ ·;x)
∥∥∥
Lp(Ω:Y )

<∞.

If X = {0}, then, we say that the function F (·) is Stepanov (Ω, p)-bounded and
define ∥F∥SΩ,p := supt∈Λ ∥F (t+ u)∥Lp(Ω:Y ).

Suppose now that F : Λ ×X → Y and G : Λ ×X → Y are two functions
satisfying that F (t + ·;x) − G(t + ·;x) ∈ Lp(lΩ : Y ) for all t ∈ Λ, x ∈ X and
l > 0. The Stepanov distance Dp

S
Ω
(F (·;x), G(·;x)) of functions F (·;x) and G(·;x)

is defined by

Dp
SlΩ

(F (·;x), G(·;x)) := sup
t∈Λ

[
l−(n/p)

∥∥F (t+ ·;x)−G(t+ ·;x)
∥∥
Lp(lΩ:Y )

]
,

for any x ∈ X and l > 0. Set

Dp
SlΩ,B

(F,G) := sup
x∈B

Dp
SlΩ

(F (·;x), G(·;x)) (l > 0, B ∈ B).

It is clear that the assumptions τ ∈ Rn and τ + Λ ⊆ Λ, resp. τ + Λ = Λ, implies

Dp
SlΩ,B

(F (·+ τ ; ·), G(·+ τ ; ·)) ≤ Dp
SlΩ,B

(F,G), l > 0, B ∈ B,(4)

resp.

Dp
SlΩ,B

(F (·+ τ ; ·), G(·+ τ ; ·)) = Dp
SlΩ,B

(F,G), l > 0, B ∈ B.(5)

Arguing as in [10], we may conclude the following:

1.

Dp
Sl1Ω,B

(F,G) ≤ sup
t∈Λ

[ l2
l1

]n/p
· Dp

Sl2Ω,B
(F,G),

provided that l2 > l1 > 0 and B ∈ B.
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2. If l2 > l1 > 0, l2 = kl1 + θl1 for some k ∈ N and θ ∈ [0, 1), then

Dp
Sl2Ω,B

(F,G) ≤
(k + 1

k

)n/p
·Dp

Sl1Ω,B
(F,G),

provided that B ∈ B.
Hence, [1.-2.] imply that for each B ∈ B we have

lim sup
l→∞

Dp
SlΩ,B

(F,G) ≤ Dp
Sl1Ω,B

(F,G), l1 > 0;

performing the limit inferior as l1 → ∞, we get that

lim sup
l→∞

Dp
SlΩ,B

(F,G) ≤ lim inf
l→∞

Dp
SlΩ,B

(F,G).

Hence, the limit
Dp
W,B(F,G) := lim

l→∞
Dp
SlΩ,B

(F,G)

exists and for each l > 0 we have

Dp
W,B(F,G) ≤ Dp

SlΩ,B
(F,G), B ∈ B.(6)

We call this limit the Weyl p-distance of functions F (·) and G(·) on B; the Weyl
p-norm of function F (·) on B, denoted by ∥F∥pW,B , is defined by ∥F∥pW,B :=

Dp
W,B(F, 0). Moreover, if X ∈ B, then the Weyl p-norm ∥F∥pW,B of F (·) on B

is also said to be the Weyl p-norm of function F (·) and it is denoted by ∥F∥pW .
Due to (4)-(5), we have that the assumptions τ ∈ Rn and τ + Λ ⊆ Λ, resp.

τ + Λ = Λ, imply

Dp
W,B(F (·+ τ ; ·), G(·+ τ ; ·)) ≤ Dp

W,B(F,G), B ∈ B,

resp.

Dp
W,B(F (·+ τ ; ·), G(·+ τ ; ·)) = Dp

W,B(F,G), B ∈ B.

We will occasionally use the following condition:

(L) The function F : Λ×X → Y satisfies that ∥F (t+ ·;x)∥Y ∈ Lp(lΩ : Y ) for all
t ∈ Λ, x ∈ X and l > 0.

Definition 14. Suppose that (L) holds. Then we say that F (·; ·) is Weyl p-bounded
on B if and only if for each B ∈ B we have ∥F∥pW,B <∞; moreover, if X ∈ B, then
we say that F (·; ·) is Weyl p-bounded.

As is well known, the space of Weyl p-bounded functions is not complete
with respect to the Weyl norm ∥ · ∥pW in the case that X ∈ B. Further on, if (L)
holds, then we set BpW,B := {F : Λ × X → Y ; ∥F∥pW,B < +∞} (B ∈ B). Let us
recall that the terms “Weyl p-distance” and “Weyl p-norm” are a little bit incorrect
because Dp

W,B(·, ·) is a pseudometric on BpW,B , actually (for example, the function

F := χ[0,1/2)(·) used before is a non-zero function and ∥F∥pW = 0 for all p ≥ 1).

The above analysis enables one to clarify the following extension of the well
known statement from the one-dimensional framework:
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Proposition 15. Suppose that (L) holds. Then the function F (·; ·) is Weyl p-
bounded on B if and only if F (·; ·) is Stepanov p-bounded on B.

Proof. Clearly, if F (·; ·) is Stepanov p-bounded on B, then F (·; ·) is Weyl p-bounded
on B due to (6). Suppose now that the function F (·; ·) is Weyl p-bounded on B.
Let the set B ∈ B be fixed. Then there exist two finite real constants M > 0 and
l ≥ 1 such that Dp

SlΩ,B
(F, 0) ≤M, which implies that for each t ∈ Λ and x ∈ B we

have∥∥∥F (t+ ·;x)
∥∥∥
Lp(Ω:Y )

≤
∥∥∥F (t+ ·;x)

∥∥∥
Lp(lΩ:Y )

≤ ln/pDp
SlΩ,B

(F, 0) ≤ ln/pM.

This completes the proof.

Under the previous assumptions, the quantity

Dp
W,B,1(F,G) := sup

x∈B
Dp
W (F (·;x), G(·;x)) = sup

x∈B
lim

l→+∞
Dp
SlΩ

(F (·;x), G(·;x))

also exists and we clearly have Dp
W,B,1(F,G) ≤ Dp

W,B(F,G). Finding some suffi-

cient conditions ensuring that Dp
W,B,1(F,G) ≥ Dp

W,B(F,G) could be an interested

problem; for simplicity, we will not consider the quantity Dp
W,B,1(F,G) henceforth.

Suppose now that F : Λ×X → Y, G : Λ×X → Y andH : Λ×X → Y satisfy
that F (t+ ·;x)−G(t+ ·;x) ∈ Lp(lΩ : Y ) and G(t+ ·;x)−H(t+ ·;x) ∈ Lp(lΩ : Y )
for all t ∈ Λ, x ∈ X and l > 0. Then

Dp
SlΩ,B

(F,G) ≤ Dp
SlΩ,B

(F,H) +Dp
SlΩ,B

(H,G), l > 0, B ∈ B

and therefore

Dp
W,B(F,G) ≤ Dp

W,B(F,H) +Dp
W,B(H,G), B ∈ B.(7)

Before we switch to Subsection 3.3, we will prove the following extension of
[39, Theorem 5.5.5, pp. 222–227] (cf. also [2, p. 150, l. -10 - l.-5] and [39, Chapter
5, Section 9, pp. 242-247]):

Theorem 16. Suppose that any of the functions Fk : Λ × X → Y (k ∈ N) and
F : Λ×X → Y satisfies condition (L). If for each set B ∈ B we have limk→+∞ ∥Fk−
F∥pW,B = 0 and Fk ∈ e − W p

ap,Λ′,B(Λ × X : Y ) for all k ∈ N, then F ∈ e −
W p
ap,Λ′,B(Λ×X : Y ).

Proof. Let ϵ > 0 and B ∈ B be fixed. Then there exists K ∈ N such that ∥FK −
F∥pW,B < ϵ/3; hence, there exists l1 > 0 such that

sup
t∈Λ,x∈B

[
l−n/p

∥∥∥FK(·;x)− F (·;x)
∥∥∥
Lp(t+lΩ:Y )

]
< ϵ/3, l ≥ l1.(8)
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On the other hand, since FK ∈ e −W p
ap,Λ,Λ′(Λ × X : Y ), we have the existence

of two real numbers l2 > 0 and L > 0 such that for each t0 ∈ Λ′ there exists
τ ∈ B(t0, L) ∩ Λ′ such that

sup
t∈Λ,x∈B

[
l
−n/p
2

∥∥∥FK(·+ τ ;x)− FK(·;x)
∥∥∥
Lp(t+lΩ:Y )

]
< 2−n/pϵ/3.(9)

Set l := max(l1, l2), fix t ∈ Λ and x ∈ B. Then there exist an integer k ∈ N and a
number θ ∈ [0, 1) such that l = kl2 + θl2. Due to (9), we have:[

l−n
∫
t+lΩ

∥∥∥FK(u+ τ ;x)− FK(u;x)
∥∥∥p
Y
du

]1/p

≤

[(
kl2
)−n ∫

t+(k+1)l2Ω

∥∥∥FK(u+ τ ;x)− FK(u;x)
∥∥∥p
Y
du

]1/p

≤

[(
kl2
)−n

2−n(k + 1)nϵp3−pln2

]1/p
= 2−n/p

(k + 1)n/p

kn/p
ϵ

3
≤ ϵ/3.

Using this estimate and (8), we get:

l−n/p
∥∥∥F (·+ τ ;x)− F (·;x)

∥∥∥
Lp(t+lΩ:Y )

≤ l−n/p

[∥∥∥F (·+ τ ;x)− FK(·+ τ ;x)
∥∥∥
Lp(t+lΩ:Y )

+
∥∥∥FK(·+ τ ;x)− FK(·;x)

∥∥∥
Lp(t+lΩ:Y )

+
∥∥∥FK(·;x)− F (·;x)

∥∥∥
Lp(t+lΩ:Y )

]
≤ 3 · ϵ

3
= ϵ,

which completes the proof.

3.3 Weyl p-normality and Weyl approximations by trigono-
metric polynomials

We will first introduce the following notion (see also [2, Definition 4.5] and [10,
Definition 2.4]):

Definition 17. Suppose that (L) holds, R is a non-empty collection of sequences
in Rn and the following holds:

if t ∈ Λ, b ∈ R and m ∈ N, then we have t+ b(m) ∈ Λ.(10)

Then we say that the function F (·; ·) is Weyl-(R,B, p)-normal if and only if for
every B ∈ B and (bk = (b1k, b

2
k, · · ·, bnk )) ∈ R there exist a subsequence (bkm =

(b1km , b
2
km
, · · ·, bnkm)) of (bk) such that (F (· + (b1km , · · ·, b

n
km

); ·))m∈N is a Cauchy
sequence with respect to the metric Dp

W,B(·, ·).
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Remark 18. If RX is a non-empty collection of sequences in Rn × X satisfying
certain conditions, then the notion of Weyl-(RX ,B, p)-normality can be also into-
duced following the approach obeyed for introducing the notion in [10, Definition
2.5].

By a trigonometric polynomial P : Λ×X → Y we mean any linear combi-
nation of functions like

ei[λ1t1+λ2t2+···+λntn]c(x),

where λi are real numbers (1 ≤ i ≤ n) and c : X → Y is a continuous mapping.
Now we are in a position to introduce the following generalization of the notion
considered in [2, Definition 4.6]:

Definition 19. Suppose that (L) holds. Then we say that the function F (·; ·)
belongs to the space e−B −W p(Λ×X : Y ) if and only if for every B ∈ B and for
every ϵ > 0 there exist a real number l0 > 0 and a trigonometric polynomial P (·; ·)
such that

sup
x∈B,t∈Λ

[
l−n/p

∥∥∥P (t+ ·;x)− F (t+ ·;x)
∥∥∥
Lp(lΩ:Y )

]
< ϵ, l ≥ l0.(11)

If X ∈ B, then we also say that F (·) belongs to the space e−W p(Λ×X : Y ).

In other words, if (L) holds, then F ∈ e−B−W p(Λ×X : Y ) if and only if
for every B ∈ B there exists a sequence of trigonometric polynomials Pm(·; ·) such
that limm→+∞Dp

W,B(F, Pm) = 0. Now we will state the following extension of [2,
Theorem 4.12]:

Theorem 20. Suppose that (L) holds and F ∈ e−B−W p(Λ×X : Y ). Let R be the
collection of all sequences in Rn for which (10) holds, and let B be any collection
of compact subsets of X. Then the function F (·; ·) is Weyl-(R,B, p)-normal.

Proof. Let (bk = (b1k, b
2
k, · · ·, bnk )) ∈ R. Using [9, Theorem 2.17], for every Q ∈ N, we

can always find a sequence ((b1km;Q
, · · ·, bnkm;Q

))m∈N and a function FQ : Rn×X → Y
such that

lim
m→+∞

PQ

(
t+

(
b1km;Q

, · · ·, bnkm;Q

)
;x
)
= FQ(t;x),(12)

uniformly for t ∈ Rn and x ∈ B; furthermore, we may assume that the sequence
((b1km;Q

, · · ·, bnkm;Q
))m∈N is a subsequence of all sequences ((b1km;Q′ , · · ·, bnkm;Q′ ))m∈N

for 1 ≤ Q′ ≤ Q and the initial sequence (bk = (b1k, b
2
k, ···, bnk )) as well as that (km;m)

is a strictly increasing sequence of positive integers. Then a subsequence (bkm =
(b1km;m

, b2km;m
, ···, bnkm;m

)) of (bk) satisfies that (F (·+(b1km;m
, b2km;m

, ···, bnkm;m
); ·))m∈N

is a Cauchy sequence with respect to the metric Dp
W,B(·, ·). Indeed, there exists
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s ∈ N such that Dp
W,B(Ps, F ) < ϵ/3 and we have, due to (7),

D
p
W,B

(
F
(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); x
)
, F
(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); x

))
≤ D

p
W,B

(
F
(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); x
)
, Ps

(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); x
))

+D
p
W,B

(
Ps

(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); x
)
, Ps

(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); x

))
+D

p
W,B

(
Ps

(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); x

)
, F
(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); x

))
≤ 2D

p
W,B

(
F, Ps

)
+D

p
W,B

(
Ps

(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); x
)
, Ps

(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); x

))
≤ 2ϵ/3 +D

p
W,B

(
Ps

(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); x
)
, Ps

(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); x

))
≤ 2ϵ/3

+ sup
y∈B,·∈Λ

∥∥∥Ps

(
· + (b

1
km;m

, b
2
km;m

, · · ·, bnkm;m
); y
)
− Ps

(
· + (b

1
k
m′;m′ , b

2
k
m′;m′ , · · ·, b

n
k
m′;m′ ); y

)∥∥∥
Y
,

for every m, m′ ∈ N and x ∈ B. Since ((b1km;m
, · · ·, bnkm;m

))m∈N is a subsequence

of the sequence ((b1km;s
, · · ·, bnkm;s

))m∈N for s ≤ m, this simply implies the required

statement by applying (12) with Q = s.

Our next structural result generalizes [2, Theorem 4.7]:

Proposition 21. Suppose that (L) holds, B is any collection of bounded subsets of
X and F ∈ e− B −W p(Λ×X : Y ). Then F ∈ e−W p

ap,Λ,B(Λ×X : Y ).

Proof. Let a bounded set B ∈ B and a real number ϵ > 0 be given. By definition,
there exist a real number l0 > 0 and a trigonometric polynomial P (·; ·) such that
(11) holds. Let

P (t;x) :=

k∑
j=1

ei[λ1,jt1+λ2,jt2+···+λn,jtn]cj(x), t =
(
t1, t2, · · ·, tn

)
∈ Rn, x ∈ X,

for some integer k ∈ N. Since the functions cj(·) is continuous (1 ≤ j ≤ k), there
exists a finite real constant M > 1 such that

sup
x∈B

sup
1≤j≤k

∥∥cj(x)∥∥Y ≤M.

Since every trigonometric polynomial is almost periodic in Rn (cf. [9]), the ex-
istence of such a constant M and the Bochner criterion applied to the functions
ei[λ1,jt1+λ2,jt2+···+λn,jtn] for 1 ≤ j ≤ k, together imply the existence of a finite real
number L > 0 such that for each point t0 ∈ Rn there exists τ ∈ B(t0, L) which
satisfies ∥P (t + τ ;x) − P (t;x)∥Y ≤ (ϵ/3) for all t ∈ Rn and x ∈ B. Suppose now
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that t0 ∈ Λ and τ ∈ B(t0, L) is chosen as above. This yields∥∥∥F (τ + ·;x)− F (·;x)
∥∥∥
Lp(t+lΩ)

≤
∥∥∥F (τ + ·;x)− P (τ + ·;x)

∥∥∥
Lp(t+lΩ)

+
∥∥∥P (τ + ·;x)− P (·;x)

∥∥∥
Lp(t+lΩ)

+
∥∥∥P (·;x)− F (·;x)

∥∥∥
Lp(t+lΩ)

≤ 2ϵ

3
ln/p +

∥∥∥P (τ + ·;x)− P (·;x)
∥∥∥
Lp(t+lΩ)

≤ 2ϵ

3
ln/p +

ϵ

3
ln/p = ϵln/p,

which completes the proof.

Now we will extend the statement of [6, Lemma 2◦, p. 83] in the following
way:

Proposition 22. Suppose that F ∈ e −W p
ap,Λ′,B(Λ × X : Y ) and there exists a

finite real number M > 0 such that, for every t ∈ Λ, there exists t0 ∈ Λ′ such that
|t+ t0| ≤M. Then for each B ∈ B there exist real numbers l > 0 and M ′ > 0 such
that

sup
t∈Λ,x∈B

[
l−(n/p)

∥∥F (·;x)∥∥
Lp(t+lΩ:Y )

]
≤M ′.

Proof. Let the set B ∈ B be fixed and let ϵ = 1. Then there exist real numbers l > 0
and L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such that (1)
holds. Fix now a point t ∈ Λ. Due to our assumption, there exists t0 ∈ Λ′ such that
|t+t0| ≤M. Choose τ as above for this t0. Then |t+τ | ≤ |t+t0|+|t0−τ | ≤M+L,
so that∥∥F (·;x)∥∥

Lp(t+lΩ:Y )
≤
∥∥F (·;x)− F (τ + ·;x)

∥∥
Lp(t+lΩ:Y )

+
∥∥F (τ + ·;x)

∥∥
Lp(t+lΩ:Y )

≤ ln/p +
∥∥F (·;x)∥∥

Lp(t+τ+lΩ:Y )

≤ ln/p + sup
|v|≤M

∥∥F (·;x)∥∥
Lp(v+lΩ:Y )

,

which simply completes the proof.

Similarly we can prove the following extension of [6, Lemma 3◦, p. 84]:

Proposition 23. Suppose that F ∈ e − W p
ap,Λ′(Λ : Y ) and there exists a finite

real number M > 0 such that, for every t ∈ Λ, there exists t0 ∈ Λ′ such that
|t+ t0| ≤M. Then F (·) is equi-W p-uniformly continuous, i.e., for each ϵ > 0 there
exist real numbers l > 0 and δ > 0 such that, for every v ∈ Λ with |v| ≤ δ, we have

sup
t∈Λ

[
l−n/p

∥∥∥F (t+ ·+ v)− F (t+ ·)
∥∥∥
Lp(lΩ)

]
< ϵ.

Now we are able to prove the following generalization of [6, Theorem 1◦, p.
82]:
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Theorem 24. Suppose that (L) holds with X = {0} and B = {X}. Then F ∈
e−W p

ap,Rn(Rn : Y ) if and only if F ∈ e−W p(Rn : Y ).

Proof. Clearly, if F ∈ e − W p(Rn : Y ), then F ∈ e − W p
ap,Rn(Rn : Y ) due to

Proposition 21. In order to prove that the assumption F ∈ e −W p
ap,Rn(Rn : Y )

implies F ∈ e − W p(Rn : Y ), we basically follow the approach obeyed in the
proof of [6, Theorem 1◦, pp. 82-91] in the abstract framework developed by T.
Spindeler [42] for the scalar-valued equi-Weyl-p-almost periodic functions defined
on the locally compact Abelian group G = Rn, with a little abuse of notation used.
First of all, we note that the sequence (Al ≡ lΩ)l∈N is a van Hove sequence (see also
Example 10 and the proof of Theorem 33 below) in the sense of [42, Definition 3.1]
as well as that Proposition 23 implies that F (·) is equi-W p-uniformly continuous, so
that [42, Lemma 3.11] continue to hold in the vector-valued case. It can be simply
shown that the construction of kernel K : Rn → [0,∞) holds for the vector-valued
functions, so that [42, Lemma 3.12] continue to hold in the vector-valued case, as
well. Further on, for a real number ϵ > 0 given in advance, the function

Θ(t) := lim inf
l→+∞

l−n
∫
lΩ

F (t+ s)K(s) ds = lim
l→+∞

l−n
∫
lΩ

F (t+ s)K(s) ds, t ∈ Rn

is almost periodic and satisfies limm→+∞Dp
W,B(F,Θ) < ϵ by the same argumen-

tation as in the proof of implication (2) ⇒ (1) of [42, Proposition 3.13]. The
remainder of proof is trivial and therefore omitted.

Now we would like to introduce the following notion:

Definition 25. Suppose that ∅ ≠ Λ ⊆ Rn, Λ+Λ+ lΩ ⊆ Λ and Λ+ lΩ ⊆ Λ for all
l > 0. Then we say that Λ is admissible with respect to the (equi-)Weyl-p-almost
periodic extensions if and only if for any complex Banach space Y and for any
function F ∈ (e−)W p

ap,Λ(Λ : Y ) there exists a function F̃ ∈ (e−)W p
ap,Rn(Rn : Y )

such that F̃ (t) = F (t) for all t ∈ Λ.

Now we are able to state the following extensions of [39, Theorem 5.5.3-
Theorem 5.5.4, pp. 225–226], whose proofs are immediate consequences of Theorem
24, the fact that e −W p(Rn : Y ) is a vector space and the notion introduced in
Definition 25:

Theorem 26. Suppose that ∅ ̸= Λ ⊆ Rn, Λ + Λ + lΩ ⊆ Λ and Λ + lΩ ⊆ Λ for all
l > 0. If Λ is admissible with respect to the equi-Weyl-p-almost periodic extensions,
then e−W p

ap,Λ(Λ : Y ) is a vector space.

Theorem 27. Suppose that ∅ ̸= Λ ⊆ Rn, Λ + Λ + lΩ ⊆ Λ and Λ + lΩ ⊆ Λ for all
l > 0. Suppose, further, that p, q, r ∈ [1,∞), 1/p+1/r = 1/q, Λ is admissible with
respect to the equi-Weyl-p-almost periodic extensions, f ∈ e −W p

ap,Λ(Λ : C) and

F ∈ e−W r
ap,Λ(Λ : Y ). Define F1(t) := f(t)F (t), t ∈ Λ. Then F1 ∈ e−W q

ap,Λ(Λ : Y ).
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Before proceeding further, let us note that Theorem 26 can be illustrated
by many elaborate examples. For instance, we know that there exists a bounded
scalar-valued infinitely differentiable Weyl-p-almost periodic function f : R → R
for all p ∈ [1,∞) such that the regular distribution determined by this function
is not almost periodic (cf. [4], [8, Main example IV, Appendix, pp. 131–133] and
[25] for the notion and more details). Define now

F
(
t1, t2, · · ·, tn

)
= f(t1)f(t2) · · · f(tn), t =

(
t1, t2, · · ·, tn

)
∈ Rn.

Then Theorem 26 inductively implies that F ∈ e−W p
ap,Rn(Rn : Y ) for all p ∈ [1,∞)

(even for all p ∈ D+(Ω)).

It is clear that the notion introduced in Definition 25 is not trivial as
well as that some known results for the usual classes of multi-dimensional Bohr
and Stepanov almost periodic type functions cannot be easily transferred to the
corresponding Weyl classes. In connection with this problem, we would like to
ask the following question, which seems to be not proposed elsewhere even in the
one-dimensional setting:

Problem. Suppose that Λ is a convex polyhedral in Rn, i.e., there exists a
basis (v1, · · ·,vn) of Rn such that

Λ =
{
α1v1 + · · ·+ αnvn : αi ≥ 0 for all i ∈ Nn

}
.

Is is true that Λ is admissible with respect to the (equi-)Weyl-p-almost periodic
extensions?

In the remainder of this section, we assume that condition (L) holds. If
τ ∈ Rn satisfies τ + Λ ⊆ Λ and F ∈ BpW,B for all B ∈ B, then F (· + τ ; ·) ∈ BpW,B
for all B ∈ B. Therefore, the following notion is meaningful:

Definition 28. Suppose that F : Λ×X → Y is such that (L) holds. If Λ0 ⊆ {τ ∈
Rn : τ +Λ ⊆ Λ}, then we say that the function F (·; ·) is (B,Λ0)-normal if and only
if for each B ∈ B the set FΛ0 ≡ {F (· + τ ; ·) : τ ∈ Λ0} is totally bounded in the
pseudometric space (BpW,B , D

p
W,B), which means that for any ϵ > 0 and B ∈ B the

set FΛ0
admits a cover by finitely many open balls of radius ϵ in (BpW,B , D

p
W,B).

Consider now the following condition:

(WM3): ∅ ≠ Λ ⊆ Rn, ∅ ≠ Λ′ ⊆ Rn, ∅ ≠ Λ′′ ⊆ Rn, Ω = [0, 1]n, p(u) ≡ p ∈ [1,∞),
Λ′′ + Λ+ lΩ ⊆ Λ, Λ + lΩ ⊆ Λ for all l > 0, ϕ(x) ≡ x and F(l, t) ≡ l−n/p.

The following notion has an important role for our further investigations of
the notion introduced in Definition 28:

Definition 29. Suppose that (WM3) holds.

(i) By e −W p
Ω,Λ′,Λ′′,B(Λ × X : Y ) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exist two
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finite real numbers l > 0 and L > 0 such that for each t0 ∈ Λ′ there exists
τ ∈ B(t0, L) ∩ Λ′′ such that

sup
x∈B

sup
t∈Λ

F(l, t)ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥
Y

)
Lp(u)(t+lΩ)

< ϵ.

(ii) By W p
Ω,Λ′,Λ′′,B(Λ × X : Y ) we denote the set consisting of all functions F :

Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real
number L > 0 such that for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′′ such
that

lim sup
l→+∞

sup
x∈B

sup
t∈Λ

F(l, t)ϕ
(∥∥F (τ + u;x)− F (u;x)

∥∥
Y

)
Lp(u)(t+lΩ)

< ϵ.

Now we are able to state the following result (see also [2, Corollary 4.24]
and the proof of sufficiency in [2, Theorem 4.12]):

Proposition 30. Suppose that F : Λ×X → Y is such that (L) holds, Λ0 ⊆ {τ ∈
Rn : τ +Λ ⊆ Λ}, F (·; ·) is (B,Λ0)-normal, τ +Λ = Λ for all τ ∈ Λ0, and condition
(WM3) holds with Λ′ := −Λ0, Λ

′′ := Λ0 − Λ0. Then F ∈W p
Ω,Λ′,Λ′′,B(Λ×X : Y ).

Proof. Let ϵ > 0 and B ∈ B be fixed. Due to the (B,Λ0)-normality of function
F (·; ·), we have that there exist a positive integerm ∈ N and a finite subset {τ1, τ2, ··
·, τm} of Λ0 such that for each t0 = −τ ∈ −Λ0 there exist j ∈ Nm and l0 > 0 such
that, for every l ≥ l0 and x ∈ B, we have

sup
t∈Λ,x∈B

[
l−n/p

∥∥∥F (t+ τ + ·;x)− F (t+ τj + ·;x)
∥∥∥
Lp(lΩ:Y )

]
< ϵ.

Substituting T = t + τ and using the assumption that τ + Λ = Λ for all τ ∈ Λ0,
the above implies

sup
t∈Λ,x∈B

[
l−n/p

∥∥∥F (t+ ·;x)− F (t+ (τj − τ) + ·;x)
∥∥∥
Lp(lΩ:Y )

]
< ϵ.

Set L := max{|τj | : j ∈ Nm}. Then τj − τ ∈ Λ0 − Λ0 and τj − τ ∈ B(t0, L), which
simply implies the required.

It is worth noting that Proposition 30 can be applied even in the case
that the assumption Λ = Λ0 = Rn is not satisfied. For example, we can take
Λ := {(x1, ···, xn−1, xn) ∈ Rn : xi ≥ 0 for all i ∈ Nn−1} and Λ0 := {(0, 0, ···, 0, xn) :
xn ∈ R}; furthermore, the case in which −Λ0 ̸= Λ0 − Λ0 can also happen since we
can take Λ := Rn and Λ0 := a +W, where a ̸= 0 and W is a non-trivial subspace
of Rn (then Λ0 − Λ0 =W ̸= −Λ0).
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Example 31. ([43]) Let Λ = Λ′ = R, X = {0}, B = {X}, Y = C and R being
the collection of all sequences in R. Define the function f : R → R by f(x) := 0
for x ≤ 0, f(x) :=

√
n/2 for x ∈ (n − 2, n − 1] (n ∈ 2N) and f(x) := −

√
n/2 for

x ∈ (n − 1, n] (n ∈ 2N). Then f(·) is Weyl-1-almost periodic, Weyl 1-unbounded,
but neither equi-Weyl-1-almost periodic nor Weyl-1-normal, so that the converse of
Proposition 30 does not hold, in general. Although may be interesting, we will not
consider here the general case p > 1 as well as some more complicated relatives of
Example 9-Example 10 with locally integrable functions F : Rn → R whose range is
at most countable.

Therefore, one needs to impose some extra conditions ensuring that the in-
clusion F ∈W p

Ω,−Λ0,Λ0−Λ0,B(Λ×X : Y ) implies that F (·; ·) is (B,Λ0)-normal. In the
following result, the assumption Λ = Λ0 = Rn is almost inevitable to be made (see
also [34], [2, Theorem 4.22, Theorem 4.23] and the proof of necessity in [2, Theorem
4.12]; the compactness criteria for the sets in the spaces of (equi-)Weyl-p-almost
periodic functions have been analyzed in [35]-[37] with the help of Lusternik type
theorems, we will not reconsider these results in the multi-dimensional framework):

Proposition 32. Suppose that F : Rn ×X → Y is such that (L) holds, Λ0 = Rn
and F ∈ W p

Ω,Rn,Rn,B(Rn ×X : Y ). If for each ϵ > 0 and B ∈ B there exists δ > 0

such that Dp
W,B(F (·; ·), F (· + v; ·)) < ϵ for every v ∈ Rn with |v| ≤ δ, then F (·; ·)

is (B,Rn)-normal.

Proof. Let ϵ > 0 and B ∈ B be given. Due to our assumption, we have the existence
of a finite real number l > 0 such that, for every t0 ∈ Rn, there exists η ∈ B(t0, l)
such that Dp

W,B(F (·; ·), F (· + η; ·)) < ϵ/2. Furthermore, there exists δ > 0 such

that Dp
W,B(F (·; ·), F (· + v; ·)) < ϵ/2 for every v ∈ Rn with |v| ≤ δ. Let m ∈ N

be such that mδ > l, and let Sδ denote the set consisting of all points of form
(a1δ, · · ·, anδ) ∈ B(0,mδ), where aj ∈ Z for all j ∈ Nn. With the same notation
as above, we have −t0 + η ∈ B(0, l), and therefore, there exists ζ ∈ Sδ such that
|v| = | − t0 + η − ζ| < δ. This implies Dp

W,B(F (·; ·), F (· + [−t0 + η − ζ]; ·)) =

Dp
W,B(F (·+ ζ; ·), F (· − t0 + η; ·)) < ϵ/2. But, then we have

Dp
W,B

(
F (· − t0; ·), F (·+ ζ; ·)

)
≤ Dp

W,B

(
F (·+ ζ; ·), F (· − t0 + η; ·)

)
+Dp

W,B

(
F (· − t0 + η; ·), F (· − t0; ·)

)
≤ 2 · ϵ

2
= ϵ,

which completes the proof.

3.4 The existence of Bohr-Fourier coefficients for Weyl al-
most periodic functions

At the very beginning of this subsection, we feel it is our duty to emphasize that
some relations presented in [2, Table 2, p. 56] seem to be stated incorrectly. The
main mistake made is that the authors have interchanged at some places the class of
equi-Weyl-p-almost periodic functions and Weyl-p-almost periodic functions, which
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can be simply justified by taking a closer look at the references quoted: in the re-
search articles [7] and [8], as well as in the research monographs [6], [23] and
its English translation published by Pergamon Press, Oxford in 1966, the class of
Weyl-p-almost periodic functions in the sense of Kovanko’s approach has not been
considered at all (the authors of [6], [7], [8] and [23] have called an equi-Weyl-p-
almost periodic function simply a Weyl-p-almost periodic functions therein). There-
fore, no reasonable information has been presented which could tell us whether the
class of Weyl-p-almost periodic functions is contained in the class of Besicovitch
p-almost periodic functions or not, and whether a Weyl-p-almost periodic function
f : R → C has the mean value or not (1 ≤ p < ∞). As we have recently shown
by a few relatively simple counterexamples, there exists a Weyl-p-almost periodic
function f : R → C without mean value; this function si clearly not Besicovitch
p-almost periodic ([26]).

Based on the evidence given in the proof of the subsequent result, it is
our strong belief that we must deal with the class of equi-Weyl-p-almost periodic
functions in order to ensure the existence of the mean value and the Bohr-Fourier
coefficients for a function F : Λ×X → Y. The assumptions X = {0} and p = 1 (due
to the obvious embedding) are reasonable to be made, when we have the following:

Theorem 33. Suppose that λ ∈ Rn, [0,∞)n = Λ′ ⊆ Λ, Ω = [0, 1]n, F : Λ → Y is
Stepanov (Ω, 1)-bounded and satisfies that the function t 7→ Fλ(t) := e−i⟨λ,t⟩F (t),
t ∈ Rn belongs to the space e −W 1

ap,Λ(Λ : Y ). Then the Bohr-Fourier coefficient
Pλ(F ) of F (·), defined by

Pλ(F ) := lim
T→+∞

1

Tn

∫
s+[0,T ]n

e−i⟨λ,t⟩F (t) dt,(13)

exists and does not depend on the choice of a tuple s ∈ [0,∞)n. Moreover, for every
ϵ > 0, there exists a real number T0(ϵ) > 0 such that, for every T ≥ T0(ϵ) and
s ∈ [0,∞)n, we have∥∥∥∥∥ 1

Tn

∫
[0,T ]n

e−i⟨λ,t⟩F (t) dt− 1

Tn

∫
s+[0,T ]n

e−i⟨λ,t⟩F (t) dt

∥∥∥∥∥
Y

< ϵ.(14)

Proof. We slightly modify the arguments contained in the proof of corresponding
statement given in the one-dimensional case (see e.g., [39, Theorem 1.3.1-Theorem
1.3.2, pp. 32-35]). Fix the numbers ϵ > 0 and λ ∈ Rn. We know that there exist
two finite real numbers l > 0 and L > 0 such that for each t0 ∈ [0,∞)n there exists
τ ∈ B(t0, L) ∩ [0,∞)n such that

sup
t∈Λ

∥∥F (τ + ·)− F (·)
∥∥
L1(t+lΩ:Y )

< ϵ · ln.(15)

Let T > l be an arbitrary real number and let k ∈ N. Denote by AT,k = {s1, ···, skn}
the collection of all points s ∈ T · Nn0 such that s + [0, T ]n ⊆ [0, kT ]n. Further on,
let BT,k = {τ1, · · ·, τkn} be a collection of points in [0,∞)n such that |τk − τj | ≤ L



Multi-dimensional Weyl almost periodic type functions and applications 469

for all j ∈ Nkn as well as that (15) holds with the number τ replaced therein with
the number τj (j ∈ Nkn). Due to the computation following the equation (9), we
have that (15) implies supt∈Λ ∥F (τ + ·)−F (·)∥L1(t+TΩ:Y ) < ϵ · 2nTn; in particular,∥∥F (τ + ·)− F (·)

∥∥
L1(TΩ:Y )

< ϵ · 2nTn.(16)

Keeping in mind (16), we get:∥∥∥∥∥ 1

Tn

∫
[0,T ]n

Fλ(t) dt−
1

(kT )n

∫
[0,kT ]n

Fλ(t) dt

∥∥∥∥∥
Y

≤

∑kn

j=1

∥∥∥ 1
Tn

∫
[0,T ]n

Fλ(t) dt− 1
Tn

∫
sj+[0,T ]n

Fλ(t) dt
∥∥∥
Y

kn

=

∑kn

j=1

∥∥∥ 1
Tn

∫
[0,T ]n

Fλ(t) dt− 1
Tn

∫
[0,T ]n

Fλ(sj + t) dt
∥∥∥
Y

kn

≤

∑kn

j=1

∥∥∥ 1
Tn

∫
[0,T ]n

Fλ(t) dt− 1
Tn

∫
[0,T ]n

Fλ(τj + t) dt
∥∥∥
Y

kn

+

∑kn

j=1

∥∥∥ 1
Tn

∫
[0,T ]n

Fλ(τj + t) dt− 1
Tn

∫
[0,T ]n

Fλ(sj + t) dt
∥∥∥
Y

kn

≤ ϵ2n +

∑kn

j=1

∥∥∥ 1
Tn

∫
[0,T ]n

Fλ(τj + t) dt− 1
Tn

∫
[0,T ]n

Fλ(sj + t) dt
∥∥∥
Y

kn

= ϵ2n +

∑kn

j=1

∥∥∥ 1
Tn

∫
(τj+[0,T ]n)\(sj+[0,T ]n)

Fλ(t) dt
∥∥∥
Y

kn
.

Since |sj − τj | ≤ L for all j ∈ Nkn , an elementary geometrical argument shows that
there exists a finite real constant cn ∈ N such that the set (τj+[0, T ]n)\(sj+[0, T ]n)
can be covered by at most ⌈LTn−1⌉ translations of the cell [0, 1]n, so that the
Stepanov (Ω, 1)-boundedness of F (·) implies that there exists a finite real number
T (ϵ) > 0 such that∥∥∥∥∥ 1

Tn

∫
[0,T ]n

Fλ(t) dt−
1

(kT )n

∫
[0,kT ]n

Fλ(t) dt

∥∥∥∥∥
Y

≤ ϵ2n + ∥F∥SΩ,1

⌈LTn−1⌉
T

≤ ϵ
(
2n + 1

)
, T ≥ T (ϵ).(17)

After that, we can repeat verbatim the argumentation contained in the proof of
[39, Theorem 1.3.1, p. 33] in order to see that the limit

lim
T→+∞

1

Tn

∫
[0,T ]n

e−i⟨λ,t⟩F (t) dt
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exists on the account of the Cauchy principle of convergence. The above geometrical
argument with sj = 0 and tj = 0 implies that

lim
T→+∞

1

Tn

∫
[0,T ]n

e−i⟨λ,t⟩F (t) dt = lim
T→+∞

1

Tn

∫
s+[0,T ]n

e−i⟨λ,t⟩F (t) dt

for all s ∈ [0,∞)n, which completes the first part of proof. For the second part of
proof, observe that for each s ∈ [0,∞)n the function t 7→ Fλ(t+ s), t ∈ Λ belongs
to the class e − W 1

ap,Λ(Λ : Y ) as well as that the numbers l > 0 and L > 0 in
the corresponding definition can be chosen independently of s. Letting k → +∞ in
(17), we get:

∥∥∥∥∥ 1

Tn

∫
[0,T ]n

Fλ(t) dt− lim
T→+∞

1

Tn

∫
[0,T ]n

Fλ(t) dt

∥∥∥∥∥
Y

≤ ϵ2n + ∥F∥SΩ,1

⌈LTn−1⌉
T

.

(18)

By the foregoing, the same estimate holds for the function t 7→ Fλ(t + s), t ∈ Λ,
so that ∥∥∥∥∥ 1

Tn

∫
[0,T ]n

Fλ(t+ s) dt− lim
T→+∞

1

Tn

∫
[0,T ]n

Fλ(t+ s) dt

∥∥∥∥∥
Y

≤ ϵ2n + ∥F∥SΩ,1

⌈LTn−1⌉
T

, s ∈ [0,∞)n.(19)

After simple substitution, the first part of proof shows that, for every s ∈ [0,∞)n,
we have:

lim
T→+∞

1

Tn

∫
[0,T ]n

Fλ(t) dt = lim
T→+∞

1

Tn

∫
[0,T ]n

Fλ(t+ s) dt.

Hence, in view of (18) and (19), we get∥∥∥∥∥ 1

Tn

∫
[0,T ]n

Fλ(t) dt−
1

Tn

∫
[0,T ]n

Fλ(t+ s) dt

∥∥∥∥∥
Y

≤ ϵ2n+1 + 2∥F∥SΩ,1

⌈LTn−1⌉
T

,

which completes the proof of theorem.

Remark 34. If we assume Λ′ = Λ = Rn and accept all remaining requirements in
Theorem 33, then we get into a classical situation in which the corresponding class
is contained in the class of Besicovitch p-almost periodic functions in Rn (see [41,
pp. 12-13]; we can use the set Ω = [−1, 1]n here producing the same results). In
this case, the function Fλ ∈ e−W 1

ap,Λ(Rn : Y ) if and only if F ∈ e−W 1
ap,Λ(Rn : Y )

for each (some) λ ∈ Rn; cf. also Theorem 26. Further on, the argumentation
contained in the proof of Theorem 33 shows that

lim
T→+∞

1

(2T )n

∫
s+[−T,T ]n

e−i⟨λ,t⟩F (t) dt
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exists and does not depend on the choice of a tuple s ∈ Rn as well as that, for every
ϵ > 0, there exists a real number T0(ϵ) > 0 such that, for every T ≥ T0(ϵ) and
s ∈ Rn, we have∥∥∥∥∥ 1

(2T )n

∫
[−T,T ]n

e−i⟨λ,t⟩F (t) dt− 1

(2T )n

∫
s+[−T,T ]n

e−i⟨λ,t⟩F (t) dt

∥∥∥∥∥
Y

< ϵ.

But, the restriction of function F (·) to [0,∞)n satisfies the requirements of Theorem
33 with Λ′ = Λ = [0,∞)n and we similarly obtain that (13) holds for all s ∈ Rn
as well as that (14) holds for all s ∈ Rn; plugging s = (−T/2, · · ·,−T/2) in this
estimate, we particularly get that

lim
T→+∞

1

Tn

∫
s+[0,T ]n

e−i⟨λ,t⟩F (t) dt = lim
T→+∞

1

(2T )n

∫
s+[−T,T ]n

e−i⟨λ,t⟩F (t) dt,

as well as that the above limits exist and do not depend on the choice of a tuple
s ∈ Rn. It should be also noted that there exist at most countable values of λ ∈ Rn
for which Pλ(F ) ̸= 0 since F (·) can be uniformly approximated in the Weyl norm
by trigonometric polynomials and each of them has a finite Bohr-Fourier spectrum
(i.e., the set {λ ∈ Rn : Pλ(F ) ̸= 0}); see also [42, Proposition 5.2]. But, the
function χ[0,1/2)(·) is equi-Weyl-p-almost periodic for every p ≥ 1 and its Bohr-
Fourier spectrum is empty so that we cannot expect the validity of Parseval equality
in our framework.

4. APPLICATIONS TO INTEGRO-DIFFERENTIAL EQUATIONS

In this section, we apply our results in the analysis of existence and uniqueness
of the multi-dimensional Weyl almost periodic type solutions for various classes of
abstract Volterra integro-differential equations.

1. In the first example, we continue our analysis of the famous d’Alembert
formula from [33, Example 1.2]. Let a > 0; then we know that the regular solution
of the wave equation utt = a2uxx in domain {(x, t) : x ∈ R, t > 0}, equipped with
the initial conditions u(x, 0) = f(x) ∈ C2(R) and ut(x, 0) = g(x) ∈ C1(R), is given
by the d’Alembert formula

u(x, t) =
1

2

[
f(x− at) + f(x+ at)

]
+

1

2a

∫ x+at

x−at
g(s) ds, x ∈ R, t > 0.

Let us suppose that the function x 7→ (f(x), g[1](x)), x ∈ R belongs to the class

e − W
(1,x,F)
[0,1],R (R : C), where g[1](·) ≡

∫ ·
0
g(s) ds. Then the solution u(x, t) can be

extended to the whole real line in the time variable and this solution belongs to the

class e−W
(1,x,F1)
[0,1]2,R2(R2 : C), provided that

sup
l>0

sup
(t1,t2)∈R2

[∫ t1+(l/a)

t1

F1(l, t)

F(l, x− at2 − l)
dx+

∫ t1+(l/a)

t1

F1(l, t)

F(l, x+ at2)
dx

]
< +∞.
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To verify this, fix a positive real number ϵ > 0. Then there exist two finite real
numbers l > 0 and L > 0 such that for each t0 ∈ R there exists τ ∈ B(t0, L) such
that

sup
t∈R

F(l, t)
∥∥f(τ + ·)− f(·)

∥∥
L1(t+l[0,1]:C) < ϵ(20)

as well as that (20) holds with the function f(·) replaced therein with the func-
tion g[1](·). For our purposes, we choose the real numbers l/a and L′ > L suffi-
ciently large (see also the final part of the above-mentioned example). We have
(x, t, τ1, τ2 ∈ R):∣∣∣u(x+ τ1, t+ τ2

)
− u(x, t)

∣∣∣
≤ 1

2

∣∣∣f((x− at) + (τ1 − aτ2)
)
− f(x− at)

∣∣∣
+

1

2

∣∣∣f((x+ at) + (τ1 + aτ2)
)
− f(x+ at)

∣∣∣
+

1

2a

∣∣∣g[1]((x− at) + (τ1 − aτ2)
)
− g[1](x− at)

∣∣∣
+

1

2a

∣∣∣g[1]((x+ at) + (τ1 + aτ2)
)
− g[1](x+ at)

∣∣∣,

(21)

so that the final conclusion simply follows from condition imposed, the estimate
(21), the computation∫ t1+(l/a)

t1

∫ t2+(l/a)

t2

1

2

∣∣∣f((x− at) + (τ1 − aτ2)
)
− f(x− at)

∣∣∣ dx dt
≤ 1

2

∫ t1+(l/a)

t1

∫ x−at2

x−at2−l

∣∣∣f(z + (τ1 − aτ2)
)
− f(z)

∣∣∣ dz dx
≤ 1

2

∫ t1+(l/a)

t1

ϵ

F(l, x− at2 − l)
dx,

a similar computation for the corresponding term f((x+at)+(τ1+aτ2))−f(x+at)
and the corresponding terms with the function g[1](·).

We continue with the following illustrative application to the Gaussian semi-
group in Rn:

2. Let Y be one of the spaces Lp(Rn), C0(Rn) orBUC(Rn), where 1 ≤ p <∞.
It is well known that the Gaussian semigroup

(G(t)F )(x) :=
(
4πt
)−(n/2)

∫
Rn

F (x− y)e−
|y|2
4t dy, t > 0, f ∈ Y, x ∈ Rn,

can be extended to a bounded analytic C0-semigroup of angle π/2, generated by the
Laplacian ∆Y acting with its maximal distributional domain in Y. Suppose now that
1 ≤ p <∞, 1/p+ 1/q = 1, t0 > 0, ∅ ̸= Λ′ ⊆ Λ = Rn, h ∈ L1(Rn), Ω = [0, 1]n, F ∈
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(e−)W
(p(u),ϕ,F)
Ω,Λ′ (Rn : C), 1/p(u) + 1/q(u) = 1, and supt∈Rn ∥F (t)∥ < ∞. Suppose,

further, that the functions F : (0,∞)×Rn → (0,∞) and F1 : (0,∞)×Rn → (0,∞)
does not depend on t, as well as that p1(u) ≡ 1. If ϕ(x) = φ(x) = x, x ≥ 0 and for
each l > 0 we have

2l−n/p
(
4πt0

)−n/2 ∑
k∈lZn

e−
(|k|−3l

√
n)2

4t0
F1(l)

F(l)
≤ 1,

then Theorem 11 can be applied and gives that the function Rn ∋ x 7→ u(x, t0) ≡
(G(t0)F )(x) ∈ C belongs to the class (e−)W

(1,ϕ,F1)
Ω,Λ′ (Rn : C). It is worth noting that

this proposition can be applied even in the case that ϕ(x) = φ(x) = xα, x ≥ 0 for
some constant α > 1 but then we must allow that the function F1(l) rapidly decays
to zero as l → +∞ (notice only that the assumptions u ∈ t+ lΩ and v ∈ u−k+ lΩ
for some t ∈ Rn and k ∈ lZn imply u − v ∈ k + lΩ − lΩ − lΩ and therefore
|u− v| ≥ |k| − 3l

√
n); Theorem 12 can be also applied here.

Here, we would like to stress that our recent analyses from [9, Example 0.1]
and the fifth point of the application section from [10] can be used for certain
applications of the multi-dimensional Weyl almost periodic functions. Suppose, for
example, that A generates a strongly continuous semigroup (T (t))t≥0 on a Banach
space X whose elements are certain complex-valued functions defined on Rn. Under
some assumptions, the function

u(t, x) =
(
T (t)u0

)
(x) +

∫ t

0

[T (t− s)f(s)](x) ds, t ≥ 0, x ∈ Rn

presents a unique classical solution of the abstract Cauchy problem

ut(t, x) = Au(t, x) + F (t, x), t ≥ 0, x ∈ Rn; u(0, x) = u0(x),

where F (t, x) := [f(t)](x), t ≥ 0, x ∈ Rn. In many cases (for example, this holds
for the Gaussian semigroup on Rn), there exists a kernel (t, y) 7→ E(t, y), t > 0,
y ∈ Rn which is integrable on any set [0, T ]× Rn (T > 0) and satisfies that

[T (t)f(s)](x) =

∫
Rn

F (s, x− y)E(t, y) dy, t > 0, s ≥ 0, x ∈ Rn.

Let it be the case, and let t0 > 0. Suppose, for example, that the function F (t, x)

belongs to the space (e−)W
[1,x,F]
Ω,Λ′ (Rn : C) with respect to the variable x ∈ Rn,

uniformly in the variable t on compact subsets of [0,∞), with the meaning clear.
Then we have (t, τ ∈ Rn; u ∈ Ω, l > 0):∣∣∣ut0(t+ τ + lu)− ut0(t+ lu)

∣∣∣
≤
∫ t0

0

∫
Rn

|F (s, t+ τ − y + lu)− F (s, t− y + lu)| ·
∣∣E(t0, y)∣∣ dy ds.
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Suppose also that the function F(l, t) does not depend on the variable t. Integrating
the above estimate over Ω and using the Fubini theorem, we obtain (t, τ ∈ Rn,
l > 0):∫

Ω

∣∣∣ut0(t+ τ + lu)− ut0(t+ lu)
∣∣∣ du

≤
∫ t0

0

∫
Rn

[∫
Ω

|F (s, t+ τ − y + lu)− F (s, t− y + lu)| du

]
·
∣∣E(t0, y)∣∣ dy ds

≤ ϵl−n
[
F(l)

]−1
∫ t0

0

∫
Rn

∣∣E(t0, y)∣∣ dy ds,
which implies that the function ut0(·) belongs to the class (e−)W

[1,x,F]
Ω,Λ′ (Rn : C).

3. Suppose now that Y := Lr(Rn) for some r ∈ [1,∞) and A(t) := ∆+a(t)I,
t ≥ 0, where ∆ is the Dirichlet Laplacian on Lr(Rn), I is the identity operator
on Lr(Rn) and a ∈ L∞([0,∞)). Then it is well known that the evolution system
(U(t, s))t≥s≥0 ⊆ L(Y ) generated by the family (A(t))t≥0 exists and is given by
U(t, t) := I for all t ≥ 0 and

[U(t, s)F ](u) :=

∫
Rn

K(t, s,u,v)F (v) dv, F ∈ Lr(Rn), t > s ≥ 0,

where K(t, s,u,v) is given by

K(t, s,u,v) := (4π(t− s))−
n
2 e
∫ t
s
a(τ) dτ exp

(
−|x− y|2

4(t− s)

)
, t > s, u, v ∈ Rn;

see [12] for more details. Hence, for every τ ∈ Rn, we have

K(t, s,u+ τ,v + τ) = K(t, s,u,v), t > s ≥ 0, u, v ∈ Rn.

It is well known that, under certain assumptions, a unique mild solution of the
abstract Cauchy problem (∂/∂t)u(t, x) = A(t)u(t, x), t > 0; u(0, x) = F (x) is
given by u(t, x) := [U(t, 0)F ](x), t ≥ 0, x ∈ Rn. Suppose now that F ∈ Lr(Rn) ∩
(e−)W

(p,x,F)
[0,1]n,Λ′(Rn : C), where 1 ≤ p < ∞, ∅ ̸= Λ′ ⊆ Rn and the function F(l, t) ≡

F(l) does not depend on t (at this place, it is worth noting that, in the usual Bohr
or Stepanov concept, this immediately yields F ≡ 0). Let 1/p + 1/q = 1 and let
ϵ > 0 be given. Then there exist two finite real numbers l > 0 and L > 0 such that
for each t0 ∈ Λ′ there exists τ ∈ B(t0, L) ∩ Λ′ such that

sup
t∈Rn

F(l)
∣∣F (τ + u)− F (u)

∣∣
Lp(t+l[0,1]n)

< ϵ.

Therefore, for every t > 0, l > 0 and u, τ ∈ Rn, there exists a finite real constant
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ct > 0 such that:

|u(t,u+ τ)− u(t,u)| =

∣∣∣∣∣
∫
Rn

[
K(t, 0,u+ τ,v)−K(t, 0,u,v)

]
F (v) dv

∣∣∣∣∣
=

∣∣∣∣∣
∫
Rn

K(t, 0,u+ τ,v + τ)F (v + τ) dv −
∫
Rn

K(t, 0,u,v)F (v) dv

∣∣∣∣∣
=

∣∣∣∣∣
∫
Rn

K(t, 0,u,v)
[
F (v + τ) dv − F (v)

]
dv

∣∣∣∣∣
≤ ct

∫
Rn

e−
|u−v|2

4t |F (v + τ)− F (v)| dv

= ct
∑
k∈lZn

∫
k+l[0,1]n

e−
|u−v|2

4t |F (v + τ)− F (v)| dv

≤ ct
∑
k∈lZn

∥∥∥e− |u−·|2
4t

∥∥∥
Lq(k+l[0,1]n)

∥∥∥F (·+ τ)− F (·)
∥∥∥
Lp(k+l[0,1]n)

≤ ct
ϵ

F(l)

∑
k∈lZn

∥∥∥e− |u−·|2
4t

∥∥∥
Lq(k+l[0,1]n)

:= ct
ϵ

F(l)
G(l,u).

The convergence of series defining G(l,u) can be simply justified by the fact that for
each k ∈ lZn with a sufficiently large absolute value we have |u−k−v| ≥ |k|−l−|u|
for all v ∈ l[0, 1]n. Now we will fix a number t > 0 and a new exponent p′ ∈ [1,∞).
Since the function u 7→ G(l,u), u ∈ Rn is continuous and positive for every fixed
l > 0, we can define the function F1(·; ·) by

F1(l, t) :=
F(l)(∫

t+l[0,1]n
G(l,u)p′ du

)1/p′ , l > 0.

By the above given argumentation, we immediately get from the corresponding defi-

nition that the mapping x 7→ u(t, x), x ∈ Rn belongs to the class (e−)W
(p′,x,F1)
[0,1]n,Λ′ (Rn :

C).

5. CONCLUSIONS AND FINAL REMARKS

This paper investigates various classes of multi-dimensional Weyl almost pe-
riodic type functions in Lebesgue spaces with variable exponents. We pay special
attention to the analysis of constant coefficient case, providing also some applica-
tions to the integro-differential equations.

Let us mention, finally, a few intriguing topics which have not been discussed
here. Composition theorems for Weyl almost periodic type functions were con-
sidered by F. Bedouhene, Y. Ibaouene, O. Mellah, P. Raynaud de Fitte [5] and
M. Kostić [27] in the one-dimensional setting; we have not analyzed the multi-
dimensional analogues of the results established in these research studies (although
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considered Weyl almost periodic type functions depend on two parameters, t ∈ Rn
and x ∈ X, the applications to semilinear Cauchy equations and inclusions are
not examined here, as well). On the other hand, in [2, Section 6], the authors
have presented several results and examples about the relationship between one-
dimensional Weyl almost periodic type functions and one-dimensional Besicovitch
almost periodic type functions (concerning Besicovitch almost periodic functions on
Rn and general topological groups, the reader may consult the important research
monograph [41] by A. A. Pankov; in this monograph, we have find many intriguing
applications of multi-dimensional Besicovitch almost periodic functions to evolution
variational inequalities, positive boundary value problems for symmetric hyperbolic
systems and nonlinear Schrödinger equations). For the sake of brevity and better
exposition, we will skip all details concerning this theme in the multi-dimensional
framework. Also, many crucial properties and important counterexamples in the
theory of one-dimensional Stepanov, Weyl and Besicovitch almost periodic type
functions have been established by H. Bohr and E. Følner in their landmark pa-
per [8]; for example, for any real number P > 1, the authors of this paper have
constructed a locally integrable function f : R → R which is Stepanov p-almost
periodic for any exponent p ∈ [1, P ) but not equi-Weyl-P -almost periodic (see [8,
Main example 3, pp. 83–91]). We have not been able to reconsider here such ex-
otic examples in the multi-dimensional setting (it is also worth noting that L. I.
Danilov [11] and H. D. Ursell [44] have established two interesting characterizations
of equi-Weyl-p-almost periodic functions as well as that the notion of Weyl almost
periodicity has been investigated by A. Iwanik [24] within the field of topological
dynamics, as emphasized earlier in [25]).
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9. A. Chávez, K. Khalil, M. Kostić, M. Pinto: Multi-dimensional almost periodic
type functions and applications. preprint. 2020. arXiv:2012.00543 (see also J. Math.
Anal. Appl., 525(1) (2023), 127115).
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Marko Kostić (Received 30. 11. 2022.)
Faculty of Technical Sciences, (Revised 30. 09. 2023.)
University of Novi Sad,
Trg D. Obradovića 6,
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