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A NOTE ON SIGNED DEGREE SETS

IN SIGNED BIPARTITE GRAPHS

S. Pirzada, T. A. Naikoo, F. A. Dar

A signed bipartite graph G(U, V ) is a bipartite graph in which each edge is
assigned a positive or a negative sign. The signed degree of a vertex x in
G(U, V ) is the number of positive edges incident with x less the number of
negative edges incident with x. The set S of distinct signed degrees of the
vertices of G(U, V ) is called its signed degree set. In this paper, we prove
that every set of integers is the signed degree set of some connected signed
bipartite graph.

1. INTRODUCTION

A signed graph is a graph in which each edge is assigned a positive or a
negative sign. The concept of signed graphs is given by Harary [3]. Let G be a
signed graph with vertex set V = {v1, v2, . . . , vn}. The signed degree of a vertex vi

in G is denoted by sdeg(vi) (or simply by dvi
or by di) and is defined as di = d+

i −d−i ,
where 1 ≤ i ≤ n and d+

i (d−i ) is the number of positive (negative) edges incident
with vi. A signed degree sequence σ = [d1, d2, . . . , dn] of a signed graph G is formed
by listing the vertex signed degrees in non-increasing order.

The various characterizations of signed degree sequences in signed graphs can
be found in [1,7], and one such criterion [1] is similar to Hakimi’s result for degree
sequences in graphs [2].

The set of distinct signed degrees of the vertices of a signed graph is called its
signed degree set. In [4], Kapoor et al. proved that every set of positive integers is
the degree set of some connected graph and determined the smallest order for such
a graph. Pirzada et al. [6] proved that every set of positive (negative) integers is
the signed degree set of some connected signed graph and determined the smallest
possible order for such a signed graph.

A graph G is called bipartite if its vertex set can be partitioned into two
nonempty disjoint subsets U and V such that each edge in G joins a vertex in U
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with a vertex in V and is denoted by G(U, V ). Let G(U, V ) be a bipartite graph
with U = {u1, u2, . . . , up} and V = {v1, v2, . . . , vq}. Then degree of ui(vj) is the
number of edges of G(U, V ) incident with ui(vj). The set of distinct degrees of
the vertices of a bipartite graph G(U, V ) is called its degree set. Pirzada et al.
[5] proved that every set of non-negative integers is a degree set of some bipartite
graph.

2. MAIN RESULTS

A signed bipartite graph is a bipartite graph in which each edge is assigned
a positive or a negative sign. Let G(U, V ) be a signed bipartite graph with U =
{u1, u2, . . . , up} and V = {v1, v2, . . . , vq}. The signed degree of ui is dui

= di =
d+

i − d−i , where 1 ≤ i ≤ p and d+
i (d−i ) is the number of positive (negative) edges

incident with ui and signed degree of vj is dvj
= ej = e+

j − e−j , where 1 ≤ j ≤ q

and e+
j (e−j ) is the number of positive (negative) edges incident with vj . Clearly

|di| ≤ q and |ej | ≤ p. The sequences α = [d1, d2, . . . , dp] and β = [e1, e2, . . . , eq] are
called the signed degree sequences of the signed bipartite graph G(U, V ). A signed
bipartite graph G(U, V ) is said to be connected if each vertex u ∈ U is connected
to every vertex v ∈ V by a path. For any two disjoint sets of vertices X and Y ,
we denote by X ⊕ Y to mean that each vertex of X is joined to every vertex of Y

by a positive edge. The set S of distinct signed degrees of the vertices of a signed
bipartite graph G(U, V ) is called its signed degree set.

The following result implies that every set of positive integers is a signed
degree set of some connected signed bipartite graph.

Theorem 1.Let d1, d2, . . . , dn be positive integers. Then there exists a connected

signed bipartite graph with signed degree set S =
{

d1,
2
∑

i=1

di, . . . ,
n
∑

i=1

di

}

.

Proof. If n = 1, then a signed bipartite graph G(U, V ) with |U | = |V | = d1 and
U ⊕ V has signed degree set S = {d1}. For n ≥ 2, construct a signed bipartite
graph G(U, V ) as follows.

Let U = X1 ∪X2 ∪X ′

2 ∪ · · · ∪Xn ∪X ′

n, V = Y1 ∪Y2 ∪Y ′

2 ∪ · · · ∪Yn ∪Y ′

n, with
Xi∩Xj = φ, Xi∩X ′

j = φ, X ′

i∩X ′

j = φ, Yi∩Yj = φ, Yi∩Y ′

j = φ, Y ′

i ∩Y ′

j = φ(i 6= j),
|Xi| = |Yi| = di for all i, 1 ≤ i ≤ n, |X ′

i| = |Y ′

i | = d1 + d2 + · · · + di−1 for all i,

2 ≤ i ≤ n. Let (i) Xi ⊕ Yj whenever i ≥ j, (ii) X ′

i ⊕ Yi for all i, 2 ≤ i ≤ n and
(iii) X ′

i ⊕Y ′

i for all i, 2 ≤ i ≤ n. Then the signed degrees of the vertices of G(U, V )
are as follows.

For 1 ≤ i ≤ n, dxi
=

i
∑

j=1

|Yj | =
i

∑

j=1

dj = d1 + d2 + · · · + di, for all xi ∈ Xi;

for 2 ≤ i ≤ n, dx′

i
= |Yi| + |Y ′

i | = di + d1 + d2 + · · ·+ di−1 = d1 + d2 + · · ·+ di, for

all x′

i ∈ X ′

i; for 1 ≤ i ≤ n, dyi
=

n
∑

j=i

|Xj| + |X ′

i| =
n
∑

j=i

dj + d1 + d2 + · · · + di−1 =

di + di+1 + · · ·+ dn + d1 + d2 + · · ·+ di−1 = d1 + d2 + · · ·+ dn, for all yi ∈ Yi; and
for 2 ≤ i ≤ n, dy′

i
= |X ′

i| = d1 + d2 + · · · + di−1, for all y′

i ∈ Y ′

i .



116 S. Pirzada, T. A. Naikoo, F. A. Dar

Therefore signed degree set of G(U, V ) is S =
{

d1,
2
∑

i=1

di, . . . ,
n
∑

i=1

di

}

. Clearly

by construction, all the signed bipartite graphs are connected. Hence the result
follows.

By interchanging positive edges with negative edges in Theorem 1, we obtain
the following result.

Corollary 2. Every set of negative integers is a signed degree set of some connected

signed bipartite graph.

Finally we have the following result.

Theorem 3. Every set of integers is a signed degree set of some connected signed

bipartite graph.

Proof. Let S, Z+ and Z− respectively be the set of integers, positive and negative
integers. Then we have the following five cases.

(i)S ⊂ Z+(Z−). The result follows by Theorem 1(Corollary 2).

(ii) S = {0}. Therefore a signed bipartite graph G(U, V ) with |U | = |V | = 2
in which u1v1, u2v2 are positive edges and u1v2, u2v1 are negative edges, where
u1, u2 ∈ U , v1, v2 ∈ V , has signed degree set S.

(iii) Let S = S1 ∪ {0}, where S1 ⊂ Z+(Z−), S1 6= ∅. Then by Theorem
1(Corollary 2), there is a connected signed bipartite graph G1(U1, V1) with signed
degree set S1. Construct a new signed bipartite graph G(U, V ) as follows.

Let U = U1 ∪ {x1} ∪ {x2}, V = V1 ∪ {y1} ∪ {y2}, with U1 ∩ {xi} = φ, {x1} ∩
{x2} = φ, V1 ∩ {yi} = φ, {y1} ∩ {y2} = φ. Let u1y1, x1v1, x2y2 be positive edges
and u1y2, x1y1, x2v1 be negative edges, where u1 ∈ U1 and v1 ∈ V1. Then G(U, V )
has degree set S. We note that addition of such edges do not affect the signed
degrees of the vertices of G1(U1, V1), and the vertices x1, x2, y1, y2 have signed
degrees zero each.

(iv) Let S = S1 ∪ S2, where S1 ⊂ Z+, S2 ⊂ Z− and S1, S2 6= ∅. So by
Theorem 1 and Corollary 2, there are connected signed bipartite graphs G1(U1,
V1) and G2(U2, V2) with signed degree sets S1 and S2 respectively. Let G′

1(U
′

1, V ′

1)
and G′

2(U
′

2, V ′

2 ) be the copies of G1(U1, V1) and G2(U2, V2) with signed degree sets
S1 and S2 respectively. Construct a new signed bipartite graph G(U, V ) as follows.

Let U = U1∪U ′

1∪U2∪U ′

2, V = V1∪V ′

1 ∪V2∪V ′

2 , with Ui∩U ′

j = φ, U1∩U2 =
φ, U ′

1 ∩ U ′

2 = φ, Vi ∩ V ′

j = φ, V1 ∩ V2 = φ, V ′

1 ∩ V ′

2 = φ. Let u1v
′

2, u′

1v2 be
positive edges and u1v2, u′

1v
′

2 be negative edges, where ui ∈ Ui, vi ∈ Vi, u′

i ∈ U ′

i

and v′i ∈ V ′

i . Then G(U, V ) has signed degree set S. We note that addition of such
edges do not affect the signed degrees of the vertices of G1(U1, V1), G′

1(U
′

1, V ′

1),
G2(U2, V2) and G′

2(U
′

2,V
′

2).

(v) Let S = S1∪S2∪{0}, where S1 ⊂ Z+, S2 ⊂ Z− and S1, S2 6= ∅. Then by
Theorem 1 and Corollary 2, there exist connected signed bipartite graphs G1(U1,
V1) and G2(U2, V2) with signed degree sets S1 and S2 respectively.
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Construct a new signed bipartite graph G(U, V ) as follows. Let U = U1∪U2∪
{x}, V = V1 ∪V2∪{y}, with U1∩U2 = φ, Ui ∩{x} = φ, V1 ∩V2 = φ, Vi ∩{y} = φ.
Let u1v2, u2y, xv1 be positive edges and u1y, u2v1, xv2 be negative edges, where
ui ∈ Ui and vi ∈ Vi. Then G(U, V ) has signed degree set S. We note that addition
of such edges do not affect the signed degrees of the vertices of G1(U1, V1) and
G2(U2, V2), and the vertices x and y have signed degrees zero each.

Clearly by construction, all the signed bipartite graphs are connected. This
proves the result.
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