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COMMON FIXED POINT UNDER CONTRACTIVE

CONDITION OF ĆIRIĆ’S TYPE IN CONE METRIC

SPACES

Bessem Samet

A common fixed point theorem is established for a pair of self-mappings

of a complete cone metric space. The obtained result is an extension of

Ljubomir Ćirić’s theorem.[Lj. Ćirić: On common fixed points in uniform

spaces. Publ. Inst. Math., 24 (38) (1978), 39–43].

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory in K-metric and K-normed spaces was developed by A. I.

Perov, A. V. Kibenko and B. V. Kvedaras [9, 11, 12], E. M. Mukhamadi-

jev and V. J. Stetsenko [10], J. S. Vandergraft [15] and others. For more
details on fixed point theory in K-metric and K-normed spaces, we refer the reader
to fine survey paper of P. P. Zabrejko [16]. The main idea is to use an ordered
Banach space instead of the set of real numbers, as the codomain for a metric. In
2007,Huang and Zhang [6] reintroduced such spaces under the name of cone met-
ric spaces and reintroduced definition of convergent and Cauchy sequences in the
terms of interior points of the underlying cone. They also proved some fixed point
theorems in such spaces in the same work. Recently, in [1-3, 7, 8, 13, 14] various
common fixed point results were proved for mappings on cone metric spaces.

Consistent with Zabrejko [16], Huang and Zhang [6], the following defi-
nitions and results will be needed in what follows.

Let (E‖, ‖ · ‖) be a real Banach space. A subset P of E is called a cone if and
only if:
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159



160 Bessem Samet

(a) P is closed, non-empty and P 6= {0E},
(b) a, b ∈ R, a, b ≥ 0, and x, y ∈ P imply ax+ by ∈ P,

(c) P ∩ (−P ) = {0E}.
Here, 0E denotes the zero vector of E.

Given a cone P ⊆ E, we define a partial ordering ≤E with respect to P by
x ≤E y if and only if y−x ∈ P. A cone P ⊆ E is called normal if there is a number
K > 0 such that for all x, y ∈ E,

0E ≤E x ≤E y implies ‖x‖ ≤ K‖y‖.

The least positive number satisfying the above inequality is called the normal con-
stant of P. In [14], it is proved that if P is a cone with normal constant K, then
K ≥ 1.

Definition 1.1. Let X be a non-empty set. Suppose that d : X ×X → E satisfies :
(d1) 0E ≤E d(x, y) for all x, y ∈ X and d(x, y) = 0E if and only if x = y,

(d2) d(x, y) = d(y, x) for all x, y ∈ X,

(d3) d(x, y) ≤E d(x, z) + d(z, y) for all x, y, z ∈ X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

Let (X, d) be a cone metric space over a cone P with normal constant K.

Then, from (d3), for all x, y, z ∈ X, we have that

(1) ‖d(x, y)‖ ≤ K‖d(x, z)‖+K‖d(z, y)‖.

Lemma 1.2. Let (X, d) be a cone metric space with a normal cone, and let {xn}
be a sequence in X. Then
(i) {xn} converges to x ∈ X if and only if ‖d(xn, x)‖ → 0 as n → +∞,

(ii){xn} is a Cauchy sequence if and only if ‖d(xn, xm)‖ → 0 as n,m → +∞.

A cone metric space (X, d) is said to be complete if every Cauchy sequence
in X is convergent in X.

In the following, we always suppose that (E, ‖ · ‖) is a Banach space, P is a

normal cone in E with
◦

P 6= ∅, and ≤E is the partial ordering with respect to P.

In [4], Lj. Ćirić proved the following common fixed point result.

Theorem 1.3 (see Lj. Ćirić [4]). Let (X, d) be a complete metric space. Let F
and T be a pair of self-mappings of X satisfying the condition:

d(Fx, Ty) ≤ qmax

{

d(x, y),
1

2
d(x, Fx),

1

2
d(y, Ty), d(x, Ty), d(y, Fx)

}

for some 0 < q < 1 and all x, y ∈ X. Then, F and T have a unique common fixed
point.

In this paper we extend the result given by Theorem 1.3 to complete cone
metric spaces.
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2. MAIN RESULT

Our main result is the following.

Theorem 2.1. Let (X, d) be a complete cone metric space, and P a normal cone
with normal constant K (K ≥ 1). Let F and T be a pair of self-mappings of X
satisfying the condition:

‖d(Fx, Ty)‖ ≤ qmax

{

‖d(x, y)‖,
1

2
‖d(x, Fx)‖,(2)

1

2
‖d(y, Ty)‖, ‖d(x, Ty)‖, ‖d(y, Fx)‖

}

for some 0 < q < 1/K and all x, y ∈ X. Then, F and T have a unique common
fixed point.

Proof. For x, y ∈ X, define M(x, y) by

M(x, y) := max

{

‖d(x, y)‖,
1

2
‖d(x, Fx)‖,

1

2
‖d(y, Ty)‖, ‖d(x, Ty)‖, ‖d(y, Fx)‖

}

.

Let x be an arbitrary point in X. We shall show that {T nx} is a Cauchy se-
quence. For an arbitrary n ∈ N, let r = r(n) be such that ‖d(Fx, T rx)‖ =
max1≤i≤n ‖d(Fx, T ix)‖. Then

(3) ‖d(Fx, T nx)‖ ≤ ‖d(Fx, T rx)‖ = ‖d(Fx, T (T r−1x))‖ ≤ qM(x, T r−1x).

On the other hand, using (1), we obtain that

‖d(x, T r−1x)‖ ≤ K

(

‖d(x, Fx)‖+ ‖d(Fx, T r−1x)‖

)

,

‖d(T r−1x, T rx)‖ ≤ K

(

‖d(T r−1x, Fx)‖+ ‖d(Fx, T rx)‖

)

,

‖d(x, T rx)‖ ≤ K

(

‖d(x, Fx)‖+ ‖d(Fx, T rx)‖

)

.

Then, we have

M(x, T r−1x)

≤ max

{

K

(

‖d(x, Fx)‖+ ‖d(Fx, T r−1x)‖

)

,
1

2
‖d(x, Fx)‖,

K

2

(

‖d(T r−1x, Fx)‖

+ ‖d(Fx, T rx)‖

)

,K

(

‖d(x, Fx)‖+ ‖d(Fx, T rx)‖

)

, ‖d(Fx, T r−1x)‖

}

≤ max

{

K‖d(x, Fx)‖+K‖d(Fx, T rx)‖,
K

2

(

‖d(T rx, Fx)‖+ ‖d(Fx, T rx)‖

)

,

‖d(Fx, T rx)‖

}

= K

(

‖d(x, Fx)‖+ ‖d(Fx, T rx)‖

)

.
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Using the above inequality and (3), we get

‖d(Fx, T rx)‖ ≤ qK

(

‖d(x, Fx)‖+ ‖d(Fx, T rx)‖

)

,

which implies that ‖d(Fx, T rx)‖ ≤
qK

1− qK
‖d(x, Fx)‖.

Again, using the above inequality and (3), we have, for all n ∈ N,

(4) ‖d(Fx, T nx)‖ ≤ ‖d(Fx, T r(n)x)‖ ≤
qK

1− qK
‖d(x, Fx)‖.

Now, let s = s(n) be such that ‖d(F sx, Tx)‖ = max1≤i≤n ‖d(F ix, Tx)‖. Analo-
gously to (4) we find that

(5) ‖d(F nx, Tx)‖ ≤ ‖d(F s(n)x, Tx)‖ ≤
qK

1− qK
‖d(x, Tx)‖

for all n ∈ N. Now, for any fixed i, j ∈ N, using (1), (4) and (5) we obtain

‖d(F ix, T jx)‖ ≤ K‖d(F ix, Tx)‖+K‖d(Tx, Fx)‖+K‖d(Fx, T jx)‖.

≤ K‖d(Tx, Fx)‖+
qK2

1− qK

(

‖d(x, Tx)‖+ ‖d(x, Fx)‖

)

.

Therefore, for all n ∈ N, δn := supi,j≥n ‖d(F ix, T jx)‖ < ∞.

For i, j ≥ n ≥ 2, we have

‖d(F ix, T jx)‖

≤ qmax

{

‖d(F i−1x, T j−1x)‖,
1

2
‖d(F i−1x, F ix)‖,

1

2
‖d(T j−1x, T jx)‖,

‖d(F i−1x, T jx)‖, ‖d(T j−1x, F ix)‖

}

≤ qmax

{

‖d(F i−1x, T j−1x)‖,
K

2

(

‖d(F i−1x, T j−1x)‖+ ‖d(T j−1x, F ix)‖

)

,
K

2
(

‖d(T j−1x, F i−1x)‖+ ‖d(F i−1x, T jx)‖

)

, ‖d(F i−1x, T jx)‖, ‖d(F ix, T j−1x)‖

}

≤ qKmax

{

‖d(F i−1x, T j−1x)‖, ‖d(T j−1x, F ix)‖, ‖d(F i−1x, T jx)‖

}

≤ qKδn−1.

Hence, we get δn ≤ qKδn−1 for all n ≥ 2. Since qK < 1, we obtain that δn → 0 as
n → +∞. Therefore, from (1), for all p > 0, we have

‖d(Tnx, Tn+px)‖ ≤ K

(

‖d(Fnx, Tnx)‖+ ‖d(F nx, Tn+px)‖

)

≤ 2Kδn → 0

as n → +∞. Hence, {T nx} is a Cauchy sequence. Since (X, d) is complete, there
exists u ∈ X such that T nx → u as n → +∞. Using (1), we have that

‖d(Fnx, u)‖ ≤ K‖d(u, T nx)‖+K‖d(F nx, Tnx)‖ ≤ K‖d(u, T nx)‖+Kδn → 0,
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and so, Fnx → u as n → +∞, too. Further,

‖d(u, Tu)‖ ≤ K‖d(u, F n+1x)‖+K‖d(FF nx, Tu)‖

≤ K‖d(u, F n+1x)‖+KqM(F nx, u).

Letting here n → +∞ we find that

‖d(u, Tu)‖ ≤ Kq‖d(u, Tu)‖.

Since Kq < 1, it follows that d(u, Tu) = 0E , i.e.,

(6) Tu = u.

In the same way, we can show that

(7) Fu = u.

Therefore, from (6) and (7), it follows that u is a common fixed point of F and T.

Now, suppose that v is another common fixed point of F and T, that is,
v = Fv = Tv. Then,

‖d(u, v)‖ = ‖d(Fu, Tv)‖

≤ qmax

{

‖d(u, v)‖,
1

2
‖d(u, Fu)‖,

1

2
‖d(v, Tv)‖, ‖d(u, Tv)‖, ‖d(v, Fu)‖

}

= q‖d(u, v)‖.

Since q < 1, we get d(u, v) = 0E , that is, u = v. Therefore, the uniqueness of u
follows. This completes the proof of Theorem 2.1. �

Remark 2.2. If (F, T ) is a pair of self-maps of a complete cone metric space (X, d) over
a cone P with normal constant K, satisfying:

‖d(Fx, Ty)‖ ≤ qmax

{
‖d(x, y)‖, ‖d(x, Fx)‖, ‖d(y, Ty)‖, ‖d(x, Ty)‖, ‖d(y, Fx)‖

}

for some q < 1/K, then the set of common fixed points of F and T can be empty. A

counter-example is given by Lj. Ćirić in [5].

Remark 2.3. It would be interesting to discuss the validity of Theorem 2.1 with 1/K ≤

q < 1. In the spirit of [2], it would also be interesting to discuss Theorem 2.1 with the
condition (2) replaced by

d(Fx, Ty) ≤E qux,y(F, T ) for all x, y ∈ X,

where 0 < q < 1 and

ux,y(F, T ) ∈

{
d(x, y),

1

2
d(x,Fx),

1

2
d(y, Ty), d(x, Ty), d(y, Fx)

}
.
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