APPLICABLE ANALYSIS AND DISCRETE M ATHEMATICS
available online at http://pefmath.etf.bg.ac.yu

APPL. ANAL. DISCRETE MATH. 3 (2009), 97-119. doi:10.2298/AADMO0901097M

ON CONFORMALLY INVARIANT EXTREMAL
PROBLEMS

Vesna Manojlovié

Abstract This paper deals with conformal invariants in the euclidean space
R™ n > 2, and their interrelation. In particular, conformally invariant met-
rics and balls of the respective metric spaces are studied.

1. INTRODUCTION

Conformal invariance has played a predominant role in the study of geometric
function theory during the past century. Some of the landmarks are the pioneering
contributions of GROTZSCH and TEICHMULLER prior to the Second World War, and
the paper of AHLFORS and BEURLING [1] in 1950. These results lead to farreaching
applications and have stimulated many later studies [12]. For instance, GEHRING
and VAISALA [7], [16] have built the theory of quasiconformal mappings in R™
based on the notion of the modulus of a curve family introduced in [1].

Our goal here is to study two kinds of conformally invariant extremal prob-
lems, which in special cases reduce to problems due to GROTZSCH and TEICH-
MULLER, respectively. These two classical extremal problems are extremal prob-
lems for moduli of ring domains. The GROTZSCH and TEICHMULLER rings are the
extremal rings for extremal problems of the following type, which were first posed
for the case of the plane. Among all ring domains which separate two given closed
sets B and Eo, E1 N Ey = (0, find one whose module has the greatest value.

In the general case these extremal problems lead to conformal invariants
Ag(x,y) and pg(z,y) defined for a domain G C R™ and z,y € G. A basic fact is
that Ag(z,y)"/~™ and pg(z,y) are metrics. In the recent survey of VUORINEN
[21] an extensive research program was suggested for the study of metric spaces in
the context of geometric function theory. Motivated by [21] and following closely
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the ideas developed in [18] and [19] we study two topics: (a) the geometry of the
metric spaces (G, d) when d is Ag(z,%)" =™ or ug(z,y) and (b) the relations of
these two metrics to several other metrics. The main result is a revised version of
Chart 1 on p. 86 of [18], which takes into account some later developments, such
as [9], [10], [19].

Then we present an application to the geometry of balls in these metrics. As
a special case we investigate A\g metric in B2\ {0}, continuing work of [9].

The main method in this paper is the extremal length method of AHLFORS
and BEURLING and various inequalities for the moduli of curve families. More
applications of the same method to quasiconformal mappings will be given in the
next paper of the author [22].

2. THE EXTREMAL PROBLEMS OF GROTZSCH AND
TEICHMULLER

In what follows, we adopt the standard notions related to quasiconformal
mappings from [16].

We use notation B™(z,r) = {y € R": [z —y| < r}, S" !(z,r) = {y € R":
e —y| = r}, H" = {(x1,...,2n) € R": x, > 0} and abbreviations B"(r) =
B™(0,r), B® = B"(1), S"'(r) = S"71(0,7) and S™~! = §"~1(1). The (n — 1)-
dimensional surface area of S~ is denoted by w, 1.

For the modulus M(T') of a curve family T" and its basic properties we refer
the reader to [16]. Its basic property is conformal invariance.

For E,F,G C R" let A(E, F,G) be the family of all closed curves joining E
to F within G. More precisely, a path 7 : [a,b] — R"™ belongs to A(E, F,G) iff
v(a) € E, v(b) € F and ~v(t) € G for a < t < b.

If G is a proper subdomain of R”, then for z,y € G with 2 # y we define

(1) Aa(z,y) = Cg}gyM(A(Cx, Cy: G))

where C, = 7,[0,1) and 7, : [0,1) — G is a curve such that 7,(0) = z and
v:(t) — O0G when t — 1, z = x,y. This conformal invariant was introduced by J.
FERRAND (see [19]).

For z € R"\ {0,e1}, n > 2, we define

©) pla) = inf M(A(E,FiR"),

where the infimum is taken over all pairs of continua E and F in R” with 0,e; € E,
x,00 € F. This extremal quantity was introduced by O. TEICHMULLER (see [19],
[10]). For a connection between p(z) and Ag, G = R™ \ {0}, see [19, (8.23)].

For a proper subdomain G of R” and for all z,y € G define

(3) ne(z,y) = }Jnf M(A(Czyv oG; G))

xy
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where the infimum is taken over all continua Cyy such that Cyy = [0, 1] and 7 is
a curve with 4(0) = z and v(1) = y. For the case G = B™ the function pupn(z,y)
is the extremal quantity of H. GROTZSCH (see [19]).

Let (X,d;) and (Y,dz2) be metric spaces and let f : X — Y be a contin-
uous mapping. Then we say that f is uniformly continuous if there exists an
increasing continuous function w : [0,71) — [0,72) with r1,72 > 0, w(0) = 0 and
dao(f(x), fy)) <w(di(z,y)) for all x,y € X with di(z,y) < r1. We call the func-
tion w the modulus of continuity of f. If there exist C, « > 0 such that w(t) < Ct®
for all ¢ € (0,%9),to € (0,71), we say that f is HOLDER-continuous with HOLDER
exponent a. If & = 1, we say that f is LIPSCHITZ with the LIPSCHITZ constant
C or simply C-LipscHITZ. If f is a homeomorphism and both f and f~! are C-
LipscHITZ, then f is C-bilipschitz or C-quasiisometry and if C' = 1 we say that
f is an isometry. These conditions are said to hold locally, if they hold for each
compact subset of X .

In this section we introduce five metrics:
1) Spherical (chordal) metric q.
2) Quasihyperbolic metric kg of a domain G C R™.
3) Distance ratio metric jg-.
4) Seittenranta’s metric d¢.
5) Apollonian metric ag.

The first one is defined on R™ = R"™ U {oo}. The second and the third ones are
defined in any proper subdomain G C R™, both of them generalize hyperbolic
metric (on B™ or H") to arbitrary proper subdomain G C R™. SEITTENRANTA’S
metric is a natural, Mobius invariant analogue of the jg-metric.

Hyperbolic-type metrics
The metric ¢ in R™ is defined by

|z —y|
VIt aPyI+ Ty
1

VI+z?

r# o0y,

(4) q($, y) =

Yy = 00.

__ Absolute (cross) ratio of an ordered quadruple a, b, c,d of distinct points in
R"™ is defined by

Q(aac) Q(bv d) |a7 C| |bid|
5 a,b,c,d| = = .
(5) la-bedl = D a(e.d) — Ja—bl]e—d]
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The basic property of the absolute ratio is invariance under MOBIUS trans-
formations. For these facts see [19]. Now we introduce distance ratio metric or
Jja-metric. For an open set G C R™, G # R" we define d(z) = d(z,0G) for z € G
and

(6) ja(r,y) = log (1 + m)

for z,y € G.
For a nonempty A C G we define the m-diameter of A by

m(A) = sup{m(z,y) |z, y € A},

where m is any metric. The Euclidean diameter we denote by diam(A).
For an open set G C R™, G # R"™, and a nonempty A C G such that

d(A,0G) > 0 we define

_d(A)
o) = qa,0a)

If p(x) > 0 for z € G, p is continuous and if ~ is a rectifiable curve in G, then

we define
o(7) :/ pds.
Iy

The Euclidean length of a curve v is denoted by £(7).
Also, for z,y € G we define

(7) dp(x,y) = inf £,(7),

where the infimum is taken over all rectifiable curves from x to y.
It is easy to show that d, is a metric in G.
Now we take any proper domain G C R™ and set p(x) = 1/d(x, 0G).

The corresponding metric, denoted by k¢, is called the quasihyperbolic metric
in G. Observing that
1 1
ple(z)) = = = p(z),
¥0) = 1m0 6:0) ~ dw.00)

for a Euclidean isometry ¢, we see that

ko (@',y') = ka(z,y),  where G' = p(G), 2’ = ¢(x), ¥ = o(y).

Now we introduce Seittenranta’s metric 6 [14]. For more details on MOBIUS
transformations in R™ see [3]. For an open set G C R"™ with card G > 2 we set

mG(xay): sup |a,x,b,y|
a,bedG

and

(8) (50(.%,?]) = IOg (1 + mg(x,y))
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for all z,y € G.

Consider now the case of an unbounded domain G C R",00 € 9G. Note
that if @ or b in the supremum equals infinity, then we get exactly jg metric. This
implies that we always have jg(z,y) < dg(x,y).

We will also use Apollonian metric studied by BEARDON [4], (also see [2],
7.28 (2)) defined in open proper subsets G C R™ by

ag(z,y) = sup logla,z,y,b| forall z,y € G.
a,bedG
This formula defines a metric iff R™ \ G is not contained in an (n — 1)-dimensional
sphere in R"™.
In general, the hyperbolic-type metrics can be divided into length-metrics,
defined by means of integrating a weight function and point-distance metrics.
Another group may again be classified by the number of boundary points
used in the definition. So for instance, the j metric is one-point metric, while the
Apollonian metric is two-point metric.

Definition 1. A domain A C R" is a ring if C(A) has exactly two components,
where C(A) denotes the complement of A C R™.

If the components of C(A) are Cy and C7, we denote A = R(Cy,C1), By =
CyNA and By = C;NA. To each ring A = R(Cy, C1), we associate the curve family
I'a = A(By, By, A) and the modulus of A is defined by mod (4) = M (T 4). Next,
the capacity of A is by definition capA = w,,_1( mod A)1~".

The complementary components of the GROTZSCH ring Rg ,(s) in R™ are
B" and [s-e1,00], s > 1, while those of the TEICHMULLER ring Ry, (t) are [—e, 0]
and [te1,o00], ¢ > 0. We shall need two special functions v, (s), s > 1, and 7,(¢),
t > 0, to designate the moduli of the families of all those curves which connect
the complementary components of the GROTzZSCH and TEICHMULLER rings in R™,
respectively:

’WL(S) = M(FS) = 7(5)7 s = FRG,W(S)’
Tn(t) = M(A¢) = 7(t), Ar=Tre, ().
These functions are related by a functional identity [5], Lemma 6
9) Yn(s) = 2", (5% — 1).

Definition 2. Given r > 0, we let R, (r) be the set of all rings A = R(Cy, C1)
in R™ with the following properties:

1) Co contains the origin and a point a such that |a| = 1.
2) Ci contains co and a point b such that |b| = r.
Teichmiiller first considered the following quantity in the planar case (n = 2) :

Tn(r) = inf M(T 4) = inf{p(z) ‘ |x| =7},
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where the infimum is taken over all rings A € RV, (r) and p(x) is as in (2). For
n > 3 the function T, was studied in [5] and in [10].

Theorem 1. [16, Theorem 11.7] The function 7, : (0,00) — (0,00) has the
following properties:

1) 7, is decreasing,

)

lim, 00 7o (r) =0,

3

lim, o 7, (1) = 00,

)
)
)
4) 1p(r) > 0 for every r > 0.

Moreover, 7, : (0,00) — (0,00) and vy, : (1,00) — (0,00) are homeomorphisms.

From the definition of 7,, and from the conformal invariance of the modulus,
we obtain the following estimate:

Theorem 2. Suppose that A = R(Cy,C1) is a ring and that a,b € Cy and ¢,00 €
C1. Then

lc —al
M(T 4) > .
o= n (5=
Here equality holds for the Teichmiiller ring Ry n(t), when a = 0,b = —ey,c =
te1,t >0 and Cy = [—e1,0],C1 = [ter, 00).

Theorem 3. Let C' C B™ be a connected compact set containing 0 and x, where
|z| < 1. Then the capacity of a ring domain with components Co = C, C; = {z :
|x| > 1} is at least v, (1/|x]). Here equality holds for the ring with the complemen-
tary components [0, |x|e1] and R™\ B™ the image of the Grétzsch ring Ra n(1/|x|)
under the inversion in S"1.

These theorems state the extremal properties of the TEICHMULLER and
GROTZSCH rings and their proofs are based on the symmetrization theorem in
[5, Theorem 1].

3. MODULI OF CONTINUITY

In this section we investigate the moduli of continuity of the identity mappings
idg : (G, p) — (G, d) where p and d are chosen from the set of interesting metrics
defined on G (like quasihyperbolic metric kg, modulus metric pg ete.).

Hence, we are interested in results of type

(10) d(z,y) < C(p(x,y)) = ¢} (p(x,y)), x,y€q.

We give several estimates of this type, and then we collect these results in charts
at the end of this section.

Note that in our charts we have )\51, as well as in the inequalities of type
(10); however reader should be aware that in general )\51 is not a metric. In fact

)\g(l_") is always a metric. For more details on this matter see [21].
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It is well known [8] that jo(x,y) < ka(z,y), so (Iz(t) = t. We shall next
prove this inequality.

Lemma 1. Let G be a proper subdomain of R™.

1) Forz,y € G

m(z,y)
min{d(z),d(y)}

where m(x,y) = inf{€(v) | v is a curve joining x and y in G}.

Kole.y) = log (14 ) 2 ot
2) If there is M € (0,00) such that d(x) < M for all x € G, then for allx,y € G

Proof. 1) We may assume 0 < d(z) < d(y). Choose a rectifiable arc v : [0,s] — G
from x to y, parametrized by arc length:

10) ==,  y(s)=uy
obviously s > |z — y|. For any 0 < ¢ < s we have
d(y(t)) < d(z) +t, (a key observation),

S0,

Sodt d(z) + s dxz)+ |z —yl .
lp(y) > /0 W = log d(z) > log () = ja(z,y).

2) Let v be a rectifiable curve joining = with y. Then

L —d(f?@ > / dal /M > [z — y|/M

and hence the assertion follows. (I

The inequality reverse to Lemma 16 (1) is not true in general; a domain G
such that there is a constant ¢ > 0 with kg(z,y) < cjg(z,y) for all z,y € G is
called a uniform domain, so in that case (F(t) = ct.

Lemma 2. [18, Lemma 2.21] Let G be a proper subdomain of R". If x € G,
d(z) = d(z,0G) and y € B"(x,d(x)) = By, x # vy, then

(11) Aa(x,y) 2 A, (2,y) = cnlog (|j(IL|)

where ¢, 1s the positive number in [16, (10.11)]. There exists a strictly increasing
function hy : (0,4+00) — (0,400) with tlir(r)l hi(t) = 0 and tligrn hi(t) = +oo,
e + g oo

depending only on n, such that

(12) ro(@,y) < I (M)

|z -y
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forz,ye G, x#y. Ifr e andyEB"(:E,d(:c)) = By, ¢ £y, then

(13)  nole.y) < u, (2.y) = capRe (%) <wns (1og( d(z) ))

|z — y

From (13) we get pg(z,y) < yo(d(x)/|x —y|) for z € G and y € B,. It is
equivalent with pa(z,y) < v,(1/r) where r = |z — y|/d(x).
We can express jg(x,y) in terms of r: r = e7a(@¥) — 1 and obtain

te(z,y) < (;) :

eja (zy) — 1

This gives ¢'(t) = yn(1/(e" — 1)) locally.

Lemma 3. [18, Lemma 2.39] For n > 2 there exists a strictly increasing function
ha : [0,+00) — [0,400) with he(0) = 0 and . 1121 ha(t) = +oo with the following
—> 100

properties.
If E is closed and F' is compact in R™ then

(14) M(A(E,F)) < ha(T); T = min{jem\5(F), je\r(E)}-
In particular, if G is a proper subdomain of R™, then

for all z,y € G. Moreover, there are positive numbers by, bs depending only on n
such that

(16) na(z,y) < bika(z,y) + by
forall x,y € G.
From (15) we have ¢} (t) = ha(3t).
Lemma 4. [18, Lemma 2.44] If E, F C R"™ are disjoint continua, then
M(A(E, F)) > & min{jgm\ p(F), jre\r(E)}
where &, is a positive number depending only on n.

Corollary 1. [18, Corollary 2.46] If E and F are disjoint continua in R" and
oo € F, and ¢, > 0 is as in (11), then

M(A(EaF)) > an]R"\F(E)'

Corollary 2. [21, Lemma 6.23] Let G C R" be a domain G # R"™ and with a
connected boundary OG. Then

(17) NG(av b) > anG(aa b)
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holds for a,b € G. If, in addition, G is uniform, then
(18) /J/G(a7 b) > B kG(aa b)

for all a,b € G.

The first part of Corollary 2 gives (:i (t) =t/cy, if OG is connected. Inequality
(18) gives (ji(t) = ct if G is connected and G is uniform.

Lemma 5. [2, Corollary 15.13] Let G be a proper subdomain of R™ z and y
distinct points in G and m(z,y) = min{d(x),d(y)}. Then

(19) Aa(z,y) < V2m, < ] ) :

m(z,y)
From (19) using again r = e/¢@¥) — 1 ¢ = |z — y|/m(z,y), we have
ﬂTn(ejc(lw) —1) > X\g(z,9),

and then, since 7, is decreasing, €¢(®¥%) < 7=1(\g(x,y)/v2) + 1 and from here

Jja(z,y) <log (1 47t (%)) .
V25! (2,9)

Finally we obtain ¢} , () = log (1 + 7, (1/(V2t))).

Definition 3. A closed set E in R™ is called a c-quasiextremal distance set or
c-QED exceptional or c-QED set, ¢ € (0,1], if for each pair of disjoint continua
F,FbCR"\ E

(20) M (A(Fy, Fo;R™\ E)) > cM (A(F, F)).

If G is a domain in R™ such that R™ \ G is a c-QED set, then we call G a c-QED
domain.

Theorem 4. [20, Theorem 6.21] Let G be a c-QED domain in R™. Then
(21) Ao (z,y) > ern (% +258) > 21 "er, (s)

where s = |z — y|/ min (d(z), d(y)).

From the first inequality in (21), taking into account that s = e/ (@y) 1,
we obtain

ol !l 1 _ 1 1
A T em((s+1)2-1) e 7,(e2icl@y) — 1)
-1 1 1
This gives (jA (t) = — ———— for a ¢-QED domain G.

¢ T(e? —1)
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Combining C,Z and Cj‘fl we estimate )\al(z, y) in terms of kg (x,y), so Ckfl =

Cj?‘fl o C,Z = Cj‘fl. In fact, we have

1 1 1
- <
c Tn(e2jc(l‘7y) — 1) - CTn(erG(ﬁ'«‘7y) — 1) ’

The functions (:;\71, (jf,l, (:;L,l are obtained in the same fashion as C,i‘fl,
namely as compositions of appropriate functions CZI- We use the following inequa-
lities.

For Cﬁ‘fl we have

1 1 1

Aot < . < =
¢ (@y) < ctn(eic(@y) — 1) = erp(e2n/en — 1) erp(ebt —1)7

where the second inequality follows from (17) and where b = 2/¢,, and where ¢,, is
the constant from Corollary 1.

For C’;,l we have

1
ke < cja(e,y) <clog(l+u), u=m"{—=——
ﬂAGl(xay)

and for ¢}, we have

1 1 1
HG § Tn <ejG(3«‘7y) — 1> S Tn (elog(l-l—u) _ 1> = Tn (5) .

Theorem 5. [14, Theorem 3.4] The inequalities ja(x,y) < da(z,y) < 2jc(z,y)
hold for every open set G C R".

So, we deduce that ¢J(t) = t and ¢o(t) = 2t.
Theorem 6. [14, Theorem 4.2] Let G C R™ be a conver domain, then jo(z,y)
<ag (l‘, y) .

This means that ¢ (t) =t for convex domains.

Theorem 7. [14, Theorem 6.2] Let G be a domain in R™, for which card 0G > 2
and OG is connected. Then, for distinct points x,y € G,

pe(,y) = T (;) :

e(sG (z,y) — 1

Because 7, is a decreasing homeomorphism we get

1

Tn_I(NG(Ia y)) < So@ 1

and from here

1
5g(ﬂ?,y) < log <1 —+ m) .
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Hence, i(t) =log (1 +1/7,(t)) if OG is connected and has at least two points.

Theorem 8. [14, Theorem 6.5] Let G C R™ be a domain with card 9G > 2. If mg

is as in the definition of ég (8), then

Aa(z,y) <7, <

Expressing mg(z,y) in terms of d¢(x,y) we get:

AG(CU,Z/) <7 (

and from here we obtain

edalzy) _ 1
2

da(z,y) <log (1 427t (%)) .

This means that ¢§_, (t) = log (1 + 27,,*(1/t)) for domains with card (0G) > 2.

At first, we give Chart 1. Here the functions h; are defined as follows:

ha() fyn< !

). mio) =

and function hgy(t) appears in Lemma 3.

et —1

ctp(e2t — 1)’

hi3(t) = log <1 N (ﬁ))

OG connected

OG connected

1 2 3 4
Gt)=ct )
G uniform C;L(t) = hs(t) C;‘ (t) = ha(t)
C]k (t) = o(t) locally G c-QED domain
G ¢ domain
5 6 7 8
. —1 —1
Gl =t G (1) = ha(31) P=q
9 10 11 12
Ty Gty = et G =Geg
plb) =1t/ Cn G uniform G ¢-QED domain

OG connected

13

o (1) = has(?)

14

k j k
CA—l = Ci\—l © Cj
G uniform

15

Cf—l = Ci—l ° Cf
locally

16

Function ¢ j“ can be written in a different form using the estimate of -, func-

CHART 1

tion. We define functions ® and ¥ as in [19, 7.19] by

(22)

Tn(s) = wn_l(log(q)(s)))nfl, s> 1,
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(23) T(t) = w1 (log(T ()", ¢>0.

Lemma 6. [19, Lemma 7.22] For each n > 2 there exists a number \,, € [4,2e"1),
Ao = 4, such that

(24) E< D) < Aty > 1,

(25) t+1 <) <A2(t+1), t>0.

From (23) we have that wy,_1(log(A2 (¢ + 1)))1_n < 7n(t) < wy—1(log(t +
1-n
n) .

From (22) we have
(26) wn_1 (log Apt)' ™" < 4 () < wp_q (logt)' ™™, t>1.

Using the right side of inequality (26) we have

1 1 1—-n 1 1—-n
() s () s on(2)

This gives (J(t) < wn,l(log(l/t))lfn locally.

4. INCLUSION RELATIONS FOR BALLS

Each statement on modulus of continuity has its counterpart stated in terms
of inclusions of balls. Namely, if for some metrics d; and do there holds

di(z,y) <t = da(z,y) < ((t),

then

Dy, (x,t) C Dy, (z,{(x,t)),
where
(27) D, (z,t) ={z € G|m(z,z) < t},

when 2 € G and ¢ > 0.

A related question is to find, for a given z € G and ¢ > 0, minimal ((z,t)
such that
Ddl (:L'a t) C Dd2 (l‘, C(xa t)) )

This is circumscribed ball problem for a fixed z € GG .
By [19, (3.9)], we have the inclusions

(28) B"(z,rd(z)) C Dy(z,M) C B"(z, Rd(x)),
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where 7 =1 —e ™™ and R = e™ — 1. It is easy to see that both numbers are best
possible for the case of the half space H".

It was proved in [2, 15.13] that if G is a proper subdomain of R™ and if
x,y € G with x # y, then

(29)  Ao(w,y) < il (pey gy (2,9)) < V27 (W) '

Theorem 9. [9, Theorem 6.11] Let G be a proper subdomain of R™ and let t > 0.
If we denote ¢; = 1/(1 + 7, (t/V2)), c2 = \/Tn_l(2t)/(]. + 77 ' (2t)) and ¢35 =
7. 1(t/\/2), then the inclusions

(30) Dy-i(a,t) C {z € G|d(z) > crd(a)},

(31) Dy-1(a,t) D B"(a,czd(a)) D Dy (a,log(cz + 1))
and

(32) Dy-1(a,t) C B"(a,c3d(a)) NG

are valid for all a € G. If, in addition, t > \/27,(1), we have that

(33) B"(a,czd(a)) C Di(a,log(1/(1 = c3))).

To prove the inclusion (32), we apply (29) to obtain

d(a)

From here with the assumption t < \g(a, z) we have |z — a| < 7,1 (t/v/2)d(a).
Since Dy-1 C G, the inclusion (32) holds.
Inclusion (33) follows directly from (28) after we notice that the condition
t > v/27,(1) implies that c3 < 1 and hence that the ball B"(a, c3d(a)) is included
in G.

Ae(a, 2) < V2, ('Z — a') :

Theorem 10. [9, Theorem 6.18] Let G be a proper subdomain of R™ and assume
that G has a connected, nondegenerate boundary. Let t > 0 and denote di =
)/ (1 + 771 (1), d2 = 1/, 1 (t) and ds = 1/7,7%(t). Then, for all a € G, the
following inclusions hold

(34) D,(a,t) C {z € G|d(z) > did(a)},

(35) D,(a,t) D B"(a,d2d(a)) D Di(a,log(ds + 1)),
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(36) D,(a,t) C B"(a,dsd(a)) NG.
If in addition t < 1,(1), then
(37) B™(a,dsd(a)) C Dy/(a,log(1/(1 — ds))).

The numbers dy, do and ds are best possible for these inclusions.

We prove (35) only, because that part is used later on.
We assume that a,z € G and that |z — a| < d2 d(a). Then, since v, 1(t) > 1,
we have d(z,a) < d(a). We consider the following curve families

Iy =A(Jas, 0G;G), T = A(Jaz, 5" (a,d(a)); B" (a, d(a)) )

and
(38) T = A([2/, +00), S" 1 R™ \ B),
where 2’ = d(a)/|z — al e1. Since J, is a continuum which joins a and z, we have

(39) pa(a, z) < M(I'y)

and since I < 'y, we have that M(T';) < M(T).
Using MOBIUS transformations, we get

(10) M) = M) =0 (L),

|z = al

and since |z —a| < dz d(a) and 7, is a strictly decreasing homeomorphism, it follows
that

(41) Tn (|Zd(a21|> <M (d%) =t

Combining all these inequalities, we get pug(a,z) < t, which proves the left
side of (35). The right side inclusion follows from (28).
Theorem 9 ((32) and (33)) gives

Theorem 11. Let G be a proper subdomain of R™ and a,b € G distinct

_ 1
A 1(a7b)<¥:kz(a,b)<log1_7I(L), fort >V271,(1)
" \V2
1
A Ya,b) < s = k(a,b) < log T
11—t (—
! (ﬁs)
1 1

(51 (5) = log

1fn;1(i)’ V2 (1)
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Furthermore, if G is bounded, then we obtain A\~ (z,a) < 1/t = |z —a| < c3d(a) <
diam(G) c3(1/t) and from here C/‘\",l(t) =7, 1(1/(v/2t)) diam(G)..
From Theorem 10 we deduce

Theorem 12. In a domain G with connected nondegenerate boundary:

1
dy = —1—

42) Yt (t)

Du(a,t) ) Dk<aa10g(d2 + 1));

and p(a,b) <t if k(a,b) < log(ds + 1).
Also, ¢/ (s) = vn(1/(e® —1)). If we put

1 1 1
s=log| ———+1), wehavee®—1= , t=m, .
® (%?1(t) ) (1) o (es — 1)

Theorem 13. [14, Theorem 3.8] If G C R™ is open, © € G and t > 0 then

Dj(x,t) C B"(z,R)

where R = (e' — 1) d(x). This formula for R is the best possible expressed in terms
of t and d(x) only.

Therefore, for a bounded domain G using d(x) < diam(G), we get gj‘f‘(t) =
(e! — 1) diam(G).
Theorem 14. [14, Theorem 3.10] If G C R™ is an open set, x € G and t > 0 then
Ds(z,t) C B™(x, R) where R = (e! — 1) d(z).

As above, we get, for a bounded domain G, Ctlg'l(t) = (¢! — 1) diam(G).

In Chart 2 functions in cells 3,4,7 and 14 have been modified.

1 2 3 4
)y =ct .
G uniform () = gs(t) G () =galt)
CFE) =o(t) locally G ¢-QED domain
G ¢ domain
5 6 7 8
X Cg(t) = 97(t) —1 -1
T(t) =t JG connected, non- ;? = ;‘
degenerate
9 10 11 12
1 . -1
GO — e Ch(t) = ct G =Glog
@5 = nd G uniform G ¢-QED domain
connecte OG connected 0G connected
13 14 15 16
: Gt =qualt) | ¢v  =¢i_ ocH
J t) = t A—1 A—1 J
Go1(t) = g13(2) t< —ﬁ:2(1) locally

CHART 2
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In Chart 2 the functions g; are defined as follows:

s =eni (1ox(H)) L w0 =
g7(t) = m (etll), 913(t) = log (1+Tn_1 (ﬁ))

1
=)

EXAMPLE 1. For G C R™ we choose zo € G, a sequence x) € G such that zr — zp and
a sequence yi € G such that

(43) e — =0l < 12220
Clearly |zx — yx| — 0 and

1
(44) |xk—yk|> |$k—Z0|—|yk—Zol> |$k—Z0| (I—E).

But
1

_ 1-—
ja(zk,yr) > log (1 + H) > log (1 + Tk> = log(k) — +o0.

Hence id : (G,]-|) — (G, jg) is not uniformly continuous. By this reason,
corresponding functions in the charts do not exist (see Chart 3¢ and Chart 3d).

Also, for a fixed small d > 0 we can find z,y € G such that |x — y| = d and
d(z,0G) is as small as we like.

So we get kg (x,y) as large as we like and there is no upper bound of kg (x,y)
in terms of |z — y|.

For a bounded domain G we see by Lemma 1 (1) that the modulus of conti-
nuity id : (G, ke) — (G,|-]) is ¢, () = t diam(G).

All the remaining functions are obtained by composition of the above moduli
of continuity.

And finally we have Chart 3, which is split in four subcharts: 3a, 3b, 3c and
3d, which are given in the Section 6.

Sharper results can be obtained for special domains, for example G = R™\ {0}
was studied by R. KLEN [11] in relation to jg metrics.

5. REMOVING A POINT

Let M be a collection of metrics on a domain G C R™ and D,,,(z,T) is as in
(27) and m € M. Let

rr = Sup{T‘ > 0 : Bn(xﬂ“) C Dm(I)T)})
Ry =inf{r >0 : B"(xz,r) N Dy, (z,T) = 0}.
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A natural question is whether we can find a lower bound for r7 and an upper bound
for Ryp.

PrROBLEM 1. Find the radius of circum- ©
scribed ball Ry in the case G = C\ {0}
and m = )\51 (see Figure 1).
It is evident from the definition of Ag
that adding new points, even isolated ones,
to the boundary of G will affect the value
of A\g(z,y) for fixed points z,y € G. We
study this phenomenon in the case when

0
G =C\{0}. \ "
Let h(z) = z/|2|? be an inversion. Since v
h:G — G (h is an isometry for A\ metric) ,b
we have

Aa(1,2) = Aa(1, h(2)). Figure 1. Radius of circumscribed ball

From [15, (3.3), (3.22)] we have

(45) p(z) = 10g]\4?+71)’ z€C\{0,1} and

i 21 K (sin(0/4)) K(cos(6/4))
46 log M (2¢" — 1) = 7
(46) B M( ) K (sin(0/4)) + K (cos(0/4))
where

! dx
K(r) :/0 N for 0 <r < 1.

¥ we have

If we put z =¢
K> (sin(0/4)) + UCQ(COS(H/ZL))

ety —
p(e”) K (sin(6/4)) K (cos(6/4))

For |z| = 1 we obtain Ag(1,2) = p(2).
Choose 0 such that sin(6/2) = Rp/2. From here § = 2 arcsin(Rz/2). Now if
we put

_ K(sin(9/4)) _
(47) y= K (cos(0/2) = pu(cos(6/4))
we have
pe) =yt =%-
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We are interested for solutions y < 1 because we want § < w. From here y =

2T /(14 V1 —4T?). Since from (47)
_ —1(7TY
0 = 4 arccos (u (—2 ))

now we have

(48)
0 = 4 arccos (,u_l (ZL)) = 4 arccos (,u_l (L)) )
2141 —4T? 1+V1—4T2

Hence, the radius of the circumscribed sphere is

Rr =2sin(8/2), T €(0,1/2), 6 from (48).

OPEN QUESTION.

(1) Can we find 77 in the case above?

(2) Can we estimate Ry, where G is now bounded subset of C (instead of
R*\ {0})?

(3) Consider ug-balls where G is connected, say G = [0, e1]. Can we find
a lower bound for rp (upper bound for Rr) in this case?

PROBLEM 2. (Estimate for Ap2\(0y(7,y)) Next we investigate the following situa-
tion: G C R™ is domain, a € G, G' = G\ {a}. Is Ag(x,y) = Mg/ (z,y) true under
some additional assumptions, like x,y close to 0G?

We consider a special case where G = B2 (>
and a = 0.

In [13, Lemma 2.8] it is proven that if T'g = 1
A, 2], [5, 2/|e; B?), where § = (yl/le) e
and if we put |z| = 7, |g| = s (see Figure 2),
then we have

— (1 =
(49) M(To) =7n (%) . Figure 2. Family of curves T'y.

Further, from [18, (2.6)]] we have that if
Ao = A([~z/|z], =], [z, x/|2[]; B*) and if |z| =
r as before (see Figure 3), then ’

Also, using Mobius transformation T, : B2
— B?% T(r) = 0 we can map family of curves
A; to family of curves A/, where Figure 3. Family of curves Ay.

Ay = A([*l‘/|l‘|, *g]v [va];B2) and A/1 - A([7Z/|Z|a 7g/]7 [71‘70];32)
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We know that
P(*S, 0) = P(*T’, 7t)a

where r and s are as before and —t = T;.(—s). Further, this is equivalent to

Ls_, 14tl-r

1 = .
(50) IR
Solving (50) in ¢ we obtain t = (s +7)/(1 + sr).

T

r

— T
< —

Figure 4. MOBIUS transformation 7.

Now we have (see Figure 4)
i =arcat) = (1) < (2 )

The first equality holds because T'. is a conformal map, the second one follows
from (49) and the third one from the expression for .

Now, if we put in last term that r = s, we obtain

e == ((2))

The question is when do we have M (A1) > M(Ay). In other words, when
does the inequality

1+7r\2 1 472
> =
(51) T”<<1—7~) ) = 27"<(1—r2)2>
hold?
Applying formula [2, 5.19 (5)]:

Srat) 2 (VI VITT) - 1)

for t = 4r%/(1 — r?)? we have

o () -+ (057
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Then (51) is equivalent to

<1+r>2 _8r(r +1)

1—r (1—r)t’
since 7, is decreasing. The last inequality is equivalent to
Pt =8 — 22 —8r 41 <0.

This inequality holds for r € [2 + /5 — 2v/2 ++/5,1) and

2+ V5 —2\/2+ V5 <0.12.
This gives the answer to the question: For which values of || we have
>\A(=Ta 71‘) = M(A(Ev —FE; BQ))?

where A = B?\ {0}, E = [x,2/|z]]?

A related result can be found in HEIKKALA’s dissertation, [9, Theorem 7.3].
In fact, this theorem deals with the more general situation: If z and y are close to
the boundary and far apart then Agn\ (o} (%,y) = Ap=(z,y). His theorem is:

Theorem 15. Let G = B"\ {0} and let z,y € G with |z —y| > 6 > 0. Then, if
min{|z|, [y|} € (r1,1) with ry = (v/6* + 64 — 62)/8, we have that

)\G(xvy) = Apn (Za y)

However, we have in the special case x = —y, better constant (letting 6 = 2|x|
and r; = |z| in Theorem 7.3 gives equation 73 + r? — 1 = 0, and its real root is
larger than 0.75, and consequently larger than 0.12).

6. CHARTS FOR MODULI OF CONTINUITY

Here, as noted at the end of Section 4, we present Charts 3a, 3b, 3¢ and 3d.

1 2 3 4
k
5 . Calt) =ct
Ca(t)y =2t Q) =t G convex,
G convex G convex uniform
5 6 7 8
. . CEt)=ct
s =t G() =t Ci‘s uniform
9 10 11 12
. CrFt) = ct
J(t) =2t .?(t) =2t G]éniform
13 14 15 16
) =2t | CO(t) =2t Gy =t

Chart 3a
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1 2 3 4
¢ () = ua(t) B
CA(t) = () () =ui(t) | G convex, Ca (t) =us(t)
G convex G convex locally G c-QED, convex
5 6 7 8
a(p — gy — () = us(t Q7 () = us(t)
5 () =u(t) 5 (1) =ui(t) ICgc(al)ly us(t) C;S -QED 3
9 10 11 12
ap gy — B(t) = ua(t Q7 () = us(t)
¢I(t) = (t) Gt = (t) l%c(a l)ly us () & ObD 3
13 14 145“(t) © 16,
. = u2 =
(1) =td(G) L‘(t) =td(G) 85‘ connected gcc_(g]z:;]) usl)
nondegenerate
Chart 3b

In Chart 3b for 1,2,5,6,9,10,13,14 the domain G is

wn(t) = (¢t — 1) d(G), us(t) = (

and the functions u; are defined as follows:

1

Y-

et —

Also, abbreviation d(G) = diam(G) is used.

assumed to be bounded

1

cr(e?t — 1)

1
Function (g
does not exist

2
Function Cg
does not exist

3
Function CZ
does not exist

4
Function C,’;
does not exist

5
Function ¢}
does not exist

6
Function Cﬁ‘
does not exist

7
Function Cf: |
does not exist

8
Function C‘k,‘
does not exist

9

Cu(t) = v1(t)
OG connected

10

Ch(t) =i (t)
OG connected
card(0G) > 2

11
G =—

Cn

OG connected

12

¢ ﬁ (t)=ct
G uniform
OG connected

13

(-1 (t) = v2(t)

14

G- (t) = wa(t)
card(0G) > 2

15

7L (t) = vs(t)

16

¢ (1) = eus(t)
G uniform

Chart 3c

In Chart 3c the functions v; are defined as follows:

i (t) = log <1 +

1

- ()

TT(t)> va(t) = log (1 +or! (t

1

)) and
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1 2 3 4
,l.," t)=ct Function (¥ Function C(?A
G bounded does not exist does not exist
5 6 7 8
Function ¢f Function ("\‘71
C\q-\ (t) =t does not exist does not exist
9 10 11 12 )
d(G ) d(G AT
i) = oy | o= Q) i
0G connected 0G connected 9G connected
13 14 15 16
oo = wa(t) Gl = wa(t) Chr = ws(t)
locally
Chart 3d

In Chart 3d for 2,9,10,13,14 the domain G is assumed to be bounded and the
functions w; are defined as follows:

1

R )

awa(t) =71 (1/(V20)) d(G) and ws(t) = ”(W)

We use abbreviation d(G) = diam(G) as in Chart 3b.
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